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Abstract. For determination of mechanical parameters of CFRP we propose the use 
of a method based on the resonance of Lamb waves generated by Hertzian contact. 
In this paper are presented the theoretical base of the method, following the 
observation that in CFRP only A0 and S0 modes are propagated, observation 
obtained through experimental construction of dispersion curves of the phase 
velocity of the two fundamental modes. The comparison of the results obtained by 
classical tests and those obtained with the proposed method shows that, for the 
determination of in-plane properties (elastic modulus, shear modulus, Poisson 
coefficient), the resonance of Lamb waves generated by Hertzian contact is an 
available nondestructive method, having the advantages of not requiring coupling 
fluid.  

1. Introduction  

Carbon fiber reinforced plastics (CFRP) are large scale used in aeronautic industry due 
their advantaged [1]. In the same time CFRP can present degradations during their use, as 
delamination due to some impacts even with low energies, accompanied or not by fibers 
breaking, local overheating, water adsorption, the two last causes leading to the 
deterioration of the matrix. 

The actual tendency consists in the use of carbon fibers woven with biaxial 
anisotropy that assure, by different arrangements, a quasi isotropy, as reinforcement and of 
semi crystalline polyphenylenesulphide, that assure a very good resistance to the chemical 
compounds, solvents, being in the same time inherently flame resistant with low smoke 
emission, as matrix. 

The nondestructive evaluation of CFRP is made, currently, through classical 
procedures [2], [3] but sustained researches are carried on the development of new 
nondestructive evaluation methods, procedures and techniques. These methods must detect 
and evaluate the CFRP’s degraded zones and in the same time, to allow the obtaining of all 
information for local characterization of the composite from the mechanical parameters 
point of view. 

This paper proposes to use a nondestructive control method with ultrasound Lamb 
wave spectroscopy. The Lamb waves are generated using Hertzian contact which presents 
two important advantages: the coupling fluid between the transducer and the surface to be 
controlled is not required and the Hertzian contact behaves practically like a Lamb wave’s 
punctual transducer, fact that assures a relatively simple modelling of the phenomena. 
Using this procedure it is possible to determine the mechanical properties of the composite 
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both for good zones as well as for the zones degraded by delaminations due to impacts with 
low energies. The obtained results and the proposed method are validated through 
destructive tests using Dynamic Mechanical Analyser. 

2. Generation and detection of Lamb waves using the ultrasound transducer with 
Hertzian contact  

Two solid bodies in contact under the application of forces deform elastically and form a 
flat contact region, the so called Hertzian contact. The contact does not result in permanent 
deformation, and can be used for ultrasonic energy transmission without any coupling 
medium. Since the ultrasonic energy is coupled through the contact, the contact size is then 
the aperture size of the source (or receiver) [4]. The principle scheme for generation and 
reception of Lamb waves is presented in Figure 1. 

 

Figure 1. Scheme of Hertzian contact transducer system  

In the case in which the buffer rod has in the pick a hemisphere with R1 radius and 
is pressed on an elastic plate with the force F, the radius of the Hertzian contact, a, is given 
by 

( )1/31/3a F DR=                                                              (1) 
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ν1 and E1 represent the Poisson coefficient and the elastic modulus of buffer rod and ν2 and 
E2 represent the Poisson coefficient and the elastic modulus of the plate. 
 The waves generated in the material to be examined are elastic waves or Lamb 
waves. This type of propagation is dispersive and, at a given frequency-thickness product, a 
finite number of propagation modes exists. If the Hertzian contact US transducer is applied 
on the upper surface of a plate with thickness 2d (Figure 2), the displacement field for the 
nth Lamb mode propagation along the x direction can be expressed as follows 

( ) ( ) ( ), , , njk f xn n
i iu x z f U z f e−=                                              (3) 

where  is the amplitude of the displacement  along the i direction (where i 

denotes either x, y or z) and 
( ,n

iU z f ) n
iu

( )nk f  can be obtained by substituting eq.(3) into the 
following wave equation [6] 
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where ijklη  is the viscosity tensor and  represent the stiffness tensor. For the 
viscoelastic materials (as CFRP), every Lamb wave has a complex wave number. In this 
case, the real and imaginary parts represents the propagation and the damping respectively. 

ijklC

According to the normal modes theory [7], the acoustic field ( ,u T )  at a given 
position x0, an be expressed as a linear combination of the eigenmode acoustic fields 

( ),n nu T  

( ) ( ) ( )

( ) ( ) ( )

0 0

0 0

, , , ,

, , , ,

n
n

n
n

n
n

U x z f A x f U z f

T x z f A x f T z f

=

=

∑

∑
                                               (5) 

where U u is the displacement field vector and T  is the stress tensor. The amplitude An of 
the nth mode can be derived as [8] 
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where the star (*) denotes complex conjugation  and (σxz, σzz) represent applied stress 
components at the plate surface and Pnn is the average power flow density associated to the 
nth mode. 

The frequency dependent displacement fields along the i direction can be expressed 
as follows 

( ) ( ) ( )0 0, , 2 , ,n
i n

n
u x z f A x f u z fπ= n

i∑                                       (7) 

Placing the reception transducer in x0 and making a frequency sweep between f1 and 
f2, a spectral representation of displacing will be obtained, allowing the obtaining of the 
elastic constants. 

 

Figure 2. Description of the Lamb wave generation configuration 
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3. Studied samples 

Samples from CFRP having 12 ply biaxial woven fabric 5H satin have been taken into 
study. Fiber designation is T300 3K. The matrix is from polyphenylenesulphide (PPS). The 
thickness of the composite is 4.2mm and the volume ratio is 0.5. To assure in-plane 
anisotropy, the woven plies of carbon fibers were rotated with 450 between them. The 
composite was made by TenCate CETEX [9]. The used coordinate system has the OX axis 
along the direction warp and OY axis along the direction weft and axis OZ along the 
thickness of the composite. 

The principal mechanical characteristics of the composite samples were determined. 
For determination of elastic modulus along the principally axis (Ex, Ey, Ez), the Dynamic 
Mechanical Analyser DMA 242 Netzsch Germany has been used. The Poisson coefficients 
νxy and νyx were determined by classical procedure using INSTRON E1000 machine with 
hydraulic fixture. The Poisson coefficient νxz = νyz was determined by the measurement of 
propagation velocity of ultrasonic compression and shear waves, using a Pulser Receiver 
5077PR-Panametrics USA, the digitization being made with an digital oscilloscope Le 
Croy Wave Runner 64Xi that measures the time intervals with 10-10s precision. The 
ultrasound transducers were G5KB and respectively MB4Y – General Electric USA used in 
transmission technique. 

The shear moduli were calculated. The data are presented in Table 1.  

Table 1. Elastic characteristics of studied samples  

Ex 
[GPa] 

Ey 
[GPa] 

Ez 
[GPa] 

υxy υyx υxz Gxy 
[GPa] 

Gyx 
[GPa] 

Gxz 
[GPa] 

45 44 11 0.32 0.32 0.03 8.4 8.4 5.5 

4. Experimental set-up and measurement method 

The generation of Lamb waves is made with US transducers P111-010P31 Introscope on 
which buffer rods made from austenitic steel with 7×1010N/m2, elastic modulus and Poisson 
coefficient 0.34 have been mounted. The conical buffer rods have the curvature of the pick 
of 3mm. using the equation (1), the radius of Hertzian contact has been calculated, function 
of the normal displacing force, this being presented in Figure 3. 

 
Figure 3. The dependence of Hertzian contact radius by the normal displacing force 

On the basis of the obtained data, a displacing force of 10N has been used, assuring 
an Hertzian contact radius of 0.12mm. Due to the small radius of the Hertzian contact, the 
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generation of Lamb waves can be considered as being made by a punctual transducer. The 
principle scheme of the measurement equipment is presented in Figure 4. 

 
Figure 4. Experimental set-up 

The US transducers are selected so that they should be best damped to can work in 
wideband. The function generator WW 1074 Tabor creates a swept frequency between 100kHz 
and 500kHz, the signal is amplified in a power amplifier and then applied to US emission 
transducer. The spectrum of the signal delivered by the reception transducer is made by the 
Network/Spectrum/Impedance Analyser 4395A Agilent USA and in the same time, the signal is 
pre-amplified in to a wide band amplifier pre-amp Panametrics and digitized with a digital 
oscilloscope Wave Runner 64Xi, Le-Croy USA with sampling frequency 10GS/s. 

5. Experimental results 

In a plate of 2d thickness, for any given frequency, there exist a finite number of real or 
purely imaginary Lamb waves. The relation between the frequency and the phase velocity, 
which results in dispersing curves, can be written as [9] 
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where +1 for symmetric modes, -1 for anti-symmetric modes, and p and q are given by 
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where 
p

k
c
ω

= , ω is the angular frequency, k is the wave number, cp is the phase velocity  of 

the Lamb wave, cT and cL are the shear wave velocity and the longitudinal (compressional ) 
velocity, respectively. 

The dispersion curves have been determined experimentally for the modes A0 and 
S0 using the phase spectrum method, the phase velocity being given by [10] 

p
Lc ω
ϕ

=
Δ

                                                                    (9) 

where ϕΔ  is the difference in the phase spectrum of two signals that were collected with a 
different distance between them of L. 
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In Figure 5 are presented the dispersion curves, experimentally determined for A0 
and S0 modes for the samples taken into study. 

 
Figure 5. The dispersion curves, experimentally determined for A0 and S0 modes 

In Figure 6 is presented the spectrum obtained for the CFRP samples described 
above, when the distance between the centre of the Hertzian contact that generates Lamb 
waves and those that receives them is 50mm. 

 

Figure 6.  The spectrum of Lamb waves for studied CFRP samples along direction x-x 

The pick A at frequency 118kHz correspond to the SH0 mode, the pick B at 
frequency 140kHz and C at frequency 178kHz correspond to the S0 and respective A0 mode 
along x-x direction. 

The frequencies of the picks are relatively small, so that, according to [9], the phase 
velocity of S0 mode, can be written 
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And the phase velocity of A0 has the expression 
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where Dp is the flexural rigidity of the plate, that can be developed function on Lame 
coefficients λ and μ 
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+
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                                                         (12) 

The Lame coefficient μ is the shear modulus Gxy or Gyx function on the direction of the 
Hertzian contact transducers placement and  λ  depends by the shear modulus and Poisson 
coefficient  

2
1 2

Gνλ
ν

=
−

                                                                 (13) 

Knowing the frequencies at which the resonance take place, Figure 6, as well as the 
dispersion curves for the phase velocity of A0 and S0 modes of Lamb waves generated by 
Hertzian contact, using the equations (10), (11), (12) and (13), in plane parameters of the 
studied composites can be determined. 

In table 2 are presented the comparative results obtained by classical mechanical 
test (table 1) and those obtained by the proposed method. 

Table 2. Comparison between mechanical parameters of studied CFRP determined by classical procedures 
and by Lamb waves resonance 

Ex 
[GPa] 

Ey 
[GPa] 

υxy υyx Gxy 
[GPa] 

Gyx 
[GPa] 

A B A B A B A B A B A B 
45 44 44 43 0.32 0.32 0.32 0.32 8.4 8.2 8.4 8.2 

Note: 
A = Classical tests 
B = Lamb waves 

 
The comparative analysis of data from table 2 shows that is possible to characterize 

complete the CFRP from mechanical point of view using Lamb waves spectroscopy, the 
value obtained for the elastic modulus, the shear modulus and Poisson coefficient 
presenting small deviation. It must be noticed that the value obtained by the procedure 
described above, represents the average of 20 determinations in different points of the 
CFRP plates taken into study. 

Conclusions 

It is possible to generate Lamb waves in CFRP using Hertzian contact, advantageous 
method because does not require coupling fluid. The small diameter of Hertzian contact 
which is responsible by the generation of Lamb waves, reported to the distances at which 
the measurements are made, allow us to consider that the transducer that generates the 
Lamb waves is punctiform. This leads to a simplified theoretical development which allows 
the calculation of the propagation velocity of fundamental modes function by the principal 
mechanical parameters of CFRP. The resonance of Lamb waves allows the exact evaluation 
of the phase velocity of the two modes A0 and S0 and the calculation of elastic modulus, 
shear modulus and Poisson coefficient. The obtained results are in very good concordance 
with those obtained by classical tests. 
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