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ABSTRACT.  The determination of magnetic distortion fields caused by inclusions hidden in a 
conductive matrix using homogeneous current flow needs to be addressed in multiple tasks of 
electromagnetic non-destructive testing and materials science. This includes a series of testing 
problems such as the detection of tantalum inclusions hidden in niobium plates, metal inclusion in a 
nonmetallic base material or porosity in aluminum laser welds. Unfortunately, straightforward tools 
for an estimation of the defect response fields above the sample using pertinent detection concepts are 
still missing. In this study the Finite Element Method (FEM) was used for modeling spherically 
shaped defects and an analytical expression developed for the strength of the response field including 
the conductivity of the defect and matrix, the sensor-to-inclusion separation and the defect size. 
Finally, the results also can be useful for Eddy Current Testing problems, by taking the skin effect 
into consideration. 
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1. INTRODUCTION 
 
When applying an electrical current flow within a given material using induction or injection 
techniques, variation of its spatial electrical conductivity distribution will impact the 
distribution of the electrical currents and their corresponding magnetic fields within and 
outside the tested sample, respectively. Significant conductivity changes can be observed in 
case of defect regions within the homogeneous material structure such as cracks, voids, 
shrink holes and inclusions. Among the common electromagnetic Nondestructive Testing 
methods Magnetic Particle Testing (MPT) has the lion’s share in routine testing applications. 
In comparison to Eddy Current Testing (ECT) MPT can be regarded as a pure surface 
inspection technique, whereas ECT provides a view at a significant depth of several mm 
below the sample’s surface, when using adapted testing equipment. 
The first use of MR sensors and other sensitive field sensors in NDT, like the SQUID [1-3], 
in the mid-90s opened the door for a new NDT research branch. An AMR sensor in ECT-
probes was already investigated at the Federal Institute for Materials Research and Testing in 
1995 [4]. It was the advent of a new magnetic micro systems generation after the discovery 
of the Giant Magneto Resistance effect (GMR) in 1988 that paved the way for new detection 
concepts in ECT as well as in flux leakage testing. This boom in GMR-research was also 
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supported by the nobel prize in Physics in 2007 for the discovery of the GMR effect by 
Peter Grünberg and Albert Fert. Currently GMR sensors are being increasingly proposed to 
detect small defects with a remarkable signal-to-noise ratio and high spatial resolution [5-8]. 
The results of this work meet this new research approach, in which the magnetic flux density 
B is detected directly by a field sensor instead of an induction coil which measures the 
corresponding field derivative with respect to time ∂B/∂t. There exist a number of inclusion-
related NDT problems such as tantalum inclusions hidden in niobium plates used for 
superconducting resonators or testing superconducting cables with their complex structure of 
micro filaments. The latter also involves the estimate of their size and position within the 
wire’s cross-section, which is vital for a reliable quality check. The problem posed by 
inclusions also needs to be addressed when testing aluminum laser welds involving spherical 
shaped and non-conducting pores representing a limiting case of the inclusion problem. 
A remarkable amount of theoretical work has been done in electromagnetic testing by the 
Eddy Current Testing community. Several approaches were devised by Bowler et al. to 
calculate cracks, voids and other inhomogeneities and their impact on a sensing coil [9]. 
However, these works are mainly concerned with zero conductivity defects and the changes 
in the detection coil’s impedance, and do not address the magnetic flux density at a single 
point [10, 11]. For an analytical description of material defects, the matrix usually needs a 
specific shape such as a homogeneous half space [12-14], infinite cylinder [15], or, 
somewhat more complicated, the multi-layer planar structure [16]. 
Unfortunately, there are only very few theoretical works that determine the response of a 
magneto sensor by directly calculating the magnetic field quantity. The analytical 
description of magnetic field changes due to a variation in local conductivity making it 
rather complex and a few problems are solved using numerical methods [17, 18]. The 
inclusion problem falls into this category, even if the inclusion’s shape is a simple sphere or 
cylinder. 
 
2. FIELD CALCULATIONS 

 
The most standard FEM codes for ECT problems use the so called [A, V-A]-method, in 
which vector potential A and scalar potential V has to be found by solving the differential 
equation system [19, 20] for each node in the FEM mesh. From both of these quantities the 
electrical current density and the corresponding magnetic flux desity can then be calculated. 
For the generation of a homogeneous current flow both an ultra-low frequency Eddy Current 
(EC) model and an injection model we used as well. The latter uses two potential boundary 
conditions at the left and the right edge of the sample applying a voltage and a corresponding 
homogeneous current flow. The EC method and the injection method yield the same results 
in most cases. It turned out that the numerical accuracy of the solver for alternating fields 
was somewhat higher than that of the dc-solver. For the calculation of the response field at 
great distances it was therefore preferred to calculate using ultra-low frequencies of MHz to 
simulate the dc-case. 
 
 
 
 

 
 



               
  

FIGURE 1, left. The surface mesh of a metal plate showing the surface current density induced by a flat 
circular excitation coil. Right: Model of inclusions with different sizes (50 µm - 800 µm in dia.), incorporated 
at the center of the niobium plate.  

 
For the calculation we modeled a 4 mm-thick plate with a size of 50 mm × 50 mm. 
Inclusions with a diameter ranging from 50 µm to 800 µm (see Fig. 1, right) were 
incorporated into the plate at depths between 1 mm and 3 mm. For the EC excitation we 
used either a circular coil (see Fig. 1, left) or a symmetric differential (not shown here) coil 
to achieve better homogeneity. 
The node density in the FEM mesh is distinctly enhanced at the spheres’ locations. This 
serves to adapt the distance between two nodes to the field gradients generated by the 
inclusions. The element size of a 50-µm-sized inclusion is in the order of 4 µm, whereas the 
edge elements of the metal plate yield dimensions of nearly 1 mm. For better visualization in 
Fig. 1, right, only the surface mesh of the tantalum spheres is represented, neglecting the 
spheres’ connection to the volume mesh of the matrix. The depth at which the inclusion is 
located can easily be shifted in the model. 
In the following we discuss the electrical and magnetic field variation generated by an 
inclusion with a conductivity σi within a conductive host medium of conductivity σM, 
carrying a uniform current density j0. For simplification we used the absolute value of all 
spatial current components ( 222

0 zyx jjjj ++= ) for the current density, whereas we calculated 
only the vertical component of the magnetic flux density Bz, which usually is then detected 
by a field sensor. For inclusions showing a higher conductivity than that of the matrix, the 
currents will be focused into the inclusion, resulting in higher current densities at the front 
and back of the inclusion where the current flow direction is parallel to the normal vector of 
the inclusion surface. This is shown in Fig. 2, left or the case of a tantalum inclusion hidden 
in a niobium matrix. 
For low conductivity inclusions the situation is the opposite. Here the current is forced to 
flow around the inclusion and a minimum current density can be observed at the front and 
back (abutting face) with respect to the direction of the homogeneous current flow. The 
maximum of the distortion current strength occurs at the inclusion-host interface along the 
inclusion’s cross-section, which is aligned perpendicular to the current direction and runs 
through the center of the inclusion. If it is assumed that the currents run along the y-
direction, this interface circle would pass through the following points in Fig. 2, left: (-0.4, 0, 
0), (0, 0, 0.4), (-0.4, 0, 0), (0, 0, -0.4). In the case of zero-conductivity inclusions, the 
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enhancement of the current density is about 50% of the matrix current density, regardless of 
the inclusion’s size.  
Figures 2, right and Fig. 3 show that the presence of an inclusion affects the current 
distribution only in the close proximity of the inclusion. If the distance between the sensor 
and the inclusion’s surface is equal to the inclusion’s diameter (this is equal to three times 
the inclusion radius beginning from the inclusion center), the distortion currents are already 
attenuated to only 3 % of the maximum perturbation currents at the inclusion’s surface. 
 

    
 

FIGURE 2, left : Eddy current distortion of a 2-mm-deep circular tantalum inclusion (0.8 mm in dia.) 
located in a planar niobium sheet. Eddy current distortion in the x-y plane. The current flows along the y axis. 
The conductivity of tantalum is somewhat higher than that of niobium, leading to increased distortion currents 
at the front side along the  y axis at (0, 0.4, 0) and (0, -0.4, 0) and to reduced current densities at (0.4, 0, 0) and 
(-0.4, 0, 0). Right: Current density j = (jx²+jy²+jz²)0.5 in the vicinity of the inclusion at the x/y plane at z = 0 (cut 
plane through the inclusion’s centre). Uniform current flow passes along x axis. Zero conductivity inclusion 
(200 µm in dia.) hosted in a Ti matrix (σ = 2.34 MS/m). 
 

         
 

FIGURE 3. Current density j = (jx²+jy²+jz²)0.5 in the vicinity of the inclusion (200 µm in dia.) along the x axis 
at z = 0 (line through the inclusion’s centre). Uniform current flow passes along x axis. Left: upper curve (blue, 
dashed) represents Ti-inclusion (σ  = 2.34 MS/m) hosted in a Cu matrix (σ = 59.6 MS/m) and lower curve (red, 
solid) represents air-inclusion hosted in an Al-matrix (σ  = 37.7 MS/m). Right: upper curve (red) represents Cu 
inclusion (σ  = 59.6 MS/m) hosted in a Ti-matrix (σ  = 2.34 MS/m) and lower curve (blue) represents air 
inclusion hosted in a Ti matrix. 

 
 



Therefore the uniform current distribution only experiences a significant variation near the 
inclusion-host interface. For distances larger than the inclusion’s diameter, the deviations 
due to perturbation currents can be neglected. These results are in accordance with the work 
of G. Sepulveda et al. who also showed that the distortion of the uniform current distribution 
can be neglected for distances which are greater than three times the inclusion radius [21]. 
Figure 3 shows a line scan of the current distribution along the y-axis for diverse inclusion-
matrix material combinations. Note that because of the shape of the inductor, the generated 
current flow was not exactly homogeneous, showing a slight linear rise along the path in Fig. 
3, right. Because of the inclusion’s low conductivity, the current density outside the 
inclusion is higher than inside. In the case of a Ti inclusion hosted in a Cu matrix a small 
amount of current still flows through the titanium. On the other hand, if the inclusion 
conductivity is higher than that of the host, the currents will flow into the inclusion and Fig. 
3, right indicates that this effect is somewhat higher. The Cu inclusion located within a Ti 
matrix shows significantly higher current densities compared to its air counterpart. 

 
3. RESPONSE FOR VARIED CONDUCTIVITY OF INCLUSION AND HOST  
 
We now take a look at the magnetic fields generated by the distortion currents and 
quantitatively determine how different inclusion conductivity and different host materials 
affect the current distribution and the corresponding magnetic field response. As materials 
for host and inclusion, Cu, Ti, Al and air with the following conductivity values have been 
used: titanium (σ = 2,34 MS/m), niobium  (σ = 6,93 MS/m), and aluminum (σ = 37,7 
MS/m). 
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Figure 4, left: Strength of the Magnetic field variation above the sample as a function of the inclusion’s conductivity. 
Two different host conductivities were used (black: Ti, 2.34 MS/m, grey: Nb, 6.93 MS/m). Inclusion diameter: 200µm, 
Sensor-to-inclusion separation: 5 mm. Each inclusion is located 2 mm below the surface. Solid lines represent the results of 
the fit function using Eq. 3. Right: Example of the field distribution for low and high conductivity inclusions. 
 
In Figure 4 the maximum field magnitude (Bz, peak-to-peak amplitude) is shown for 
different compositions as a function of inclusion conductivity. In the case of inclusion 
conductivity smaller than that of the tested material, the induced currents which other wise 
would pass undisturbed through the volume of the inclusion are perturbed and have to flow 

 
 



around the inclusion. The corresponding vertical component of the magnetic field is 
displayed in Fig. 4, top right (the effect of low-inclusion conductivity is shown to the left 
from the zero point). The situation is opposite when the inclusion conductivity is greater than 
that of the tested material. Then the currents flow from the host into the inclusion, leading to 
a change in the direction of circulation. The circular perturbation currents that once flowed 
clockwise now flow anti-clockwise (Fig. 4 right, on the right from the zero point and Fig. 4, 
right bottom). Consequently, the sign of the magnetic field is changed from positive field 
values to negative ones. When the conductivity of the inclusion and matrix are the same, this 
will obviously result in a vanishing response field and no perturbation currents will occur 
(zero point, Fig. 4, left). 
One can observe that for very low inclusion conductivity the defect response does not 
change significantly if the conductivity of the inclusion is further reduced. The same 
saturation effect occurs for very high inclusion conductivity. By comparing the field values 
for very low and very high defect conductivities one can observe an anomaly, already seen 
when dealing with the current distribution. In the limit of high inclusion conductivity one 
finds a field response exactly twice as high as that of an inclusion with negligible 
conductivity. We define β as the ratio between the inclusion’s conductivity σI and matrix 
conductivity σM as follows: 

M

I

σ
σβ =

.                                                        (1) 
 

The numerical data for any σM in the limit at infinity and zero conductivity show the 
following relation: 
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The response field Bz of an inclusion with excellent electrical transport properties, say silver, 
in a low conductivity metal matrix will be higher than that of an air inclusion (pore) located 
in the same matrix carrying the same homogenous current density. The reason for these 
phenomena can be explained by the limited inclusion volume. The defect volume is limited 
with respect to the much larger volume of the host. Assuming that all currents are pushed out 
of the inclusion, it is not possible to increase the response field by lowering the inclusion 
conductivity. It is therefore reasonable to assume that for the virtually infinite volume of the 
matrix significantly more current can be passed through the inclusion if its conductivity is 
high enough. Of course, there also exists an optimum path for the currents flowing from the 
host into the inclusion and back again. The simulation reveals that this geometrical condition 
causes a response field which is a factor of 2 larger than that of the zero conductivity case. A 
fit of the numerical data shows that  
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When using the FEM results (dots in Fig. 4, left) we found the error of this analytical 
expression (solid line in Fig. 4, left) to be below 2%. Note that these results are independent 
of the inclusion’s size or the distance of the sensor above the sample’s surface. 

 
 



4. SENSOR-TO-INCLUSION SEPARATION AND INCLUSION SIZE  
 
In Figure 5, left, the magnetic field is shown as a function of the sensor-to-inclusion 
separation z, in which z describes the distance between the centre of the inclusion and the 
field detecting area of the sensor. In addition, for better visualization of the fall-off behavior, 
Fig. 5, right shows the ratio of B(z/2)/B(z), which is denoted by γ in the following sections. 
The simulation was carried out for inclusions with sizes ranging between r = 100 µm and r = 
800 µm. The sensor-to-inclusion separation is divided into two regimes both of which show 
a different fall-off characteristic of 1/zα. Starting in the very near field regime at the 
inclusion’s centre we see that α is distinctly below 2. By approaching the inclusion’s surface 
α converges to 2. 
By exceeding the interface of the inclusion and the matrix, the fall-off characteristic shows 
the quadratic behavior in which α = 2 because of the quantity B(z/2), γ = 4 α = 2) is not 
achieved at the surface at once. It is only obtained when distances are at least twice the 
inclusion’s radius. Closer examination of the data shows that the interface of the two regimes  
α < 2 and α = 2 is located exactly at the inclusion-host interface. The simulations also 
confirm that Bz as function of the inclusion radius r scales exactly with a r³ law. This also 
can be seen in Fig. 5, left, where the magnetic field response is distinctly increased in the 
presence of larger inclusions. Furthermore, the graph shows that a larger inclusion diameter 
will shift the regime of α < 2 towards higher values. Independent of the inclusion size, the α 
= 2 regime invariably is entered at the interface of inclusion and host. 
 

     
 

Figure 5. Fall-off characteristics calculated for different inclusion diameters. Magnetic field variation as a 
function of the sensor-to-inclusion separation (left) and ratio of  Bz(z/2)/ Bz(z) as function of the dipole-to-
sensor separation (right). Inclusion with zero conductivity (air) located in a titanium matrix (σ = 2.34 MS/m). 
 
 
5. ANALYTICAL EXPRESSION FOR THE RESPONSE FIELD BZ 

 
Size dependence and spacing between sensor and inclusion are in good accordance with the 
results of G. Sepulveda et al. [21]. They used spheroidal shaped cracks with variable 
conductivity to analytically calculate the magnetic field that would be measured by a 
magneto sensor. Due to the complexity of the problem, the solution is given only for the dc-
problem and is a first-order approximation. The general solution is proportional to the 

 
 



Legendre functions of the first kind and consists of odd Legendre polynomials. One can use 
several boundary conditions to determine the coefficients, but due to the limited number of 
boundary conditions, only first terms of the polynomial expansion can be used. The 
spheroidal approach is hereby a kind of approximation, which makes an analytical 
calculation of the current distribution possible. However, when turning to the magnetic field, 
unfortunately no unique mathematical expression can be derived, leading also to finite 
element approaches. Thus no expression of the field strength for different inclusion 
conductivity was presented. 
Our FEM results are in good agreement with the current and field distribution of G. 
Sepulveda, who also found that the magnitude of the far field – distances much further than 
the prolate spheroid’s diameter – falls off as 1/R2 at any given direction. Implementing the 
findings of sections 3 and 4 we now present a simple analytical expression for varying 
conductivity in the inclusion and the matrix, which fits the numerical data extremely well for 
all types of isotropic materials: 
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To provide a broad data set, we calculated the peak-to-peak magnetic flux density Bz pp for a 
number of different inclusions. The sensor-to-inclusion separation was varied in the regime 
ranging from z = 2 mm to z = 6 mm. The radius of the inclusions was varied between 50 µm 
and 400 µm. Finally for the inclusion conductivity we used values between 0 MS/m and 59.9 
MS/m (Cu) and for the conducting host we used values ranging from the conductivity of Ti 
to that of Cu. As a result, Bz pp varies between 30 pT and 7 µT, covering almost 6 orders of 
magnitude. Despite this high dynamic field range, the constant k = µ0/1.354 ≈ 9.28 ⋅10-7 
Tm/A only varies in a range of a few percent (see Fig. 6). 
 
 

                                 
 

FIGURE 6. Variation of k for different inclusion types. Left axis: absolute value of k. Right axis: Relative 
error assuming k to be 9.28⋅ 10-7. Ti: σ = 2.34 MS/m, Al: σ = 37.7 MS/m, Cu: σ = 59.9 MS/m. Sample 1-4 : σi= 
0 , σM = Ti , zi = 3,5,4,5 mm, r in µm; sample 6-9: σi= 0, σM = Al , zi = 3,4,3,5 mm, r in µm; sample 11-14: σi= 
0, σM = Ti , zi = 2,3,4,5 mm, r = 50 µm; sample 16-18: σi= 0, σM = Ti , zi = 2,3,4 mm, r = 100 µm; sample 20-
22: σi= 0, σM = Ti , zi = 3,4,6 mm, r = 200 µm; sample 24-26: σi= 0, σM = Ti , zi = 2,4,5 mm, r = 400 µm; 
sample 28-32: σi in MS/m, σM = Ti , zi = 5 [mm], r = 100 µm; sample 33-36: σi, σM , zi = 4,5,4,5 mm, r = 100 
µm. 

 
 



CONCLUSION 
 
In routine non-destructive testing applications the estimation of the detectability of different 
material defects is a common task in choosing the proper testing method. The signal strength 
generated by inhomogeneities within the material being tested should be beyond the noise 
level either caused by the electronic noise of the testing device or the intrinsic noise sources 
of the sample itself, such as local variation of the conductivity or permeability due to the 
material’s microstructure. The analytical expression derived from the FEM-results will 
facilitate the estimation of the signal strength caused by spherical inclusions and requires the 
current density, sensor-to-inclusion separation, inclusion size the conductivity of matrix and 
inclusion. Finally, the question should be addressed as to how these results can be 
transferred to alternative defect types like porosities and cracks. We found in further 
investigations that the qualitative behaviour of the magnetic field does not change 
significantly for more elongated flaws. Even for pure rectangular cracks with high aspect 
ratio the magnetic field above the sample’s surface can be interpreted as being generated by 
a dipole-like source with its 1/z² characteristics - a result also found by Sepulveda. However, 
for the absolute signal strength we found a stronger influence of the cross-section and the 
current direction compared to the influence of the crack width. This relation still has to be 
further investigated. Meanwhile there exist a series of NDT activities, with which the 
proposed analytical expression can be confirmed by experimental data [2,8]. A systematic 
validation of these theoretical results will be a future task. 
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