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Abstract 
In recent years new methods of nonlinear non-destructive testing (NNDT) have been developed. When 

ultrasonic waves are passing through the dangerous micro-heterogeneities (microcracks, debondings, delaminations 
and microstructural material damages) modification of the acoustic contact area between the opposite surfaces of 
these heterogeneities takes place. Nonlinear distortions of the ultrasonic wave result from its interaction with these 
flaws. 

The nonlinear wave equations are more difficult to analyze mathematically. Breaking of acoustic contact 
area results in singularity of the functions. In the most cases the analytic approaches to mathematical modeling are 
not acceptable in acoustic NNDT. 

In the article it is compared analytical and numerical approaches to nonlinear acoustics. It is described the 
developed physico-mathematical model and numerical method of its solution.  Computer simulation is represented 
by RF-signals, its spectrums and 2D wave propagation diagrams. Non-stationarity acoustic field generated by 
nonlinear flaw is studied.  

It is considered practical application and further development of numerical approach to computer 
simulation of acoustic NNDT. 

 
Keywords: Ultrasonic Testing (UT), Modeling and Simulation, Modulation, Nonlinear non-destructive 
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1. Introduction 
The conventional (linear) ultrasonic testing (UT) is usually used to detect the flaws, 

whose characteristic size is more than the wavelength, and is not reliable for the flaws with a 
small width because these flaws are considered to be transparent for ultrasound propagation. 
Providing of the modern safety demands the highest requirements to the detection of dangerous 
micro-heterogeneities especially at the early stage of damage. These dangerous micro-
heterogeneities are various types of contact-type flaws: microcracks, debondings, delaminations 
and microstructural material damages. 

Increasing of conventional (linear) UT frequency and using of modern methods of signal 
processing make it possible to detect dangerous micro-heterogeneities. However, the departures 
from linearity for these heterogeneities become so high that the linear UT sensitivity is greatly 
decreased. Due to the incident wave influence the medium propagation properties are changed, 
that in turn leads to changes in the properties of the wave. As a result, the new nonlinear 
mechanisms are taken place: there are waveform distortion, expanding of the frequency range, 
nonlinear absorption (it is more great than linear absorption), nonlinear wave interaction 
(superposition principle is violated) and etc. 

So the physico-mathematical methods of linear system analyze used in conventional 
theory of UT can’t be used in general. For example, these methods are Fourier analysis, 
Kirchhoff wave theory and other methods based on the principle of superposition. As a result 
computer simulation programs, ultrasonic flaw detectors and tomographs based on these 
methods are not operable for the nonlinear flaw detection.  

All these facts are the reasons to develop nonlinear theory of UT. Most of the researches 
of UT nonlinear theory are based either on analytic mathematical methods, either on 
experimental study [1, 2]. Using conventional analytic methods it is very difficult to obtain the 
desired solution for a wide range of nonlinear wave tasks because the analytical approach is 
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usually based on a strong simplification of the original equations. As a result many important 
characteristics of nonlinear processes are not taken into consideration (e.g. complex evolutional 
changing in time). Experimental researches require much time and are very expensive. It will be 
better to carry out these experiments after the detailed computer simulation that allows you to 
study “from inside” the evolutional mechanisms of nonlinear wave processes. This article is 
devoted to these computer "experiments" which may be the base for the development of new 
methods for nonlinear flaw detection. 

 
2. Mathematical Modeling and Numerical Solution 
Nonlinear waves are described by nonlinear equations which are more difficult to analyze 

mathematically. Moreover, no general analytical method for their solution exists. The modern 
solution methods based on simplifying the original form of the nonlinear non-stationary wave 
equation show, unfortunately, that each particular wave equation has to be treated individually 
[e.g.3]. The most universal methods of mathematical modeling are numerical ones because of 
their capability to interpret whole classes of wave tasks in a uniform manner. 

For initial study, consider the nonlinear flaws that can be represented as planar interfaces 
where there is no adhesion between two elastic materials. Width of planar interface is much less 
than the incident wave’s wavelength. The opposite surfaces of planar interface are smooth and 
without any roughness. These flaws are single microcrack, delamination, etc. 

Define the “interface points” as a pair of the corresponding points being opposite to each 
other and belonging to the interface surfaces (Fig.1). Then to describe the ultrasonic wave 
propagation mathematically, a local internal non-bonding can be written in the form of 
discontinuity of nonlinear acoustic contact (NAC) between the interface points: 

                                      �� � 0    ���   �	 
 0 
                                       �� � 0,   ����              |�	|  
 |��|     ���   ��, �	 
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where  ��  and   �	  are the normal components of  particle velocity vectors � for each pair of 
the interface points. This condition is valid for the flaws with width h → 0. Obviously, for 
acoustic process with wavelength λ the requirement to the width � � 0 can be replaced with 
� � �. 

 

                            Fig.1. Interaction of ultrasonic wave with a nonlinear planar interface: 
                                                   � ,�   - pair of the “interface points”, 
                                                              - passing of ultrasonic wave through the interface, 
                                                              - reflection of ultrasonic wave from the interface, 
                                                              - particle velocity vector �.      

The formulated condition of acoustic contact discontinuity NAC (1) is valid for both the 
longitudinal and transverse ultrasonic waves. However, for initial study we will consider the 



incidence of only the longitudinal ultrasonic wave pulse on a nonlinear planar flaw (hereafter 
defect) without regarding mode conversion. The initial first-order differential equations are 
written in velocity-stress form. Then the motion equation and the continuity equation become: 
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where σ – elastic stress of longitudinal ultrasonic wave, � - particle velocity vector, - –material 
density, c – velocity of longitudinal wave, ( and 2 - external actions, t - time. 

Approximate  the spatial derivatives using 2D finite-difference grid with the step 
∆4 ' ∆5 (Fig.2). Here elastic stress refers to the integer grid nodes σ(i, j) and particle velocity 
� ' (�6  , �7) – to half-integer ones �689 � 1

2; , <=,  �789, < � 1
2; =. In the obtained spatially-

discrete model the discontinuity of nonlinear acoustic contact NAC will be modeled by excluding 
from the equation system the discrete analogue of the motion equation (2) in the Y direction 
along planar defect: 
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for the times when condition (1) is fulfilled. Algorithmically this procedure can be interpreted as 
a “connection breaking” (9, < � 1

2; ) between the integer grid nodes (i, j) and (i, j+1), which are 
on opposite surfaces of the defect. 
 

 
                                         Fig.2. Spatial approximation using 2D finite-difference grid: 
                                                      G    G    G    - breaking of connections along planar interface. 
 

The next step is numerical integration of system of differential equations with additional 
nonlinear block, which includes the grid nodes belonging to the nonlinear defect. The presence 
of this nonlinear block simulating the acoustic contact nonlinearity demands the improved 
characteristics of stability of the numerical method of integration. Therefore, for the numerical 
integration it has been used the A-stable combined method with the subsequent solving very 
large-scale system of algebraic equations using the modified iterative method at each time step 
[4]. The numerical integration method has been applied in CAD IMPULSE [5] having 



commercial application at different enterprises in Russia and Ukraine since 1992. (Since 2003 
the software maintenance hasn’t been done.) 

The universality of the developed numerical approach gives now the possibility to solve 
modern nonlinear non-stationarity acoustic tasks. The long-term relevance of the approach is 
explained by the following properties: 

1. At the stage of spatial discretization of the initial equations (2, 3) it is complied with the 
conservative principle of the spatially-discrete model development because energy 
conservation law is fulfilled. This principle is widely used in mathematical models with 
discontinuous functions. In this case it results in good adequacy and stability of the 
obtained model of the contact acoustic nonlinearity. 

2. At the stage of numerical time integration A-stability takes place. 
3. At every step of integration it is solved the very large-scale system of algebraic equations 

by using the developed explicit non-stationary iterative method of over-relaxation with the 
prediction of the initial approximation [5]. 

4. This method of numerical solution has high computational efficiency (although this 
property is usually in conflict with the properties of a good adequacy and stability). As a 
result, computer simulation is carried out on a desktop computer and not on the 
supercomputer systems. 

 

                                            Fig.3. Computer simulation of the normal incidence of ultrasonic wave  
                                                      on a linear (I) planar defect and nonlinear (II) one.  

 



3.  Computer simulation and discussion 
For computer simulation of nonlinear interaction of the incident ultrasonic wave with a 

defect it has been developed a special software module built-in CAD IMPULSE. In this paper 
the computer simulation results are presented for modeling area with dimensions 12λ by 9λ 
including  a planar  defect  with  length 4λ.  Material  of  testing  object  is  steel  with  a density 
ρ = 7,85 G 10	H g/mmH and velocity of longitudinal ultrasonic wave c = 5,85 mm/µs. 

 
Normal incidence on a defect  
In Fig.3 it is shown 2D wave propagation diagrams for normal incidence of ultrasonic 

wave on planar defect without (I) and with (II) taking into account the interaction between the 
opposite surfaces of the defect (for linear and nonlinear planar defect respectively). In the first 
case, the boundary conditions are used for the reflecting soft surface of the defect. In the second 
case, the developed nonlinear boundary conditions (1) are used. The diagrams show ultrasonic 
wave goes round an linear defect and passes through a nonlinear defect. There are typical small 
delay of leading wavefront and changing the frequency characteristics of the wave passed 
through nonlinear defect. 

 
           
                                     Fig.4. Computer simulation of RF-signals for continuous radiation mode:  
                                                                - face defect surface,   
                                                                - opposite defect surface,   
                                                                - indicator of continuity (Cont),      
                                                                - synchronized incident wave with the frequency �M,  N ' 1 �M⁄ . 

 
For a more detailed study of the mechanism of dynamic nonlinear «wave-defect» 

interaction consider the RF-signals presentation. Introduce the notion of continuity indicator 



(Cont) of the nonlinear defect which value is equal to the number of discrete non-breaking 
connections (9, < � 1

2; + between the opposite surfaces of the defect for every point of time.  
Consider the continuous mode of radiation (Fig.4). Firstly have regard to a tensile half-

wave. When the tensile half-wave pulls back the defect face from its opposite surface, it results 
in forming a gap with a finite width for some time because there is no ideal adhesion between the 
opposite surfaces of the defect. The formed gap doesn’t let pass ultrasonic wave through (tension 
phase). By analogy with the physical valve we will say that “the defect is in the closed state”.  
Continuity indicator Cont is equal to zero and stress on the opposite soft surface of the defect &	 
is close to zero. All the energy of the ultrasonic wave is reflected from the defect, that can be 
seen on the initial increase in stress on the defect face &�. At the initial moment of the next 
compression half-wave it is occurred a sharp clapping of the surfaces opposing of each other, 
gapping is stopped. Bonded interface is restored and the defect becomes transparent to the 
ultrasonic wave passing (compression phase). After that it is taken place simultaneous increasing 
of velocities  �7

�, �7
	  and stresses  &�, &	  before the next tensile half-wave when the defect is 

closed again. Then the process is repeated periodically. 
 

 
 
                                     Fig.5. Computer simulation of RF-signals for pulse radiation mode:  
                                                                - face defect surface,   
                                                                - opposite defect surface,   
                                                                - indicator of continuity (Cont),      
                                                                - synchronized incident pulse of the frequency �M,  N ' 1 �M⁄ . 



In addition to the real oscillations there are high-frequency oscillations of small 
amplitude (Fig.4). These oscillations are formed due to spatial discretization of the initial 
equations and are false. They are damped that will be clearly seen when the more complex pulse 
mode of radiation is analyzed (Fig.5). False oscillation damping indicates a good stability of the 
proposed model. Otherwise there would be computer interruption because of the overflow in a 
few time steps. 

Parameters of false oscillations (amplitude, frequency and damping ratio) depend on the 
strength of clapping of the defect opposite surfaces, material parameters and finite-difference 
grid-sampling density. The frequency of false oscillations is determined by the natural frequency 
of the grid discrete element and is clearly visible on the resurgence of the spectrum at high 
frequencies (Fig.5). In these examples the grid step is ∆4 ' ∆5 ' �/40. Further decreasing grid 
step will reduce the oscillations, but require increasing computing performance. Significantly 
more suitable way to suppress the false oscillations is adding to the equation (4) a special term 
taking into account the artificial viscosity (in this article it isn’t discussed). In any case, these 
false oscillations can always be identified. Thus they do not get the qualitative distortion of 
«wave-defect» interaction and not strongly change the quantitative characteristics of the solution. 

Presented in Fig.5 computer simulation results for a pulse mode of radiation confirm the 
explanation of mechanism of dynamic nonlinear «wave-defect» interaction made for continuous 
mode. Spectral analysis shows the presence of higher harmonics of RF-signals of the reflected 
wave and the wave passed through a nonlinear defect. Moreover the transmitted RF-signal has 
considerable changing of frequency stress σ characteristic in compare with the reflected RF-
signal. We came to the same conclusion while analyzing 2D wave propagation diagrams for 
normal incidence on defect (Fig.3).  

 

 
 
Fig.6. Computer simulation of the ultrasonic wave incidence on a linear (I) planar defect and nonlinear (II)  
           one at the angle of 30°: А – the compression leading wavefront, B – the tensile leading wavefront. 
 

 
 



For better understanding in Fig.4, 5 it is shown the time behavior of velocities  �7
�, �7

	  
and stresses &�, &	 for the interface points being in the middle of the defect. It should be noted 
that during computer simulating the condition of the acoustic contact discontinuity (1) is verified 
at every integration step for all interface points along the defect. Thus, it is taken into 
consideration that while one part (or parts) of the defect can be opened, the other is closed for 
passage of the ultrasonic wave. It is shown from non-stepwise change of continuity indicator 
(Cont). Thus, the mathematical model takes into account that the incident wavefront can be of 
any shape and orientation relatively the defect: oblique incidence, concave or convex front, 
complex front for phased array transducers, etc. 

 
Oblique incidence on a defect 
In Fig.6 it is shown computer simulation of the ultrasonic wave incidence on linear (I) 

and nonlinear (II) defects at an angle of 30°. For the nonlinear defect two cases are simulated: in 
the first case we have compression leading front of incident wave (A), in the second case we 
have tensile one (B). It can be seen that a nonlinear defect skips compression half-wave and 
delay the passage of tensile half-wave. This is shown schematically in Fig.7. 

 

 
 
                                  Fig.7. The schema of the compression half-wave (          ) passing through a nonlinear  
                                            defect and the tensile half-wave (          ) delayed by this defect. 

 
It is important that in addition to the considered physical processes the developed 

physico-mathematical model takes into account diffraction of the incident wave by nonlinear 
defect. In Fig.3, 6 it is shown as a spherical part of the reflected and passing wavefronts. It is 
occurred diffraction by the defect extremities. 

 
4.  Regarding other applications 
The above results clearly show that nonlinear defects aren’t passive scatterers of 

ultrasonic wave and act as active modulators, introducing the strong nonlinear distortions in the 
reflected and passing signals. Computer simulation shows the binary nature of the «wave- 
defect» nonlinear interaction. Nonlinear acoustic contact acts in accordance with the principle of 
phase-shift keying (PSK): the determinate frequencies of sinusoidal signal correspond to either 
“0” (defect is closed) or “1” (defect is opened). 

It is known PSK has good noise immunity because noise distorts mainly the signal 
amplitude not frequency. This gives wide application of signal detection theory and practical 
experience of radio-electronics to acoustic NNDT. 

 
     5.   Conclusion 
     The analysis of the computer simulation results of ultrasonic waves passing through the 

nonlinear defects allows coming to the following conclusions: 

1. The proposed numerical approach and the developed physico-mathematical model are the 
universal tools for study of non-stationary «wave-defect» nonlinear interaction. 
Presentation of simulation results in the form of RF-signals, its spectrums and 2D wave 
propagation diagrams illustrates the dynamics of such interaction in detail. 



2. The defect geometry may be described not only by linear or stepwise approximation. 
Using of curvilinear regular or irregular grids allows modeling the defects of any 
geometry and orientation, taking into accounts the roughness of the opposite surfaces. 

3. Front of incident wave can be of any shape and orientation relatively a nonlinear defect: 
oblique incidence, concave or convex front, complex front of phased array transducers, 
etc. 

4. Adding to the initial equations (2, 3) the terms with mixed partial derivatives is not a 
principal limitation for the proposed numerical approach. This allows simulating non-
stationary «wave-defect» nonlinear interaction for longitudinal and transverse waves 
taking into account their mode conversion.                                                  

5. Take into account the wave diffraction by a nonlinear defect. 
6. Computer simulation shows the binary nature of the «wave-defect» nonlinear interaction 

following the principle of phase-shift keying. This gives wide application of signal 
detection theory and practical experience of radio-electronics to acoustic NNDT. 

7. The used numerical method results in a significant reduction of computational 
requirements. Simulation is carried out on desktop computer of standard configuration. 
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