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Abstract 
Fatigue cracks originating from in-service aero-engine turbine discs are usually known to follow log-normal 
distribution. Non-destructive testing techniques used for detecting fatigue cracks produce response either as HIT 
(detected)/ MISS (undetected) or “a” (crack size) Vs. “â” (crack response) depending on the type of the NDT 
techniques used. Under the fracture mechanics based damage tolerance methodology widely used in aero-engine 
industry, thorough understanding of the reliability of NDT techniques is as equally important as identifying 
cracks. In general, the reliability of an NDT technique is usually estimated by plotting Probability of Detection 
(POD) curves. POD is a function of crack parameters such as size, shape and orientation along with type of 
material.POD of any NDT technique can be estimated by using the standard test procedure and methods 
mentioned in MIL-HDBK 1823A. However, as the experimental estimation of POD involves more laborious and 
time consuming process, model assisted POD (MAPOD) approaches are currently in practice. In this study, 
MAPOD approaches were demonstrated for volumetric cracks using ultrasonic testing. A commercial grade 
Titanium alloy Ti-6Al-4V cylindrical block (50 mm x15 mm) with a cylindrical defect (0.5mm x 5 mm) at the 
centre was initially inspected with ultrasonic testing in A-scan mode and the corresponding amplitude vs. time 
data of the block was analyzed. Ultrasonic wave interaction with a cylindrical defect was simulated as a 2-D 
axisymmetric model using COMSOL Multiphysics software, which was further validated with the help of 
experimental data. As fatigue cracks usually follow log-normal distribution, distribution of crack sizes for POD 
curve generation in MAPOD approach was also assumed to be log-normal in nature. Hence, in this study, both 
‘a’ and ‘â’ follow log normal distribution. However, ‘log (a)’ or log (â)’ follow normal distribution. Further, log-
log linear regression with normal distribution was performed and correspondingly mean and standard deviation 
of the distribution was obtained. Further, these mean and standard deviation were log-transformed for obtaining 
scale and location parameters of log normal distribution. Furthermore, using these scale and location parameters, 
CDF of log-normal distribution was plotted resulting in a POD curve. Moreover, 95% confidence bounds of the 
POD curve were also plotted and a flaw size with 90 % probability and 95 % confidence limit (a90/95) value was 
obtained. 
 
Keywords: Ultrasonic testing, Probability of Detection, Flat Bottom Hole, MAPOD, bootstrap confidence 
intervals. 
 
1.  Introduction 
 

Life revision program for aero-engines are usually classified as either based on safe life 
approach or on damage tolerance methodology. While safe life approach is concerned with 
defect detection using non-destructive techniques (NDT), in damage tolerance (DT), NDT is 
used to monitor the crack propagation in the component. Therefore, knowledge of initial crack 
size detected using NDT techniques is of significant importance in DT approach. However, as 
estimation of initial crack size using NDT techniques is probabilistic rather than deterministic 
in nature, POD of NDT techniques is very vital information. Experimental estimation of POD 
data is usually generated as per MIL-HDBK 1823A (2009) standard [1]  which describes the 
procedure to be adopted, sample shape, size and defect classification to be considered. In 
addition, POD is also a factor of material, crack type, location, etc. Also, POD data generation 
involves generating sensitivity [2]  and reliability data. These kind of requirements put 
enormous limitations on the feasibility for performing POD. In order to reduce the complexity 
in experimental generation of POD, alternative source of POD generation using numerical 
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models also called as model assisted POD 
(MAPOD) [3-7] are also in vogue today. 
Figure 1 shows the flowchart of MAPOD. In 
the current study, MAPOD has been adopted 
for estimation of reliability in detection of 
bulk defects using ultrasonic testing.  

Different statistical functions have been 
suggested for calculating POD and confidence 
curves depending on the type of the inspection 
data [8] . Two models are often used for the 
POD analysis of inspection data depending on 
whether the outcome of the system is 
“hit/miss” or “â vs. a”. Berens and Hovey 
examined various methods of modelling NDT 
data to determine POD curves [9] . They 
concluded that the log-logistic (log-odds) 
model and log-normal model are the most 
consistent distributions for determining a 
POD curve as a function of defect size, ai. 
However, in the current study, only log-
normal distribution was adapted for obtaining 
the POD curve as the NDT response is â vs. a 
type. 
The cumulative log-normal distribution is expressed as:   
Pi=1-Q(zi)            (1) 
For  

Zi=  
l樽岫��岻−��              (2) 

where, た = l樽岫��ℎ岻−β待β怠  and σ = 
�β怠         (3) 

where, Q(z) is the standard normal survivor function, zi is the standard normal variant, and た 
and σ are the mean and standard deviation of the normal distribution function. yth is the value 
of the signal â at the decision threshold (adec). Even though two methods are available for the 
estimation of location and scale parameters, the method of Maximum Likelihood Estimators 
(MLE) has gained significant importance and hence used in the current study. 
 
2.  Experimental Ultrasonic Testing  
 
A Ti-6Al-4V cylindrical block with a diameter of 50 mm and 
height of 15 mm was considered for POD generation. A flat bottom 
hole (FBH) of diameter 0.5 mm and a height of 5 mm present in 
the Ti-6Al-4V block as shown in Figure 2 was used for bulk defect 
representation while generating ultrasonic signals.  Ultrasonic 
signals from the FBH were captured using a V110 (M/s 
Panametrics Inc, USA) 5 MHz ultrasonic longitudinal transducer.  
Signals were captured using an Olympus make 5900 Pulser- 
Receiver at a sampling frequency of 50 MHz. Experimental A-
scans from the block are captured. In addition to the front and back 
wall echo, echo from the FBH was observed at a time of 3 µs. 
From Table 1, it is observed that the defect echo as a % of full 
screen height was calculated to be 2.08%.  

Figure 1: Flowchart of Model assisted POD 

Figure 2:Representative3-
D model of Ti-6Al-4V 
block with FBH 



3. Mathematical Model  
 
3.1 Development and validation of Mathematical model 
As the current study involves with a flat 
bottom hole present in a cylindrical block, a 2-
D axisymmetric model of wave propagation 
was developed for simulations. Transducer is 
assumed to be a line source in the 2-D model 
axisymmetry model. Fundamental details 
about the basis of selecting analytical model of 
signal, its frequency content, selection of time 
step, selection of mesh size and the study 
selected for performing simulation was 
discussed by Phani et al [10].  
A 2D-axisymmetric model of Ti-6Al-4V 
cylindrical block was created with dimensions 
of the block as well as FBH similar to that of 
used during experimental ultrasonic 
inspection. FEM modelling and simulation has been performed using COMSOL Multiphysics 
Package ver.4.3a using structural mechanics module. As the 5 MHz transducer probe diameter 
is 0.25 inch, the line source in the model was also created for a length of 6.35 mm. Frequency 
content for 5MHz probe was incorporated with an interpolation function from the 6.35 mm 
line source. Input signal and its frequency content are as shown in Figure 3(a) and 3(b).The 
model was meshed with an element size of そ/8 (i.e. 0.15 mm). Time step for convergence was 
maintained at 3.6e-9 s as per CFL criterion. Further, the FEM model was solved for a total 
duration of 7 µs with a step size of 20 ns. The response signal from the FBH was observed at 
3µs, similar to that of experimental A-scan signal. Comparing the% full screen height of 
defect echo from the experiment as well as numerical model matched, it was observed the 
results match at around 2% as shown in Table 1. Hence, the 2D-axisymmetry model was 
validated and is considered for further simulations for the estimation of POD curves.  
 
Table 1: % full screen height of defect echo amplitude for both experiment and 2-D 
axisymmetric model 
 

Model 
Line source width, 

mm 
Front wall echo 

amplitude  
Defect echo 
amplitude 

% full screen 
height of defect 
echo amplitude 

Experiment 6.35 0.90 0.02 2.08 
Numerical 

Model 
6.35 0.7 0.01 2.27 

 
4. Results and Discussion 
 
4.1. Generation of Random Crack sizes 
Unlike in the case of experimental POD curve generation, distribution of crack sizes has to be 
assumed for MAPOD and this is usually dependent on the distribution of service induced 
fatigue cracks. In general, fatigue cracks originating from in-service aero-engine turbine disks 
follow log-normal distribution [2,11].Studies performed by the current authors on distribution 
of naturally initiated fatigue cracks also reveal a lognormal distribution [2] .Figure 4 shows the 

Figure 3: (a) Input waveform for 5MHz 
(b) FFT of input waveform. 



histogram of crack sizes generated from lognormal distribution along with its probability 
density function for the study mentioned in [2] . Hence, in the current study, all the crack sizes 
are generated in lognormal distribution and the POD of all these cracks sizes was estimated 
for Ultrasonic testing. 
 
4.1.1. Random crack sizes by lognormal distribution 
The probability density 
function of the lognormal 
distribution is: f(xǀた,σ) 

=
層√岫匝�岻�� �−岫��岫�岻−�岻匝匝�匝   

(4)Where, た is the location 
parameter of the 
distribution and σ is scale 
parameter. As the material 
selected for ultrasonic 
inspection with a 5 MHz 
transducer probe is Ti-6Al-
4V, the longitudinal 
velocity of the ultrasonic 
wave is approx.6000 m/s 
and the corresponding wavelength is そ=V/f=1.2mm.Therefore, approximately any cracks 
above そ/2=0.6mm would be detectable using this technique. However, every crack either 
above or below そ/2 possesses a probability to be detected. Hence, in this study MAPOD is 
performed by considering crack sizes less than 0.6 mm and more than 0.6 mm. For example, a 
crack size of less than 0.6 mm should have lesser probability of hit compared to a crack size 
of greater than 0.6 mm. In order to generate this range of crack sizes following lognormal 
distribution, lognormal parameters such as location is assumed to be -0.2, scale is assumed to 
be 0.2and a threshold value of 0 is assumed. This has resulted in generating 20 crack sizes in 
the range of 0.4-1.34 mm following lognormal distribution. Figure 8 shows the histogram of 
crack sizes generated from lognormal distribution along with its probability density function. 
 
4.2. POD from lognormally distributed crack sizes 
The validated FEM model for ultrasonic inspection has been parameterized with random 
crack sizes generated using lognormal distribution. From the numerically obtained A-scans 
automatic defect echo identification has been carried out by applying a Hilbert transform to 
the signal in Matlab program. The actual FBH sizes are considered as 'a' whereas the 
ultrasonic signal amplitude from the defect echo is considered as 'â'. Statistical analysis of 
data for POD curve generation involves in estimation of best linear fit between a vs. â. From 
Figure 5(a-d), it is observed that log-log scale of a vs. â data achieved the best linear fit as the 
R2 value of log(â)vs. log(a) is 99.6% whereas for the â vs. a, â vs. log (a) and log(â) vs. a plots 
the R2 values are 96.1%, 86% and 98.1%, respectively. Hence, 'log (â) vs. log(a)' was 
considered for regression analysis. Regression of data is usually carried out using an ordinary 
least square (OLS) method. Annis et al [12]  have commented about the appropriateness of the 
POD curve using regression parameters estimated by OLS method. In their study, they have 
concluded that the shape of POD curve changes with or without the influence of censoring 
data. However, as POD curve is not supposed to be dependent on the censoring process, 
maximum likelihood estimation (MLE) method has been recommended. Using MLE, it was 
observed by Annis et al that the POD curve shape stayed the same either by considering 
censoring or without.  However, in this study, MLE is considered with censored data to 

Figure 4: Fatigue cracks in Ni based superalloy following 
lognormal distribution [2] 



perform regression analysis .Hence censoring of the data was performed in Minitab statistical 
software using "Regression with Life Data" condition. Further, censoring of the data was 
performed for crack sizes of 0.5 mm and below. Table 2 shows a vs. â data for 11 out of 20 
cracks for illustration purpose. From Table 2, it can be observed that the crack size 0.4 mm 
was censored as the crack size is below 0.5 mm. ‘C’ is indicated for the censored data and ‘S’ 
is indicated for uncensored data 
 
Table 1: Censored data indicating 'C' for censored and 'S' for uncensored 

 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4.2.1. Regression with censoring data 

Regression of the log (a) vs. log (â) data has to be performed with censoring option in 
order to calculate the mean and standard deviation and further to generate the POD curve. 
This regression of the censoring data can be performed using “Regression with life data” 
option available in Minitab 17 statistical software. Figure 6 shows result of the regression 
performed between log (â) and log(a). From Figure 6, it can be observed that 1 censored value 
which is below 0.5 mm exists in the 20 different crack sizes. Also from Figure 6, the 
coefficient of intercept also called as intercept and coefficient of log (a) value (slope) of the 
regression line were obtained. In addition, error of log (a) was also calculated. Using these 

a, mm 0.82 
 

0.57 
 

0.73 
 

0.58 
 

0.70 
 

0.84 
 

0.57 
 

0.97 
 

0.84 
 

0.70 
 

0.40 

â 7.12 
 

3.97 
 

6.04 
 

4.16 5.44 7.59 3.97 9.71 7.59 5.44 2.34 

censor S S S S S S S S S S C 

(a) (b) 

(c) (d) 

Figure 5: Linear curve fitting of (a) â vs. a (b) log(â) vs. log(a) (c) â vs. log(a) and  
(d) log(â) vs. a 



regression parameters (intercept and slope), mean and standard deviation were calculated as 
shown below.  

Mean, m = 
鎮墜�â匂賑迩−�轍�迭             (5) 

Standard Deviation, σ = ��迭                     (6) 

where,  â鳥勅頂 = Signal Response decision Threshold value for �鳥勅頂= 0.5 mm �待= Intercept of the regression line �怠 = Slope of the regression line � = Error of log(a) = √Ʃ岫l誰g岫�岻−陳岻鉄津              (7) 

n= number of cracks or FBH sizes 
With these mean and standard deviations, the cumulative distribution function (CDF) of 

log (a) was plotted. Further, the 95 % confidence curve was also plotted by estimating the 95 
% confidence limits of the mean value using the below equation 

Lower Confidence Limit (LCL) of mean = mean – (1.96 ∗ 岾���津鳥��鳥鳥勅�����墜津√津 峇)      (8) 

 
Figure 7 shows the 

CDF of log (a), which is 
actually the POD vs. 
log(a) curve. From Figure 
7, the log(a)90/95 value can 
be observed as -0.216 
mm, and the exponential 
of this  
log(a)90/95 results in a90/95 

value as 0.806 mm. 
Moreover, as the mean 
and standard deviation of 
the normal distribution is 
exactly equal to the 
location and scale of the 
lognormal distribution 
[13] , the CDF of (a) was 
also plotted with the same 
mean and standard 
deviation values of log(a). 
Figure 8 shows the POD 
vs. a curve of 20 lognormally distributed FBH sizes. From Figure 8, it is observed that, the 
a90/95 value (0.806 mm) was exactly equal to the a90/95 value obtained from the POD vs. log(a) 
curve. Apart from a90/95 value, the a50 and a90 values were also found to be 0.5 mm and 0.707 
mm, respectively. In addition, it can also be observed that the a50 value which is equal to 0.5 
mm is actually the same as assumed decision threshold value. Fahr et al have commented that 
the validity of the POD curve plotted can be ascertained when the observed a50 value equals to 
the decision threshold value selected for censoring. As the two values i.e., decision threshold 
and a50 value match in this study, it can be concluded that the POD curve is plotted by 
following the exact statistical procedures adopted by western researchers. 
 
 
 

Figure 6: Regression Table 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5. Conclusions 
 

Due to the importance of knowledge of smallest crack size detected using NDT techniques 
in damage tolerant methodology of aero-engines, POD has gained significant importance. 
Challenges in experimental determination of POD have led several researchers to explore the 
possibility of MAPOD. In this study, a MAPOD approach has been developed to estimate the 

Figure 7: POD vs. log(a) for 20 lognormally distributed crack sizes indicating  
a90/95 = 0.806 mm 

Figure 8: POD vs. flaw size (a) for 20 lognormally distributed crack sizes 
indicating a50, a90 and a90/95 as 0.5 mm,0.707 mm and 0.806 mm respectively. 



POD curves of volumetric defects such as flat bottom holes (calibration reflector) using 
ultrasonic testing. Even though elliptical cracks are more possible type of volumetric defects, 
modelling approach would be the same irrespective of whether it is a flat bottom hole or an 
elliptical crack. Hence, the methodology to carry out MAPOD of ultrasonic testing for 
volumetric defects has been demonstrated. The following are some of the noteworthy 
conclusions from the work.  
1. Ultrasonic signal response from a symmetrical defect can be successfully estimated using 

a 2-D axisymmetric FEM model. Both the % defect echo amplitudes as observed from 
model as well as experiment matched around 2 %. 

2. Log (â) vs. Log(a) was found to be the best linear regression fit. 
3. Regression parameters from the censored data can be estimated using Maximum 

Likelihood Estimators (MLE) method. 
4. a50 value is exactly equal to the assumed decision threshold adec value in the case of 

regression between natural logarithms of â vs. a.  
a90/95 of POD curves obtained 20 lognormally distributed crack sizes is 0.806 mm.  
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