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Abstract 
We present a comparison of Finite Element Method, Isogeometric Analysis, and Finite Volume Method in 
numerical simulation of one-dimensional elastic wave propagation problems with stress discontinuities. The 
special attention is paid to accuracy of tested numerical methods and the appearance of spurious oscillations and 
dissipation effects occurring close to theoretical sharp wavefronts. FEM and FVM are widely accepted as 
numerical methods used for numerical solution of hyperbolic (wave-like) problems. IGA, the spline variant of 
FEM, is a modern strategy for numerical solution of partial differential equations. This method is based on 
splines as shape functions in FEM content. In IGA and FEM, the Newmark method, the central difference 
method, the generalized-α method and the Park method are employed as time integrators. All the tested 
numerical strategies are applied for elastic wave propagation in a bar. At the end, main advantages and 
disadvantages of the numerical methods in wave propagation are summed up. 
 
Keywords: Elastic wave propagation, finite element method, isogeometric analysis, finite volume method, stress 
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1.  Introduction 
 
Currently, there exist many numerical methods for elastic wave propagation problems (see 
[1], e.g.). Among them, finite difference method, finite volume method, finite element spatial 
discretization with the direct time integration (methods of semidiscretization), continuous and 
discontinuous Galerkin methods, boundary integral methods, smooth particle hydrodynamic 
methods, mesh-free and meshless methods, spectral and pseudo-spectral methods, wavelet- 
and spline-based methods can be mentioned as examples. Practically all of them are able to 
produce reliable results for specific problems. On smooth solutions, such results can be even 
more or less identical (see [2], e.g.). However, the behaviour of numerical solutions can differ 
essentially if one looks at stress discontinuity wave propagation.  
In principle, a suitable numerical method for a wave propagation problem has to be able to 
minimize numerical errors as a consequence of spatial and time discretizations. These errors 
come from numerical dissipation and dispersion (error in phase and group velocities), and 
produce spurious modes and oscillations and other extraneous parasitic effects. At the present, 
there does not exit a clear winner for a choice of a method for numerical modelling of 
discontinuous wave propagation in solids. All methods have their advantages but also 
disadvantages and limitations to applications. 
In this paper, we demonstrate such behaviour on the example of the simplest test problem of 
one-dimensional elastic wave propagation in a bar under impact loading [3]. We compare the 
finite element method (FEM) [4] and isogeometric analysis (IGA) [5] with various time 
integration procedures (the Newmark method [6], the central difference method [7], the 
implicit frorm of the generalized-α method [8], and the Park nearly non-spurious oscillations 
method [9]), and the finite volume wave (FVM) propagation algorithm [10]. Such a 
comparison will allow one to make a more reasonable choice in the numerical methods for his 
own application.     
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2.  One-dimensional wave propagation in a bar 
We consider the initial stage of wave propagation in one-dimensional “thin” bar in the 
framework of the classical small strain elasticity theory. The linear constitutive equation in 
the form of Hooke’s law is assumed. The transverse contraction of a cross-section of the bar is 
neglected. One-dimensional wave motion is governed by the classical wave equation in elastic 
solid continuum in the form, see [3] 
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where ),( txu is the axial displacement, ],0[Lx =Ω∈  is the axial coordinate, L is the length of 
the bar, 0≥t  denotes the time, ρ is the mass density, and E denotes the Young modulus. 

Wave speed in the elastic bar is defined by ρ/0 Ec =  [3]. 

 
Figure 1: Scheme of a free-fixed bar under an impact loading. 

 
For the solution of Eq. (1), boundary and initial conditions have to be prescribed. The right-
hand side of the bar is fixed, therefore one boundary condition is formed as 

0)0,( =≥= tLxu . The loading by a force applied on the left free end of the bar leads to 
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where A  is the area of a cross-section. The time dependence of applied stress is given by the 
Heaviside step function )(tH in the form )(),0( 0 tHtx σσ == . Initially the bar is at rest, i.e., 

0)0,( ==txu , 0)0,( ==txv      for ],0[ Lx =Ω∈          (3) 
where uv �= denotes velocity. The analytical solution of this impact problem could be found in 
[3], where the displacement field ),(txu  before the wave reflection (in the time interval 

]/,0[ 0cLt ∈ ) has the form 
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Thus, the stress field is given by means of Eq. (4) 
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This theoretical stress distribution along an elastic free-fixed bar under shock loading is used 
for the comparison with numerical solutions. 
 
3. Results of numerical simulations 
In this section, we present results of numerical solution of wave propagation problem defined 
in the previous Section. Geometrical and material parameters of the task are set as: the bar 
length 1=L m, the cross-section 1=A m2, Young’s modulus 1=E  Pa, the mass density 

1=ρ kg/m3 and the amplitude of impact pressure 10 =σ Pa, thus the applied force is 

100 == σAF N. We use computational grids with 100 FEs, 100 IGA segments and 100 FV 

cells, thus the length of FEs, the distance of control points in IGA and the length of FV cells 
are taken as 01.0/ == NELH  m. We define the dimensionless time step size by means of 
the Courant number as HtcCo /0∆= , where t∆  is the time step size.  



In Figs. 2-16, the stress distributions at the time 0/7.0 cLt = computed by FEM, IGA and 

FVM are compared with the analytical solution of the tested problem. Since the stability of all 
the used explicit calculations is provided with 1≤Co , the results of computations are 
presented for three important values of the Courant number, namely, Co={0.1, 0.5,1.0}. On 
the each figure, results for Co=0.1 take position on the left, for Co=0.5 in the middle and for 
Co=1.0 on the right of the figure. 
 
3.1 Finite element method 
In commercial FEM software, the central difference method with the lumped mass matrix is 
frequently used for explicit time integration [6] and the Newmark average acceleration 
method with the consistent mass matrix is exploited for implicit time computation [7]. In the 
dispersion analysis of FEM [4] it was shown, that the consistent mass matrix overestimates 
numerical wave speed, on the other hand, the diagonal mass matrix underestimates numerical 
wave speed. In this work we considered “row sum” method for lumping process. 
In Fig. 2, one can see results of stress distributions for linear finite elements and Courant 
numbers Co={0.1, 0.5, 1.0}. The stress graph for the stability limit, Co=1.0, shows an 
excellent approximation of the theoretical stress distribution. We can say that the central 
difference with the lumped mass matrix and with the critical time step size exhibits 
dispersionless results. But this is true only for one-dimensional uniform linear FE meshes, 
because of the existence of longitudinal and shear waves in multi-dimensional problems and 
different stability limits for each finite element. For the Courant number Co<1, the central 
difference method always gives results with spurious oscillations behind of the theoretical 
wavefront. It is a consequence of dispersion of FEM. 
 

 
Figure 2: Central difference method, linear FEM, diagonal mass matrix. 

 

 
Figure 3: Park method, linear FEM, diagonal mass matrix. 

 
One way how to eliminate spurious oscillations in FE explicit computation is to use the Park 
time integrator [9]. This multi-time step method is based on a modification of the 
conventional central difference method in the connection with the pullback interpolation. 
Here one integration step is done with the critical time step size crt∆  and then obtained 

displacements are approximated to time given the time step size t∆ . Thus, we eliminate 



spurious oscillation as a product of dispersion behaviour of FEM. The presented three-time 
step integrator is completely explicit with a diagonal mass matrix requirement, second-order 
accurate, conditionally stable and it exhibits minimal sensitivity on the time step size with 

crtt ∆≤∆ . The corresponding results are presented in Fig. 3. Only small cusps on the corners 

of stress discontinuities can be observed in the stress distributions. 
 

 
Figure 4: Newmark method, linear FEM, consistent mass matrix.  

 

 
Figure 5: Newmark method, quadratic FEM, consistent mass matrix.  

 

 
Figure 6: Newmark method, cubic FEM, consistent mass matrix. 

 
In Figs. 4-6, results obtained by the Newmark method with the consistent mass matrix for 
linear and higher-order FEM are shown. One can see in Fig. 4 for linear FEM, that for smaller 
Courant numbers spurious oscillations take place in the front of the theoretical wavefront and 
for Co=1.0 behind of it. Usually, one chooses a time step size with respect to Co=0.5, where 
spurious oscillations are concentrated close to the theoretical wavefront and in front of it. The 
amplitude of spurious oscillations is relative large, around 40% of the theoretical stress jump. 
For higher order FEM computation shown in Fig. 5-6, the Newmark method produces stress 
distributions with smaller spurious oscillations unlike linear FEM in the case of Co ≤ 0.5. But 
spurious oscillations are on the both sides of the theoretical wavefront.  
In higher-order FEM, higher non-physical vibration modes occur in frequency spectrum [4], 
therefore time integration methods should be derived so that dissipation of higher frequencies 
is optimal and minimized for low frequency range. An example of this approach is the 
generalized-α method [8]. The numerical damping of this implicit time integration method is 
controlled by the spectral radius∞ρ . In this work, we choose 5.0=∞ρ  and the consistent 



mass matrix are obviously employed. By assuming numerical dissipation of the generalized-α 
method, a small part of total energy loses. The effect of dissipation of spurious oscillations in 
wave propagation is shown in Figs. 7-9, where stress distributions for linear, quadratic and 
cubic FEM are depicted. For the Courant number Co=0.5, we have got a good approximation 
of the theoretical stress distribution but with small cusps on the corners of stress jump for all 
tested FE orders. The amplitude of the cusps increases with increasing order of FE spatial 
discretization. For higher-order FEM, the generalized-α method is recommended to use in 
wave propagation computations, where the cost of computations is the same as of the 
Newmark method.  
 

 
Figure 7: Generalized-α method, linear FEM, consistent mass matrix.  

 

 
Figure 8: Generalized-α method, quadratic FEM, consistent mass matrix.  

 

 
Figure 9: Generalized-α method, cubic FEM, consistent mass matrix.  

 
3.2 Isogeometric analysis 
A modern approach in FEA is the Isogeometric Analysis (IGA) [5], where shape functions in 
the continuous Galerkin method are based on varied types of splines. In this work, we use B-
spline shape functions for spatial discretization, an open uniform knot vector and uniformly-
spaced control points. IGA approach has an advantage that the geometry and approximation 
of the field of unknown quantities is prescribed by the same technique. Another benefit is that 
the approximation is smooth. It was shown in [5, 11], that B-spline shape functions produce 
outstanding convergence and dispersion properties and also appropriate frequency errors. It 
should be mentioned, that IGA is not based on interpolation but on approximation of field of 



interest. Due to the equivalence of hat shape functions and linear B-spline functions, the linear 
FEM and IGA give the same results. 

 

 
Figure 10: Newmark method, quadratic IGA, consistent mass matrix.  

 

 
Figure 11: Newmark method, cubic IGA, consistent mass matrix. 

 

 
Figure 12: Generalized-α method, quadratic IGA, consistent mass matrix.  

 

 
Figure 13: Generalized-α method, cubic IGA, consistent mass matrix.  

 
In IGA computations, we use only implicit time integrations with the consistent mass matrix, 
because standard lumping strategies for higher order FEM give inappropriate discrete mass 
distribution and thus frequency and dispersion spectrum is not suitable approximated. The 
lumping strategy and explicit time integration in IGA are up-to-date open research problems 
in computational mechanics community. In higher FEM and IGA, presence of high frequency 
modes in the spectrum causes their fragility regarding stability condition for the setting of 
time step size. In principle, higher-order FEM produces better dispersion errors of acoustical 



branches then linear one, but optical branches are significantly polluted by the dispersion 
errors. For that reason, the linear finite elements are preferred in explicit numerical modelling 
of wave propagation problems. In Figs. 10-13, one can compare results of quadratic and cubic 
B-spline shape functions for the Newmark and generalized-α method. Due to higher level of 
spurious oscillations in IGA implicit integrations, the generalized-α method is preferred. 
Better stress distributions are obtained for smaller Courant numbers. An optimal choice of the 
time step size in IGA implicit integration will be aim of the future work. 
 
3.3. Finite volume method 
The finite volume wave propagation algorithm [10] is developed specifically for the solution 
of wave propagation problems in solids and fluids. Here it is applied in the form presented in 
[12]. Results for the first-order Godunov-like scheme, second-order composite scheme and 
those with the minmod limiter for the selected Courant numbers are presented in Figs. 14-16.  
 

 
Figure 14: First order finite volume Godunov method. 

 

 
Figure 15: Finite volume composite scheme. 

 

 
Figure 16: Second-order finite volume scheme with the minmod limiter. 

 
One can see, that all FVM schemes produce the exact solution for the stability limit Co=1.0. 
On the other hands, the Godunov-like scheme and the scheme with minmod limiter exhibit 
results for Courant numbers less than the stability limit with dissipation character. Moreover, 
the second-order composite scheme gives results with post-shock spurious oscillations and 
level of these oscillations decreases with increasing the Courant number. The FVM scheme 
with minmod limiter is recommended to use with the stability limit. 



4.  Conclusions 
As one can see, results of this simple numerical test allow to make certain consequences. The 
Newmark method as well as the generalized-α method generates unphysical front-shock 
oscillations at small Courant numbers. Post-shock oscillations for Co ≠ 1 are observed for 
almost all methods. The best results with minimal sensitivity on the time step size are 
obtained by the explicit Park method with linear FEM and the second-order finite volume 
scheme with the minmod limiter.  In higher-order FEM and IGA, the implicit time integration 
by the generalized-α method with the time step size given by the smaller Courant number is 
preferred due to dissipation of front-shock  and post-shock spurious oscillations. The detailed 
study and comparison will be presented in [13].  
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