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Abstract  

Nonlinear acoustic methods have shown potential for the identification of early damage in brittle materials such 

as concrete. Commonly, these methods evaluate relative nonlinearity parameters from multiple resonance tests at 

different amplitudes. We demonstrate a recently developed alternative method, Impact Nonlinear Reverberation 

Spectroscopy (INRS), where quantitative nonlinearity parameters are evaluated from a single impact resonance 

test. The recorded reverberation of the measured signal is matched to a synthetic nonlinear damped signal. The 

proposed model allows instantaneous true physical amplitude, frequency, and damping of each mode to be 

characterized as a function of time, allowing for quantitative information of the nonlinear parameters. The 

hysteretic material nonlinearity can be quantitatively characterized over a notably wider dynamic range compared 

to conventional methods. Two examples from the application to concrete and stabilized soil are presented. 
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1. Introduction  

Nonlinear resonance based methods have shown promising potential for the identification of 

progressive micro damage in concrete. Although the underlying physical mechanism 

responsible for the observed nonlinear behavior in concrete is not fully understood yet, a 

hysteretic nonlinearity parameter can be used to track progressive damage in a concrete sample 

[1]. Compared to conventional measurements of linear parameters (velocity or modulus) the 

relative sensitivity to micro damage can be improved by a factor 10 or more compared to linear 

parameters [2]. However, it is still difficult to compare results from different studies and 

implement a quantitative threshold of the nonlinear parameter for potential field applications. 

It is therefore important to move towards more quantitative measurements of nonlinearity in 

concrete in order to learn more about the underlying physical mechanism. It is also important 

to be able to compare results from different samples and studies [3]–[5]. 

At this stage of development, the hysteretic nonlinear parameter () is linked to a 1D 

longitudinal strain field () using a 1D phenomenological nonlinear hysteretic modulus E 

expressed as: 




 


 


  sgn1 2

0EE                    (1) 

where E0 is the elastic modulus,  and  are the classical quadratic and cubic nonlinear 

parameters, and the dot indicates time derivative, respectively. So far,  has only been 

quantitatively studied in a few publications on slender 1D resonance bars of rocks and metals 

using nonlinear resonant ultrasound spectroscopy (NRUS) [5]–[7]. In the NRUS technique, the 

output vibration amplitude is measured while sweeping over an interval comprising a resonance 
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frequency. The relative frequency, f, and attenuation, , shift as a function of the excitation 

amplitude is studied. The measured vibration amplitude from longitudinal resonance 

frequencies are then converted to physical strain amplitude () in the material based on 

impedance and elasticity in a 1D medium [8]. Finally, f is calculated from the decrease in 

resonance frequency with strain amplitude (softening) using 

  fff 0/                      (2) 

where f0 is a reference resonance frequency obtained and low amplitudes. In a similar manner, Q is calculated from the increase in attenuation factor using 

   0/                      (3) 

where 0 is the modal attenuation factor at low excitation amplitude. 

Recently Payan et al. [4] introduced a combined experimental and numerical approach in order 

to link surface vibration amplitude to average volumetric strain in more complex 3D vibration 

modes. In this study, quantitative values of f in ordinary concrete increased from about 1200 

to 14500 as samples were subjected to thermal damage up to 400 °C [4]. 

A faster variant of the NRUS method is the nonlinear impact resonance spectroscopy (NIRAS) 

method, which was demonstrated on concrete by Chen et al. [9], [10], Lesnicki et al. [11], [12], 

Bouchaala et al. [13], and Eiras et al. [14], [15]. The NIRAS technique relies on an impulse 

excitation of the specimen which is repeated with different impact strengths. Two current 

limitations with the NIRAS method are; (1) the extracted amplitude from each impact is not 

exactly related to the true physical amplitude in the sample, and (2) the dynamic range between 

a light and hard impact is usually only a factor 10 in frequency domain [9], [11], [13], [14]. In 

the NIRAS method, the extracted peak amplitude is formed as a weighted average of the 

frequency- and amplitude-content in the complete signal. This analysis procedure, based on the 

Fourier transform of each signal, results in a relatively limited dynamic range over which the 

frequency shift may be evaluated. The true physical amplitude and amplitude range in the 

sample is thus partially masked when the complete length of the signal is analyzed with a 

Fourier transform [16]. 

Figure 1 shows an example of two NIRAS signals from typical hard and loose impacts on a 

cylindrical sample of lime stabilized clay till. The true physical amplitude range (signal to noise 

ratio) is about 100 before the resonance is buried in noise (Figure 1a). After Fourier 

transformation to frequency domain it is difficult to generate a difference in peak amplitude 

exceeding about 10 (Figure 1b). In Figure 1b, the true physical amplitude in the sample is 

replaced by a weighted average of the damped vibration at the resonance frequency hindering 

any quantitative estimate of f. 

To utilize the natural reverberation of a resonance frequency, the nonlinear reverberation 

spectroscopy (NRS) method was introduced by Van Den Abeele and De Visscher [17], and the 

short time Fourier transform (spectrogram) method was introduced by Eiras et al. [14]. The 

reverberation signal is here divided into multiple small time windows, of about 20 cycles, and 

an exponentially decaying sine function with a constant damping and frequency parameter is 

fitted to each time window [18]. 
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(a) (b) 

Figure 1. Example signals from a longitudinal impact resonance test illustrating the difference in amplitude 

range in (a) the time domain and (b) the frequency domain. 

 

In this study, we use a novel parametric method to analyze the natural reverberation of 

resonance frequencies excited from an impact [19]. The proposed technique, called "Impact 

Nonlinear Reverberation Spectroscopy" (INRS), is based on a combination of the existing 

NIRAS and NRS techniques with the potential to estimate quantitative values of f and  over 

a wider dynamic range. 

 

2. Impact nonlinear reverberation spectroscopy (INRS) 

In order to utilize the complete amplitude range in the measured impact resonance signal and 

to obtain a quantitative absolute estimate of , a polynomial phase and attenuation model (z(t)) 

is matched to the measured signal (x(t)) [19]. By using a modelled signal where the frequency 

and damping parameters are allowed to change with time, we can estimate the nonlinearity of 

the material over the complete measured amplitude range (reverberation of the signal) [16]. In 

its simplest form, the modelled signal can be expressed using just one resonance mode (k=1) 

as: 

     kk tit

kkk tz
 ,,

exp,
                     (4) 

where k is the initial absolute amplitude at t=0. The attenuation and phase (frequency) of the 

signal is modelled as two separate polynomials (t,k) and (t,k): 

  


 kP

m
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mk tbt
1

,                      (5) 
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m
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0

,                      (6) 

where Pk and Qk represents the polynomial order of the attenuation and phase, respectively. The 

am and bm coefficients along with k are the unknown coefficients to be estimated for each 

mode, k, when the modelled signal is fitted to a measured signal.  
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For Pk=1 and Qk =1 the modelled signal (Equation 1) reduces to a conventional exponentially 

decaying sinusoidal signal. Adding a second term to the phase polynomial (Qk =2) introduces 

a linear frequency change as a function of time. In this manner, additional terms can be added 

as long as a better fit, lower residual between the two signals, is obtained. Fitting several modes 

using higher order polynomials can be a challenging optimization problem. We use the 

approach described by Dahlen et al. [19] where a relaxation-based least-squares fitting 

algorithm is introduced. 

 

3. Experimental test characterizing progressive damage in a concrete disk 

Experimental data from Dahlen et al. [19] is first used to illustrate the capabilities of the INRS 

method. A cylindrical concrete disk 100 mm in diameter and 20 mm in thickness is placed on 

a soft foam to allow for free vibrations. A small impactor (metal screw on a plastic strip) is used 

to excite the sample at the center of the specimen. This set-up will primarily excite the 

fundamental radially symmetric longitudinal mode, f(0,1) at about 10 kHz (Figure 2a), where the 

indices represent the number of nodal diameters and circles in the mode shape [20]. The 

vibration response of the specimen is measured with a miniature accelerometer (PCB model 

352B10 with a weight of 0.7 gm) positioned at the edge of the disc. The signal was fed through 

a signal conditioner (PCB model 480B21) and a data acquisition device (NI-USB-6251) before 

being saved. Figure 2b shows the measured response at the edge of the sample in frequency 

domain. Although we aim to only excite one resonance frequency, responses from other modes 

are unavoidable. The measured response is dominated by the f(0,1) at 10.18 kHz which is about 

30 times stronger compared to the two flexural modes at 6.8 kHz and 13.9 kHz, respectively. 

The several years old concrete had a natural and relatively low damage level. In subsequent 

measurements, the damage level was then successively increased by inducing assumed micro-

cracks by hitting the center of the specimen with a larger instrumented hammer (PCB model 

086D05 with a weight of 0.32 kg), as demonstrated by Van Den Abeele [2]. The damage force 

pulse was also recorded and had a pulse length of 0.3 ms and a peak force of 2000 N. The 

accelerometer response from much lighter impacts with the small metal screw were then 

recorded for each of the three examined damaged levels, D=1, 2, and 3. Temperature and 

humidity was kept constant during the entire test, which lasted for about 15 minutes. 

The resulting modeled attenuation (P=2) and frequency (Q=3) from the INRS analysis is shown 

in Figure 3 for the f(0,1) mode at each damage level [19]. As expected, both the linear and the 

nonlinear behavior are affected by the heavier hammer hits. The average frequency decreases 

and the average attenuation increases as a function of damage state (linear response). Both 

frequency and attenuation are also shown to be amplitude dependent within each measured 

signal (nonlinear response). Recall that the nonlinear response is here revealed from only one 

measurement at each damage state. Results in Figure 3 show that the frequency and attenuation 

shift is not linear with increasing amplitude indicating that the nonequilibrium state of the 

material has been exceeded as the sample is hit with the light metal screw [21]. A linear shift is 

expected from Equation 2 and 3, although quadratic shifts has also been observed [21]–[23] 

and theoretically predicted [16]. In this example, all raw data signals were band pass filtered 

from 6 kHz to 15 kHz and the initial first cycle of the signal which is mostly affected by the 

impact was removed before the INRS analysis.  
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(a) (b) 

Figure 2. (a) Theoretical mode shape (deformed shape) and volumetric strains (color range) at the f(0,1) resonant 

frequency. (b) Measured and modelled FFT spectrum from the initial damage state, D=1. 

 

(a) (b) 

Figure 3. Modeled (a) frequency and (b) attenuation from the INRS analysis as a function of measured surface 

acceleration at each damage state D1 to D3. 

 

Although the observed shift in frequency and attenuation with increasing amplitude is not 

exactly linear, it is interesting to look at the corresponding quantitative values of f and Q. In 

order to estimate quantitative f and Q values, the measured vibration acceleration was 

converted to average volumetric strain in the sample as proposed by Payan et al. [4]. All three 

measurable modes (Figure 2b) were first used to estimate the linear Young’s modulus (E0=33 

GPa) and Poisson's ratio (=0.18) [24]. Along with the density (2400 kg/m3), these parameters 

were used in a linear elastic finite element model [25] to estimate the ratio between surface 

vibration acceleration amplitude at the edge of the disk (normal component) and average 

volumetric strain in the sample [4]. This ratio was found to 2.015 10-9 s2/m at the given mode 

f(0,1). Measured surface accelerations (Figure 3) can then be multiplied with this constant in 

order to estimate the average volumetric strain in the sample during the reverberation of the 

measured signal. The relative shift was calculated based on a minimum reference frequency (f0) 

and attenuation (0) taken at 70 m/s2 in Figure 3. Below this amplitude the residual between 

measured and modelled signal increases due to the low signal to noise ratio. In addition results 
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show a surprising decrease in frequency as the amplitude approaches zero which seems 

physically questionable. 

Figure 4 shows the estimated relative frequency and attenuation shift as a function of strain 

amplitude. Quantitative absolute values of f and Q can be estimated from the slope in Figure 

4 (Equation 2 and 3). Assuming a linear fit over the entire strain range f is about 1000 at D=1, 

1350 at D=2, and 2000 at D=3. Although f changes as a function of strain amplitude along the 

curves in Figure 4, the individual ratio between f at the different damage states remain fairly 

constant, i.e., a 100% increase from D1 to D3. The calculated average values above are in the 

same range as those reported by Payan et al. [4] for thermal damage up to 250°C in ordinary 

concrete. Corresponding absolute values for Q are 10000, 19000, and 27000 as the damage 

state increases from D=1 to D=3. It should be noted that a steel rod was also used in this 

experimental set-up to verify that the measured nonlinear response did not originate from the 

measurement equipment [19]. 

 

(a) (b) 

Figure 4. Relative (a) frequency and (b) attenuation shift as a function of strain amplitude at each damage state 

D1 to D3. 

 

4. Experimental test on large cylindrical samples of stabilized soil 

Since the INRS technique is based on the standard free-free resonant frequency test, old data 

can possibly be reanalyzed in order to estimate f and Q. It is also interesting to investigate if 

more damped signals with less number of resonant cycles can be successfully analyzed with 

the INRS technique? 

A classic laboratory test on building materials is the combination of conventional linear 

resonant frequency testing with unconfined compressive strength (UCS) test. These tests are 

usually conducted on relatively large cylinders with the objective to build an empirical relation 

between longitudinal velocity (VP) and UCS [26], [27]. The empirical relationship can then be 

used to predict strength using non-destructive testing. Unfortunately, each specific material or 

mix usually has its own unique empirical relationship and the correlation can show scattering 

and outliers. 
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Figure 5a shows an example from such a test series where the fundamental longitudinal mode 

has been measured on cylinders of lime stabilized clay till (202 mm long and 105 mm in 

diameter). The compressive strength is assumed to increase with increasing longitudinal 

velocity but in Figure 5a no clear correlation is evident. Looking at VP around 1600 m/s, UCS 

changes from about 3.3 MPa to 4.3 MPa, which is a substantial difference at these relatively 

low strength values. All samples were prepared with the same mixture and cured in the same 

environment for 259 days. The variation in measured bulk density was small ranging from 2040 

kg/m3 to 2066 kg/m3 and showed no correlation with either VP or UCS. 

The old resonant frequency data from Figure 5a was reanalyzed using the INRS technique. The 

resulting resonant frequency shift is plotted as a function of strain amplitude in Figure 5b. 

Comparing Figure 5a and Figure 5b reveals some interesting results. The two lowest (blue) and 

highest (red) UCS values are suddenly more separated in the nonlinear analysis as compared to 

their corresponding linear VP values. As expected the two samples with the lowest strength 

(blue) shows a larger nonlinearity, f=13600 and f=20000, compared to the two samples with 

the highest strength (red) with f=4000 and f=4600. These results indicate that f may provide 

useful information related to the strength of this type of material. The nonlinear parameter is 

assumed to be directly linked to nonlinear and hysteretic phenomena such as bond strength 

between grains, friction, and opening/closing of micro cracks [1]. 

(a) (b) 

Figure 5. (a) Longitudinal wave speed versus compressive strength. (b) Resonant frequency shift from the INRS 

analysis. 

 

In the example above, old resonant frequency data was reanalyzed and the sample rate (100 

kS/s) and record length (5 ms) of each signal were not ideal for the INRS analysis. Figure 6a 

shows an example of one signal from the sample at VP=1555 m/s and UCS=3.64 MPa (light 

blue color in Figure 5a). The recorded signal is unfortunately not fully attenuated within the 

recorded time window. In the INRS analysis this means that the highest possible resonance 

frequency (f0) at very low strain levels will not be fully reached and corresponding  values 

may be biased by this limitation [7]. However, the INRS analysis using two modes of vibration 

(k=2), and simple polynomial orders (P=1 and Q=2) still resulted in an acceptable match 

between measured and modelled signals. The residual standard deviation between the measured 

and the modelled signal was improved from 2.36 m/s2 to 2.05 m/s2 when the nonlinear (Q=2) 

frequency was introduced (compared to a linear analysis using Q=1). Higher order polynomials 

on both frequency and attenuation did not result in any substantial improvement in this example. 
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In this example all raw data signals were band pass filtered from 2 kHz to 8 kHz and the initial 

2 cycles of the signal which is mostly affected by the impact was removed before INRS analysis.  

(a) (b) 

Figure 6. Example of measured and modelled signal in (a) the time domain and (b) the frequency domain. 

 

5. Discussion  

The estimated quantitative values of  reported here should be regarded as a first step towards 

quantitative nonlinear measurements using impact testing. It is likely that calculated values are 

affected by nonequilibrium and slow dynamics effects [21] initiated by relatively large strains 

(~6  in the concrete disk and ~2  in the larger soil cylinder) from the impact source. In 

addition the highest possible resonance frequency (f0) at very low strain levels could not be 

reached using the old existing data from stabilized soil, which may influence the corresponding  values [7]. Furthermore, it is not known at this stage how the nonlinear parameters are 

affected by multiple modes and corresponding shear stresses which are easily generated in 

impact resonance testing. These questions should be further studied using detailed conventional 

NRUS measurements along with INRS measurements on the same samples. 

 

6. Conclusions  

Quantitative values of the nonlinear hysteretic parameter f in ordinary concrete and lime 

stabilized soil are estimated from the recently proposed INRS method [19]. Estimated values 

from progressive impact type of damage in a concrete disk are comparable to those reported 

from NRUS measurements on concrete samples subjected to thermal damage [4]. The hysteretic 

nonlinearity at each damage state is evaluated from the INRS analysis directly from a single 

impact using the standard linear resonance test set-up commonly used for concrete. The 

recorded reverberation of the measured signal is matched to a synthetic nonlinear damped 

signal. The hysteretic material nonlinearity can be quantitatively characterized over a notably 

wider dynamic range compared to conventional methods. 

Results from larger cylinders of stabilized soil shows that the INRS method can also be applied 

to heavier samples with more material damping where only about 16 resonance cycles were 

recorded. Furthermore, these results also indicate that f may be linked to the unconfined 
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compressive strength, with the potential to strengthen the empirical correlation between 

longitudinal wave speed and strength. 
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