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Abstract. In the context of probabilistic paradigm of fracture risk assessment in 
structural components a computer simulation rationale is presented which has at the 
base the integration of Quantitative Non-destructive Inspection and Probabilistic 
Fracture Mechanics. In this study the static failure under static loading is assessed in 
the format known as Failure Assessment Diagram (FAD). The key concept in the 
analysis is the stress intensity factor (SIF) which accounts on the geometry of the 
component and the size of a pre-existent defect of a crack nature. FAD assessments 
can be made in deterministic sense, which yields the end result in dual terms of 
fail/not-fail. The fracture risk is evaluated in probabilistic terms. The superposed 
probabilistic pattern over the deterministic one (in mean sense) is implemented via 
Monte-Carlo sampling. The probabilistic fracture simulation yields a more 
informative analysis in terms of probability of failure. An important feature of the 
PVrisk software is the ability to simulate the influence of the quality and reliability 
of non-destructive inspection (NDI). It is achieved by integrating, algorithmically, 
probabilistic FAD analysis and the Probability of Detection (POD). The POD 
information can only be applied in a probabilistic analysis and leads to a refinement 
of the assessment. By this means, it can be ascertained the decrease of probability of 
failure (increase of reliability) when POD-characterized NDI is applied. Therefore, 
this procedure can be used as a tool for inspection based life time conceptions. In 
this paper results of sensitivity analyses of the fracture toughness are presented with 
the aim to outline, in terms of non-failure probabilities, the benefits of applying 
NDI, in various qualities, in comparison with the situation when NDI is lacking.  

1. Introduction  

1.1 Failure assessment by fracture mechanics methods 

Nowadays, the non-destructive evaluation of structural components allows the 
detection of cracks and other types of flaws with high resolution. When cracks are involved 
in mechanical failure events, fracture mechanics provides concepts for lifetime prediction 
of components when component geometry, material characteristics and load intensity under 
steady state or dynamic loading are known. 

Failure risk assessment of load-carrying components means analysing the state of 
the component which is determined by the conjoint interaction between defect type and 
magnitude, material microstructure and the state of stress induced by applied loading. 
Characterizing the defect state means detection of defects, classification of crack-like and 
non-crack-like and sizing. Obviously, from the failure potential standpoint, cracks are the 
most critical flaws. Nowadays, for engineering assessment purposes in metallic structures 
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under static loading Failure Assessment Diagram (FAD) represents a tool which allows, 
straightforwardly, to evince in a deterministic analysis the event of failure or no failure [16, 
18] (Fig. 1). 

The failure assessment diagram, which representation is shown in Fig. 1 in its basic 
form for deterministic analyses, has gained acceptance as a tool for failure analysis and is 
part of several standards and rules. Different versions of this method were developed [2, 11, 
21, 26].  
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Fig. 1: Failure Assessment Diagram (strip yield model) [17, 18]; failure occurs when the calculated 

assessment point (Sr, Kr) reaches the failure assessment boundary. If the assessment point lies within the 
acceptable area the component is considered as safe. 

 
FAD approach to failure is a two-parameter criterion. FAD is expressed in terms of 

normalized parameters. One parameter rL   (or equivalently, rS ) is a global measure of the 
material ductility. The other, rK  , pertains to pure fracture mechanics analysis when the 
material is fully brittle. A formal definition is: Kr = SIF- the stress intensity fator / Kc 
material fracture toughness and Lr = applied load / plasic collapse load. The latter 
parameter is assessed with the methods of plastic limit state theory (or by test). The 
interaction between rK  and rL  (or rS ) parameters stem from Dugdale model of crack tip 
plasticity in rigid-pastic bodies or from empirical corrections to this model (R6-procedure, 
SINTAP). 

In the present FAD analysis the basic Dugdale model has been used with the model 
parameters defined as: 
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In this format, the variable Sr is expressed in terms of stress. The reference stress, 
σref , acting the component containing a crack or flaw is composed of the membrane stress 

m
refσ  and bending stress b

refσ . σy and σUTS are the yield strength and tensile strength, 
respectively. Kr parameter is the ratio of stress intensity factor K1 to material fracture 
toughness K1c determined under standardized test conditions of validity for overall elastic 
behaviour in the deformation process preceding fracture (e.g. ASME, DIN). It should be 
remarked that input parameters for FAD analysis are both material dependent and crack or 
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flaw geometry/crack size dependent, in the latter case via the analytical expression of stress 
intensity factor. The concept of stress intensity factor determination can be found in text- 
and handbooks (e.g. [1], [20]). 

1.2 b) Probabilistic assessment of failure risk 

Failure Assessment Diagram was originally designed for deterministic input information. 
However, material values are scattered and have error bounds. If the crack or flaw 
geometry was determined by non-destructive testing methods, measurement errors are also 
present. Therefore, realistic assumptions require the consideration of uncertainties [12]. The 
result of such an analysis is a quantitative assessment in terms of probability of failure. The 
probabilistic failure assessment has the capability to take all uncertainties of the input 
parameters into account.  

However, the result is a probability of failure and not a fail/safe decision which is a 
matter of a higher level decision which must account on information not contained in FAD 
such as maintenance policy, the operational risk, human errors included and economic 
considerations. Though, a realistic analysis has to consider all sources of uncertainty and 
variability [12]. 

Within a risk based analysis two aspects play a key role: the risk frequency and the 
risk severity. The risk frequency assessment consists of two components, the statistical 
inference on past events (a posteriori analysis) and the probabilistic prediction (a priori 
analysis). The severity assessment considers the economic, environmental, social, political 
etc. aspects. Therefore, the risk as the result of a probabilistic assessment can be, globally, 
quantified as follows [19]: 
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One way to reduce plants failure probabilities is to inspect the plant periodically and 
repair or replace the components that show signs of deterioration and damage. Such in-
service inspections are particularly common for pressure vessels, piping and associated 
welds. In the past, inspection intervals were based on historical experience and engineering 
judgement. In recent years, methods have been developed to set inspection locations and 
intervals on the base of risk. A new engineering methodology has emerged known as risk 
based or risk-informed in-service inspection (ISI). Structural reliability (SR) and/or 
probabilistic fracture mechanics (PFM) is used further to estimate plants failure probability 
and systems risk assessment methodology is used to determine the effect of the plants 
failures on the entire risk of the system. These risk estimates are used to rank or group the 
plants components and the plants within the system according to their contribution to the 
risk. The higher ranked components or plants are inspected more often and more 
thoroughly [22]. 

One method to consider all uncertainties in an analysis and therefore to quantify the 
risk of failure is the Monte Carlo simulation (MCS). The term Monte Carlo methods 
describes a group of numerical procedures which all use random numbers in the numerical 
analysis or for the simulation of different processes. Monte Carlo methods are used in very 
different fields: engineering, statistical physics, geophysics and economy as most solient 
examples. However, all approaches have in common that the a priori information on the 
model parameters is represented by a probability distribution over the model space [3, 23]. 
In principle, using MCS all uncertainties can be taken into account in form of statistical 
distributions. The probabilistic fracture mechanical approach followed in this paper is based 
on the Monte Carlo simulation. 
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Besides the possibility to take measurement errors and the scattering of 
measurement data into account the direct MCS approach offers also the possibility to 
consider the influence of the applied non-destructive testing method. On the one hand this 
is done by considering the so called probability of detection (POD) for all cracks of a given 
length which is postulated as the proportion of cracks that will be detected by an NDE 
technique when applied by qualified operators to a population of components in a defined 
working environment. On the other hand measurement errors can also be considered in 
form of distributions. 

POD is an important part of the design and maintenance procedure based on the 
damage tolerance concept. As a relevant example on this line it is worth mentioning the 
extended research performed during several high-tech development programs such as  
space shuttle program, development of off-shore structural design and maintenance and  the 
development of  damage tolerance design and philosophy applied to civil aircraft design 
and health monitoring [10, 14, 23]. 

The POD has to be determined individually for each NDT technique and technical 
application. So far, the irregularities of flaws are small in size, NDT techniques are very 
near to the physical limit of detectability, i.e., more data to evaluate are in the range of 
electrical noise hence, less detectability is to be expected [15]. 

2. Failure risk sensitivity study in a pipeline 

2.1 Material characteristics and pipe geometry 

PVrisk rationale, adapted for failure risk assessment in pressure vessels and pipes is based 
on Monte Carlo simulation. Stress intensity factors (SIF) are calculated according to 
analytical solutions of wide recognizance. It is possible to implement numerical SIF data 
resulted from finite element analysis. The considered material in this study is a high 
strength low alloy steel (HSLA), API grade X70, 0.12%C (Nb V), TM-treatment. The 
deterministic mean values of the material strength and toughness characteristics, as well as 
the inner pressure in the pipe are listed in Tab. 1. Pipe dimensions are shown in Fig. 2 
together with the geometry of assumed initial semi-elliptical crack, placed longitudinally on 
the inner face of the pipe. For comparison purposes the same pipe dimension, the crack 
geometry and crack size as in the analysis reported by [3, 4] have been considered. 

 

 
Fig. 2 Sketch of the chosen crack geometry of an internal semi-elliptical crack in a cylindrical 

pipeline. The geometry values of the specimens are drawn in the sketch. 
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Table 1. Deterministic material parameters and inner pressure 

UTS [MPa] YP [MPa] Kc [MPa m ] Pressure [MPa]  
565 482 140 12.1 

2.2 Statistical variation of material characteristics 

Material characteristics UTS, YP and Kc are assumed to have statistical variations which 
reflect the normal practice in nowadays steel manufacturing practice. Weibull three-
parameter distribution has been chosen since, this extremal distribution is analytically 
versatile enabling to fit non-symmetric trends which is merely the rule than an exception 
encountered in processing experimental data in deformation and fracture of structural steel 
testing. Furthermore, Weibull distribution has a theoretical background stemming from the 
weakest-link model. The general form of 3P-Weibull distribution is: 

( ) 0

0

1 exp
⎡ ⎤⎛ ⎞−
⎢ ⎥= − −⎜ ⎟−⎢ ⎥⎝ ⎠⎣ ⎦

b

a

x xP x
x x

       (4) 

with 0x the inferior threshold, ax the scale parameter and b the shape parameter of 
the distribution. 

Statistical parameters of the distribution of material characteristics used in the 
sensitivity analysis are given in Tab. 2. 

Table 2. 3P Weibull distribution of strength characteristics. Statistic parameters. 

Material characteristic 
0x  ax  b  

UTS – Ultimate Tensile Strength [MPa] 550 590 5 
YP – Yield Point [MPa] 465 500 6 

Kc -  Fracture Toughness [MPa m ] 60 140 4 

2.3 Initial crack and its statistics 

FAD rationale presupposes the existence of an initial crack. In a present analysis the inner 
longitudinal crack is considered to penetrate the pipe wall as a transverse crack (b – 
direction) as is illustrated in Fig. 2. For failure risk analysis of structural elements which 
might contain cracks the problem of the initial crack is approached from the engineering 
design standpoint by the concept of equivalent initial flaw (EIF) size. This is a concept of 
importance in the design of heavy loaded structures in aircraft, off-shore or metallic 
structures industries [e.g. 13]. In the present study FAD analysis have been performed 
under both deterministic and statistic EIF size. Since it is relatively often the case that 
measurement errors of crack geometries are of minor influence on the quantitative NDT 
results most of the calculations in this study are performed with deterministic crack 
geometry values. Starting from the EIF values the statistic variation of crack size is 
considered to follow 3P-Weibull distribution with the parameters given in Tab. 3. 

Table 3. 3P Weibull distribution of crack size. Statistic parameters. 

 Mean - mm Threshold - mm Scale - mm Shape  
b  4 

0.0001*) 
5.77 1 

2=a b  8 11.54 1 

*) Dummy value to emulate zero in computer processing. 
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2.4 Probability of crack detection 

In order to explore the benefit gained in terms of reducing the failure risk as result of 
applying non-destructive testing (NDT) on flawed structural components, PVrisk has a 
module which simulates the probability of detection (POD) of flaws as function of their 
size, b. The relationship )(bPOD results from previous experiments performed under the 
very specific circumstances encountered in real-life operation of the component. Hence, a 

)(bPOD  curve specifically refers to NDT technique (ultrasound, eddy-currents, magnetic 
particles, etc.) as well as the geometry of the component, the NDT operators techniques and 
all other relevant factors which may influence the non-destructive inspection. In the present 
study Asymptotic exponential with lower threshold )(bPOD rule have been considered (e.g. 
Cioclov 2002):  

⎭
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with 0 1, andA a a  as empirical fitting parameters. 0a  is the inferior threshold of the 
crack size under which the considered NDT technique has no capacity of detection. 1a is a 
scale parameter while A is a parameter, close to unity, which is related with extraneous 
influences on POD.  

For the purpose of sensitivity analysis, concerning the influence of the quality of 
applied NDT, as reflected, globally, by POD curves, four scenarios of NDT have been 
considered, labelled in relationship with the type and quality of NDT: MP – magnetic 
particle testing (MP) technique of current practice and ultrasound (US) technique of 
qualities qualified as: “high” (H), “current” (C), and “poor” (P). Tab. 4 gives the statistical 
parameters for the POD scenario under consideration and Figure 3 shows the corresponding 
POD curves in the ranking outlined above.  
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Fig. 3 The four POD curves selected for the calculations. They are adapted from [9]. The corresponding NDT 

methods are magnetic particle testing (MP) and three variations of ultrasound (US). 
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Table 4 gives the parameters of the POD function (5) used in the sensitivity analysis. 

Table 4. Parameters of POD rule. 

NDT technique A a0 - mm a1 - mm 
POD I: MP 0.995 0.5 0.2 
POD II: US I - H 0.995 2.0 0.5 
POD III: US I - C 0.995 6.0 2.0 
POD IV: US I - P 0.995 8.0 2.0 

3. The results of the sensitivity study 

A deterministic analysis is the starting point of the sensitivity analysis. Fig. 4 shows the 
safety index (based on the FAD) for increasing crack depths. A Safety index ≥ 1 means 
safe. A safety index below 1 means failure. In the case under consideration, operating with 
deterministic values, the critical crack depth in this example is at 6.3 mm (FAD parametric 
analysis in mean crack size). Deterministic analysis of fracture occurrence is the common 
practice in mechanical engineering design. The end quantitative assessment is expressed in 
safety factors which quantifies the degree of conservativeness embodied in the design. 
However, a deterministic analysis does not consider the inherent statistic variability of the 
material characteristics, crack size and uncertainties related with the applied non-
destructive testing reflected in the POD curves. Probabilistic fracture analysis enables a 
more refined fracture analysis by making explicit a probability of failure for every possible 
scenario resulting from the conjunction of individual realizations of random events 
formalized by the specific probability distributions associated with the governing quantities 
in the fracture process. A probabilistic analysis of fracture enables to approach closer the 
analysis to real circumstances. With this scope in mind, the present paper reports on a 
probabilistic sensitivity analysis of failure risk in a pipeline with geometry and material 
characteristics outlined in section 2. 
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Fig. 4 Crack depth vs. safety index of the deterministic analysis. 

 
A deterministic analysis does not consider scattering of the material values, 

measurement errors or the POD of applied NDT inspection methods. Regarding design 
principles deterministic assessments require the use of safety factors. Considering realistic 
input parameters in form of distribution allows a damage tolerant assessment without the 
need of safety factors. 
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Fig. 5 shows the result of the FAD probabilistic analysis in which the threshold 
values of the Weibull distribution have been varied in order to assess the failure probability 
extending from extremely pessimistic scenario of material fracture toughness (Kc =20 
MPam1/2) towards though a rather low fracture toughness characteristic (Kc =100 MPa m1/2) 
of the considered steel grade. For instance, when all other non-material parameters are at 
deterministic values and fracture toughness has a 3P Weibull statistics variability a fracture 
toughness of Kc =100 assures a fracture probability of 10-6 when in the pipe subsists a crack 
of radial depth of approx 7.8 mm. Conversely, if the material is highly embrittled, Kc =20 
MPam1/2, only a crack of approx 1.1 mm is tolerated at the same level of probability of 
failure. The grey dashed lines indicate the limit value of crack depth below which the 
probability of failure would be zero. 
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Fig. 5 Crack depth vs. probability of failure (no POD applied) for four different threshold values of 

the Weibull distribution of the fracture toughness. The dashed grey lines indicate the limit values. 
 
Fig. 6a and b show the results of probabilistic analysis when NDT techniques of 

various quality reflected in the considered POD curves (see Sect. 2.3) are applied. Two 
levels of threshold fracture toughness have been considered: Kc =40 MPam1/2 and Kc =100 
MPam1/2. This analysis evinces the significant role of the material toughness in assuring 
low probabilities of failure. On the other hand, the application of NDT before operation or 
during operation of the structure decreases the probability of failure with more than two 
orders of magnitude. 

Considering additionally crack size statistics as described in section 2.3 instead of 
deterministic values leads to a significant increase of the POF (Tab. 4). The influence of the 
applied NDT method increases simultaneously. The fracture toughness threshold was 
selected as 40 MPa m1/2. It can be stated that when crack size statistics have to be 
considered the application of NDT leads to a more significant decrease of the POF than in 
the case of deterministic crack sizes values. 

Table 5. Comparison of POF with and without crack size statistics. 

 No NDT POD II
POF crack size statistics 1.44·10-2 8.25·10-5 
POF deterministic crack size 7·10-6 3.5·10-7 
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Fig. 6 Comparison of the probability of failure considering the different POD curves and the 

probability of failure when no NDT methods are applied for two different threshold values of the Weibull 
distribution of the fracture toughness. 

4. Conclusion 

The study develops a methodology for integrating probabilistic fracture mechanics with 
quantitative NDI for the purpose of failure risk assessment in load-carrying structures and 
machine elements. The uncertainty in our knowledge and the intrinsic stochastic variability 
implied in the physical mechanisms confer a probabilistic character to the phenomenon of 
mechanical damage and failure. The estimation of the probability of failure may be 
achieved by integrating probabilistic fracture mechanics with quantitative NDT. The 
contribution of quantitative NDT to approach failure risk estimation is made via the 
concept of probability of detection, POD, as function of crack size. A short outline of 
PVrisk rationale and the associated software product is presented together with an 
application pertaining to the failure risk in pipelines. A probabilistic analysis with PVrisk 
consists in: probabilistic input of material characteristics such as ultimate tensile strength, 
yield point, and fracture toughness, stress intensity factor computation and the input of the 
equivalent initial crack size scatter. Finally, for a representative case of pipe geometry and 
pipe steel, a sensitivity study is presented in terms of probabilities. It was evinced the 
influence of the minimum threshold of the fracture toughness, as evaluated with the aid of 
three-parameter Weibull distribution, and the influence of the quality of the applied NDT. 
The significant detrimental effect of the low values of material fracture toughness is met in 
evidence together with benefit of application of NDT of a specific quality reflected in the 
capacity of crack detection. In the latter case it was shown that the application of NDT of 
current quality for nowadays practice decreases the probability of pipe failure with more 
than two-orders of magnitude. 
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