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Abstract 
A nearly non-spurious oscillations explicit time integration scheme for finite element solution of linear and non-
linear wave propagation of stress discontinuities in solids and contact/impact problems is presented and tested. 
The main concept of the diminishing spurious oscillations time scheme is based on a modification of the 
conventional central difference method. The presented multi-time step integrator is explicit, of second order, and 
conditionally stable. For the spatial discretization, the Galerkin’s continuous variant of the finite element method 
with linear shape functions and with the diagonal mass matrix is employed. In multi-dimensional problems, the 
proposed algorithm is based on the component-wise partition of equations of motion.  Moreover, the longitudinal 
and shear components of displacement field are integrated separately with different time step sizes with each 
Courant stability limit. This contribution describes how we have to apply the time scheme with partitioned 
equations of motion and to implement it in the predictor-corrector form into standard finite element codes, 
practically into an open source research code TAHOE code. Numerical results as applied to wave propagation 
and dynamic contact problems are presented and compared with existing time integrators. 
 
Keywords: Elastic and non-linear wave propagation, contact problem, finite element method, explicit time 
integration, dispersion, spurious oscillations  
 
1.  Introduction 
 

The direct time integration is an up-to-date standard tool in finite element (FE) analysis of 
transient problems and wave propagation problems in engineering [1]. The contribution deals 
with an explicit algorithm to improve spurious oscillations in numerical computations of 
linear and non-linear wave propagation problems in solids and of contact problems.  

In the explicit time integration, the nearly universe choice is the central difference method 
[2] which possesses no numerical dissipation for linear FE discretization with a diagonal mass 
matrix. In one-dimensional case, if a linear finite element mesh is generated so that the 
stability limit is the same for each element, results obtained by the central difference with the 
diagonal mass matrix are very close to exact solutions. The optimal time-consuming and 
natural choice of the time step size is then equal to the stability limit. For that case, spatial 
dispersion errors of the linear FEM with the diagonal mass matrix and period elongation 
behavior of the central difference method suppress each other, but only in one-dimensional 
case [1]. However, in practice, it is not feasible to employ a mesh so that the critical time step 
limit is the same for all elements, thus results obtained by the central difference method 
produce spurious oscillations. 
 
3. Proposed explicit time scheme 
 

In the nature, many types of waves propagating in solids have been observed. By assuming 
a theoretical prediction in multi-dimensional wave propagation in unbounded continuum, 
longitudinal and shear waves propagate with different speeds. Therefore, the mismatch in the 
wave speeds of the two types of wave components produces spurious oscillations in 
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numerical results. In the central difference method, the time step size limit is given by the 
fastest propagating longitudinal wave through the smallest finite element [1]. Thus 
longitudinal waves are integrated more accurate then shear ones. This is the main 
disadvantage of the central difference method employing in modelling of multi-dimensional 
wave-like problems in solids.  

The eliminating and diminishing of spurious oscillations in FE simulations of 
discontinuous wave propagation is an up-to-date open problem to research study. The authors 
bring about an idea a modification of the conventional central difference method being able to 
suppress spurious oscillations in numerical solution using lower-order finite element 
discretization. A predictor-corrector form of the algorithm with the pullback interpolation 
(Fig. 1), published in [3,4], is presented in depth with its implementation aspects [5]. The 
presented three-time step integrator is completely explicit with a diagonal mass matrix 
requirement, of second-order accurate, conditionally stable and it has minimum sensitivity 
behavior on the time step size. 4-noded quadrilateral and 8-noded hexahedral under-integrated 
elements are then preferred option to model solid components. In multi-dimensional tasks, the 
proposed algorithm utilizes the component-wise partition of equations of motion to the 
longitudinal and shear parts. Moreover, the each component of equations of motion is 
integrated separately with each CFL stability limit, i.e. with different time step sizes, due the 
mitigating dispersion errors and spurious oscillations. This contribution describes how we 
have to apply the shock capturing algorithm to the partitioned equations of motion and to 
implement it in the predictor-corrector form [5] into standard finite element codes, practically 
into an open research code Tahoe [6]. The detailed step-by-step flowchart of the suggested 
scheme in mentioned in Table I or in [5]. 

 
 
 

 
 
 



 

 
 



 
 

 
Figure 1: Pullback extrapolation of the displacement u(x, t) at step (n+c) followed by 

interpolation at the next step (n+1) [4].  
 
 
In the above mentioned scheme in Table I, the component-wise partitioned forces fL and fS are 
computed on the elemental level by the following relationships 
 

                                                                                (1) 
 
where longitudinal and shear component-wise partitioning matrices, De

L and D
e
S , possess the 

following properties: 
 

                                 (2) 
 
For more details and implementation aspects, see the paper [5]. 
 
3. Results of numerical experiment 
 
3.1. Elastic impact problem of thick plates 
 

This benchmark test is able to prove not only longitudinal and shear wave propagation but 
also Rayleigh's waves propagating on stress-free surfaces of the plates and reflected (von 
Schmidt's) waves emerging for longer times after impact of the plates [7]. The scheme of 
impact of plates is depicted in Fig. 2.  



3.1. Pseudo-contact problem 
 
In principle, the problem can be assumed as a two-dimensional problem under plane strain 

constrain in the xz plane. The impact of two elastic thick plates was studied by Brepta et al. 
and the analytical solution in the infinity series form utilizing the Laplace transform has been 
published in [8]. The distributions of displacements and stresses are derived in the form of 
infinite series of improper integrals which are evaluated numerically. 

 
Figure 2:  Problem definition of impact problem of thick plates [8]. 2d is the thickness of 

plates. 
 

We model only a one half of one plate taking the symmetrical plane z=0. In that case, 
nodal displacements at the plane are fixed in the z-direction. We assume a semi-infinite 
domain of the thickness d, the limited length L, and the depth with fixed displacements in the 
y-direction. The thickness and length of plate are chosen as 2d= 5 mm and L=4d=10 mm. The 
Young modulus E=200 GPa, the Poisson's ratio υ = 0.3, and the mass density ρ = 7800 kg/m3 
are set up. The corresponding wave speeds are then computed as cL=5875.1 m/s, cS=3140.4 
m/s and the Rayleigh's wave speed with respect to the Poisson's ratio is given 
cR=cS(0.86+1.14 υ)/(1+ υ)=2903.6 m/s. The linear theory of elastodynamics is considered [7]. 

 

 
a)                                                                                   b) 

Figure 3: Impact problem of thick elastic plates: Stress distributions of  at the plate at the 
time  after the impact: (a) the central difference method, (b) the proposed time 

scheme.  is the thickness of plates and  is the speed of longitudinal wave. 



 
The plates make contact with initial velocity v0=1 m/s prescribed at the time t=0 s, for 

orientation of the motion see Fig. 2. Instead of the contact analysis a symmetric reference 
calculation is performed, where the axial displacements of the front-end nodes of the plate are 
fixed.  The domain of interest is discretized using uniform 4-noded linear finite elements of 
the element edge H=0.1 mm. The time step size is chosen as �t =0.5H/cL=0.00851 �s. Thus, 
the Courant number is �t cL/H=0.5. The CFL conditions for longitudinal and shear 
components are given �tL=H/cL=0.01702 �s and �tS=H/cS=0.031843 �s, respectively. From 
that case, αL=0.5 and αS=αL cS/cL= 0.26726 were taken. The total computation time is set up 
to the time needed for the reflection of a primary longitudinal wave from the opposite side 
than is the contact-impact head is carried out, Tend=L/cL. 

Detailed views on non-stationary stress states in the impact problem of elastic thick plates 
are displayed in Fig. 3, where normal stress distributions  are shown for the short time 
after impact. One can see all the wave-fronts of generated waves in the plates. The normal 
stress distributions have a smooth character besides the place close to the wave-front of the 
secondary (reflected) shear waves. In this place, small and minor post-shock spurious 
oscillations are reported. The wave-fronts of the rest of waves are approximated superiorly 
without perceptible shock-front and post-shock spurious oscillations of stresses unlike the 
results by the central difference method. In particular, the wave-front of the primary 
longitudinal wave is approximated in the sharp shape, how it is predicted by elastodynamic 
theory. By this numerical test, it was ascertained that the proposed time scheme provides 
physically correct results of wave propagation phenomena in elastic bounded solids and, 
chiefly, without parasitic spurious oscillations 

 
3.1. Contact/impact problem 
 

The proposed scheme is also possible to use in modelling of contact/impact problems, 
where only contact forces have to be decomposed into the corresponding longitudinal and 
shear components. In this paper, we employed the penalty method for enforcing contact 
conditions and the node-to-surface strategy for discretization of contact geometry [1].  
 

 
a)                                                                                   b) 

Figure 4. Contact/impact problem of thick elastic plates: Stress distributions of  at the 
plates at the time t= 8d/cL after the impact: (a) the central difference method, (b) the proposed 

time scheme. 
 



In Fig.4, the results for contact computation of the impact of plates are shown. One can see 
excellent approximation of state on the contact surface, where the proposed scheme exhibits 
stress distributions without spurious oscillations against the central difference method. 
Therefore, the contact forces obtained by the proposed scheme show more suitable time 
history of contact forces without spurious oscillations unlike the central difference method.     
 
4.  Conclusions 
 
In this paper, the new explicit time scheme for accurate modelling of multi-dimensional wave 
propagation and contact problems was reported. The presented time algorithm is able to be 
easily implemented into standard finite element codes and the algorithm mitigates both the 
front-shock and post-shock spurious oscillations taking integrations of parts of equations of 
motion by each CFL conditions. The algorithm exhibits stress distributions without spurious 
oscillations in wave propagation problems and contact problems. Especially, various types of 
waves, such as Rayleigh's waves, von Schmidt's waves as well as reflected longitudinal and 
shear waves are superiorly captured by the proposed time algorithm. The nominated 
numerical scheme has a potential for using in accurate modelling of wave propagation in 
solids and also in non-destructive testing technologies. 
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