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Abstract 
Lamb waves have gained increasing attention from the nondestructive testing (NDT) and structural health 
monitoring (SHM) communities in the past couple of decades. Lamb waves, which are also called plate waves, 
can propagate in plate-like structures. If the plate is surrounded by water or a viscoelastic material, the waves 
energy is dissipated in the surrounding medium and therefore, the waves are called Leaky Lamb waves. In order 
to generate or work with leaky Lamb waves, it is necessary to know the wavenumber of the corresponding wave. 
The wave number can be real, pure imaginary, or a complex number. The first two are finite numbers but the third 
one can be infinite. Identification of the wavenumber of a Lamb waves is carried out through a numerical procedure 
and because of that, it is not possible to find all possible wave numbers. This paper proposes a new method for 
extraction of wavenumbers of leaky Lamb waves. Using this method, all types of wavenumbers can be identified. 
The details of this procedure is presented and examples demonstrating the validity of the procedure are presented.  
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1- Introduction 
Lamb waves, which are certain type of ultrasonic waves propagating between two parallel surfaces, have gained 
increasing attention from the nondestructive testing (NDT) and structural health monitoring (SHM) communities 
in recent years. Due to their 2D propagation style, Lamb waves could be considered as a good candidate as a 
monitoring tool for locating damages in plate structure. Lamb wave are used for inspection of large structures such 
as pressure vessels and large liquid containers.  
Lamb waves are dispersive. Dispersion is an important characteristic of Lamb waves that distinguishes them from 
bulk waves. The velocity of a dispersive wave is not only a function of the material properties of the medium but 
also a function of frequency. For determination of Lamb waves propagation velocity in a specific material, the 
dispersion cures should be plotted. From these curves, the phase and group velocity of each Lamb wave mode is 
determined as function of frequency [1]. 
 
 Many plate structures are coated by some kind of viscose material for protection or insulation. In such structures, 
the viscous coating attenuates the Lamb waves and new dispersion curves are needed. Moreover, if the plate is 
surrounded by a liquid material such as water or oil, part of the wave energy dissipates in the surrounding medium 
and the wave gradually dies out. In this case, the Lamb waves are called as leaky Lamb waves because the wave 
energy is continuously leaking into the surrounding fluid medium. The propagation velocities of leaky Lamb waves 
are different from those of non-leaky Lamb waves [2]. For leaky Lamb waves, the attenuation must be taken into 
account in calculating the phase and group velocities.  
 
For a Lamb wave, the displacement term is usually taken as: � ��賃�, where k is wave number and A is the wave 
amplitude. The wave number could be real, imaginary or complex,  
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This results in three different situations: 1) purely real wave number corresponding to a propagating wave,  
2) purely imaginary wave number corresponding to an evanescent wave, and 3) complex wave number 
corresponding to an oscillatory decaying wave [3]. For Lamb waves propagating in a lossless plate structure, only 
the real wave number is needed. But in cases where the plate is surrounded by a liquid or a viscous insulating 
cover, the effects of attenuation must be accounted for. Attenuation could be considered as a dimensionless 
parameter that accounts for the loss of energy as follows [4],  
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When dealing with leaky Lamb waves, the wave numbers are necessarily complex. Moreover, if a Lamb wave 
strike a defect, part of the wave is scattered and in the vicinity of the defect, also known as near field, evanescent 
waves are generated. Therefore, when considering the scattering of Lamb waves from a defect, it is also necessary 
to work with complex wave numbers  [5,6]. 
 
Grosh and Pinsky [7] investigated the propagation of Lamb waves in a fluid loaded plate. They considered complex 
wave-number dispersion analysis and in evanescent waves. They extracted the complex wave numbers for real 
frequencies by using the finite element method to plot the dispersion curves. Tamir et al. [8] studies the complex 
wave numbers in lossy and lossless structures. They showed that complex wave numbers were generated not only 
in lossy structures but also in lossless structures. They divided the guided waves based on their wave numbers into 
five different types. They also studies the wave field at the interface of the plate and the surrounding medium. 
They concluded that waves with complex wave numbers appear in pair. In another paper, they investigated the 
effect of complex wave numbers in radiation of waves in the near and fields [9]. Thomas and Watson [10] 
calculated the complex wave numbers for leaky guided waves in several layered models. They studied the effect 
of frequency on the location of the complex wave number in the complex plane. Parra and Xu [11] investigated 
the acoustic wave propagation in fluid-filled porous media. They developed the dispersion equations and proposed 
a procedure for extraction of complex wave numbers. This procedure is a combination of an iterative and a 
minimization method.  
 
In this paper, we consider the dispersion curves of leaky Lamb waves. The plate is considered to be isotropic and 
the effects of different parameters such as frequency, plate thickness and material properties on dispersion curves 
are investigated. A new method for extraction of complex wave numbers is proposed. Moreover, by using periodic 
properties of complex wave numbers, complex wave numbers for a wide range of frequencies are extracted.  
 
2- The Dispersion Curve 
The dispersion equation is a function of material properties of the plate and is usually solved by numerical 
procedures which are based on a root finding algorithms [1]. Although some people have also used graphical 
methods which are based on plotting the dispersion equation [12]. Several commercial software packages have 
also been developed that are based on numerical [13] or SAFE methods [14].   In all of these methods, only real 
roots of the dispersion equation are found and complex or imaginary wave number are ignored. Therefore, in the 
case of leaky Lamb waves or scattering problems, these methods are not usable. The dispersion equations for an 
isotropic material is given by Eqs. 3 and 4 [1],  
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Where k is the wave number, h is half of the plate thickness, 喧態 = 岫�/�鎮  岻態 − �態 , 圏態 = 岫�/��  岻態 − �態 , � is the 
circular frequency, �鎮  is the longitudinal wave velocity ,and ��  is the shear wave velocity. By using a regular 
numerical root-finding method, only real wave numbers can be found. To find the complex wave numbers, the 
imaginary wave numbers should be considered in the dispersion equation. Therefore, k must be replaced by 
 �� + � ��陳. Most root-finding algorithms are not able to find imaginary roots. Therefore, the real and imaginary 
parts of the equation must be separated before using these algorithms. Due to the complexity of the dispersion 
equation, even for an isotropic material, this separation cannot be done analytically. Therefore, to find the complex 
roots, we develop the following procedure: 
 

1- A complex wave number plane is defined with vertical and horizontal axes as are �� and ��陳, respectively, 
2- This plane is divided by square grids, 
3- For each node of the square grid, the sign of real and imaginary parts of the equation are determined, 
4- For real and imaginary parts of the equation, if at least between two sets of nodes, the signs change, it is 

expected that this grid would contain a root, 
5- For each set of nodes with different signs, a root finding algorithm, e.g. the  bisection method, is 

implemented and the root is found, 
6- A line is then plotted between the two roots for real and imaginary part, 
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7- If there are an intersection between the line of real and imaginary parts of the equation, this intersection 
is considered to be a complex root of the dispersion equation, 

8- Two sets of root points for real and imaginary parts of the equation are 喧怠�岫��陳怠� , ��怠�岻, 喧態�岫��陳態� , ��態�岻 
and 喧怠�陳岫��陳怠�陳 , ��怠�陳岻, 喧態�陳岫��陳態�陳 , ��態�陳岻, respectively and imaginary and real roots are presented 
as:  
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In Figure 1, this algorithm is schematically shown. The accuracy of this root-finding procedure depends on the 
dimensions of the grid. For fine grids, the procedure is slow but the accuracy is high and the possibility of missing 
a root is also very low. For large grids, the convergence is fast but accuracy is poor and it is very likely to miss 
roots. Therefore, the grid size is a very important parameter when searching large areas for roots.  
 

 

Figure 1. Implementation of root finding algorithm in one grid 
 
Pure real and pure imaginary wave numbers at a certain frequency are finite but complex wave numbers are infinite 
[1]. Moreover, searching for complex wave numbers in a large area by numerical methods is time consuming. 
Therefore, it is worthwhile to investigate the behavior of dispersion relations when searching for complex roots. 
  
Plotting an equation is a regular method for investigating the behavior of complex equations. Using this method, 
the roots of the equation are determined graphically and the behavior of the equation can also be easily viewed in 
different areas. Therefore, we have plotted the dispersion equations in a complex plane to investigate the behavior 
of the equation in certain frequency ranges. Real and imaginary parts of the dispersion equation are plotted 
separately. In this graphical representation, x and y axes represent the real and imaginary wave numbers, 
respectively, and z axis gives the value of the dispersion equation. At those coordinates of the complex wave 
number plane that the value of real and imaginary parts of the dispersion equation are zero, a wave number exists. 
If the root is found to be on either the real or imaginary axes, the wave number is real or imaginary, respectively, 
otherwise it is complex. Unlike the earlier approaches, by using this method, all types of wave numbers including 
real, imaginary and complex can be found. As an example, the dispersion equation of an aluminum plate with a 
thickness of 0.5 mm at a frequency of 2 MHz is plotted in Figure 2. In Figure 2, the z axis represents the real parts 
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of the dispersion equation and the change in the color is proportional to the value of the imaginary part of the 
equation.  

 
 

Figure 2. Dispersion relation for aluminum plate 
 
4- Results and Discussion 
To observe the behavior of the dispersion equation at different wave numbers, this equation is plotted in a large 
range of wave number in Figure 3. We see that the variations in the value of the dispersion equation are along the 
imaginary axis. In Figure 3, the equation is plotted in 2D and the horizontal and vertical axes are respectively the 
imaginary wave number and real or imaginary values of the equation. Figure 3 shows that the dispersion equation 
is periodic and in certain points, real and imaginary values of the dispersion equation are simultaneously zero.  
These points correspond to one or more than one roots.  
 

(a) (b) 
 

Figure 3. Variation of dispersion relation for imaginary wave number a) real part, b) imaginary part. 
 

4-1- Effect of Parameters  
It was noted that the dispersion equation is periodic. In this section, we investigate the effect of different parameters 
on this periodic characteristic of the equations. These parameters are the plate thickness, frequency and material 
properties. Changes in the periodic characteristics of the equations with regard to changes in plate thickness are 



IRNDT2017 

 

shown in Figure 4. It is observed that the period decreases when the plate thickness is increased. Moreover, the 
period is larger for the symmetric modes compared to the asymmetric modes. For different materials including 
aluminum, steel and Plexiglas, the periods were found to be dependent on the plate thickness.  
 

 
 

Figure 4. Variations of the period of the dispersion equation with regard to changes in plate thickness for symmetric and 
asymmetric modes. 

 
To study the effect of changes in frequency, the frequency was changes from 500 kHz to 2 MHz. It was observed 
that in this frequency range, the period of the equation does not change. For a plate thickness of 1 mm, the period 
for all frequencies was ど.63 × など4.  
 
It this noteworthy to mentions that the dispersion equation is not a real periodic equation. In Figure 5 (a), the values 
of the dispersion equation increase with increase of the wave number. But part of the diagram, in low range, is 
periodic (Figure 5 (b)). The roots of the equation or the wave numbers are in this range. Therefore, despite the fact 
that the dispersion equation is not periodic, the complex wave numbers are periodically repeated. Hence, by 
calculating this period for each thickness, the wave numbers can be found for a large range. In this method, the 
wave number will be calculated only for the first period and by adding values of period to the wave numbers, 
complex wave numbers for each period are found.  
 

(a) (b) 
 

Figure 5. Dispersion equation diagram for a large range of wave numbers. 
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5- Conclusions 
In considering the Lamb wave propagation in a plate surrounded by water of a viscoelastic material, the wave 
gradually decays along its path. In this problem, the wave attenuation has an important role and cannot be ignored. 
To account for attenuation, the wave numbers are assumed to be complex and numerical methods are used for 
calculating them. Moreover, when dealing with the scattering of Lamb waves, complex wave numbers should be 
considered. Calculation of all possible complex wave numbers by a numerical method is impossible. In this paper, 
a numerical method for calculation of complex wave numbers in a limited range was proposed and the behavior 
of the dispersion equation was graphically investigated. It was observed that the complex wave numbers 
periodically repeat. The effect of plate thickness, frequency and material properties on the value of this period was 
also investigated. Results showed that for an isotropic material, the only effective parameter was the plate 
thickness. By using this proposed method and by calculation of the period value, all the complex wave numbers 
can be easily found. In addition, this method could be easily extended to anisotropic materials.   
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