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Abstract. A crucial factor for non-destructive inspections is time required to test the 

structural components. Local-wavenumber estimation of guided ultrasonic waves is 

a promising technique that permits to balance the required spatial resolution with the 

inspection time. In this method a single source generates guided waves propagating 

in a plate. Using laser interferometry the vibration responses are collected in a 

number of points. Next, the data are processed in the frequency-wavenumber 

domain to obtain spatial distribution map of the wavenumbers. Change of the 

wavenumber is typically due to a local change in thickness of the sample. Therefore, 

this method can be effectively applied for detection of corrosion patches, 

delamination, disbonds.  

 Usually, the measurement points are spaced uniformly at a distance smaller 

than half of the wavelength to satisfy the Nyquist theorem for spatial sampling. 

However, as we show in the paper, different distributions of sensing points are also 

possible. We discuss the imaging performance of various spatial sampling schemes 

using phased arrays of limited aperture and extend this concept to laser-probing over 

the complete imaged surface. 

1. Introduction  

Local-wavenumber estimation (LWE ) of guided ultrasonic waves is a technique in which 

a single transmitter is used to generate Lamb waves in an inspected plate. The responses are 

acquired using laser interferometer in a set of points spaced uniformly over the plate at 

a distance smaller than half of the wavelength. To observe frequency-wavenumber 

variations which may result from defects, e.g. corrosion patches or delaminations, the 

acquired data are processed using 3D Fourier transform [1], [2]. The implementation of the 

algorithm can benefit from equidistant location of the detectors since fast algorithms for 

Fourier transform calculation can be used. On the other hand, different distributions of 

sensing points are also possible. This problem has been extensively explored in the field of 

synthetic focusing of 2D arrays used to image the plate from a fixed location. A number of 

sensors distributions were considered [3], including circular [4] , star [5] and spiral  [6], 

honeycomb and Fermat spiral shaped [7] arrays. Using arrays consisting of non-uniformly 

distributed sensors permits achieving high resolution with a reduced number of elements. 

Since estimation of direction of wave arrival in array processing can be understood as 2D 

wavenumber estimation [3], [7], the concept can be extended to LWE applied to a sensors 

grid distributed over the investigated plate. 
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2. Theoretical Background  

2.1 Local Wavenumber Estimation (LWE)  

The LWE is an algorithm from the family of signal processing methods which is referred to 

as the wavenumber spectroscopy. It takes advantage of the dispersive properties of the 

Lamb Waves. For a given material, the wavelength (or the wavenumber) is dependent on 

the frequency of the wave and the thickness of the plate. Therefore, for a monoharmonic 

signal it is possible to distinguish the changes of thickness of the plate by determining the 

local change of the wavenumber. This is attained by performing the filtration in the 

wavenumber – frequency representation of the wavefield measured from the surface of the 

examined  plate. The first step is to use the 3D Fourier transform on the measured data set 

𝑉(𝑥, 𝑦, 𝑡) to obtain the representation in the spectral domain:  

 

 𝑉𝑓(𝑘𝑥, 𝑘𝑦, 𝑓) =  ∭ �̅�(𝑥, 𝑦, 𝑡)𝑒−𝑗2𝜋(𝑓𝑡+𝑘𝑥𝑥+𝑘𝑦𝑦)𝑑𝑥𝑑𝑦𝑑𝑡 ( 1 ) 

where 𝑘𝑥, 𝑘𝑦 are the orthogonal components of the wavenumber vector and 𝑓 is the 

frequency variable. This representation contains all the information on the distribution of 

the values of the local wavenumber but this information needs to be decomposed. One of 

the possible methods to realize this is to perform the filtration of the single wave mode and 

then to apply the wavenumber filter-bank, thus obtaining a set of separated values of the 

wavenumber. After transforming the obtained datasets back into spatial domain and 

choosing the local maxima a map presenting the spatial distribution of the wavenumber is 

obtained (Figure 1b)). For a more detailed explanation on the process of the LWE the 

reader is advised to look into [1]. 

a) b) 

  
Fig. 1. (a) Wave mode for selected central frequency. (b) Local wavenumber distribution map obtained based 

on the filtered mode. The color of the image shows the local value of wavenumber, and the local change 

indicates the change of thickness 

2.2 Phased Array Topologies  

The subject of array geometries is a basic notion in the theory of array signal processing. 

The way, in which the transducers in the array are aligned influences the capability for 

signal sensing and beamforming in a profound manner [8]. Each array is described by an 

intrinsic function which is referred to as the array pattern. It can be calculated using the 

following expression: 
 

 𝐴(�⃗� ) =
1

𝑀
∑ 𝑤(𝑠𝑚⃗⃗ ⃗⃗  )𝑒

𝑗𝑠𝑚 ⃗⃗ ⃗⃗ ⃗⃗  �⃗� 𝑀−1
𝑚=0  ( 2 ) 
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where �⃗� = [𝑘𝑥, 𝑘𝑦] is the wavenumber vector, 𝑠𝑚⃗⃗ ⃗⃗  = [𝑥𝑚, 𝑦𝑚] is the position of the m-th 

receiver and 𝑀 is the number of elements in the array. The array pattern can be understood 

as analogous to the 2D representation of the 1D temporal window function in the classical 

signal processing. This function can be used to study the directional response of the 

aperture to the propagating signal. By assuming the input wavefield in the form of the Dirac 

delta 𝛿(�⃗� − �⃗� 0) defined in two dimensional space, the steered response can be expressed 

as: 
 

 𝐴(�⃗� ) ∗  𝛿(�⃗� − 𝑘0
⃗⃗⃗⃗ ) =

1

𝑀
∑ 𝑤(𝑠𝑚⃗⃗ ⃗⃗  )𝑒

𝑗𝑠𝑚 ⃗⃗ ⃗⃗ ⃗⃗  (�⃗� −�⃗� 0)𝑀−1
𝑚=0   ( 3 ) 

where �⃗� 0 defines the wavenumber of the wavefield. With this representation the 

capabilities of several array geometries are presented in this section. The grating lobes of 

rectangular array (Figure 2) are aligned in the regular pattern with spacing equal to 
2𝜋

𝑑𝑥
, 

where 𝑑𝑥 is a spatial sampling interval. In the direction of the main axes, this satisfies the 

Nyquist sampling criterion, which states that the sampling rate of the signal must be at least 

equal the double of the highest frequency in the investigated signal. However, at the angle 

45° from the main axes the higher possible wavenumber can be resolved without the 

creation of the grating lobes. This is visualised by drawing a white circle of radius 
2𝜋

𝑑𝑥
, 

which corresponds to the maximum usable range according to the Nyquist criterion, when 

the 𝑘𝑥 component of the 𝑘0
⃗⃗⃗⃗  term in the equation 2 is equal  

𝜋

𝑑𝑥
. It is clearly visible that in 

the observable region grating lobes may appear, as both the original signal and its alias are 

included inside the circle. This means, that wave of wavelength 
𝑑𝑥

2
 approaching the array at 

normal angle may create aliases. However, at the angle of 45° the same wave do not 

produce aliases. This property can be valuable from the point of view of LWE because 

different geometries may require a less total amount of measurement points to represent the 

wave without aliasing. Based on the literature two additional topologies are taken into 

consideration: hexagonal grid and Fermat’s matrix [7].  

a) b) 

  
Fig. 2. Array pattern of the rectangular grid. White circle denotes the maximum usable range of wavenumber. 

(b) shows that at 𝑘𝑥 equal 
𝜋

𝑑𝑥
  the grating lobes may appear 

 Hexagonal array pattern is presented in the Figure 3 in a similar manner to the 

rectangular pattern. In a given example, the width of the hexagon’s side is equal to the 

sampling length of the rectangular array and so is the white circle representing the Nyqusit 

criterion region. The aliases of equal amplitude are ordered in the hexagonal pattern and so 
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are the side lobes, which are equal to roughly 50% amplitude of the main lobe. It is clearly 

visible that in the same window as in the rectangular array a main lobe and its alias cannot 

appear together. This means that the effective observable region increases according to the 

ratio of 
2

√3 
, which is around 15% [7]. This is indicated by the red circle in the Fig 3 b). 

Moreover, with hexagonal mesh of this spacing the 20% less points is needed to cover the 

area of the same size. The potential issue for this type of window is the large amplitude of 

the side lobes.   

a) b) 

  
Fig 3. Array pattern of the hexagonal grid. White circle denotes the maximum usable region for the 

rectangular grid and the red circle for the hexagonal grid 

The third array pattern considered in this work is the grid based on Fermat’s matrix. 

This pattern, which resembles sunflower, possess several interesting properties. It is a 

circular pattern where each of the points possess unique angular and radial value. This 

property results from the following expressions: 

 ρn =  s√
n

π
 ( 4 ) 

 𝜙𝑛 =  2𝜋𝑛β  ( 5 ) 

where 𝜌𝑛 is a distance between 𝑛-th point and the centre, 𝑠 is a parameter related to the 

mean distance between neighboring elements, 𝜙𝑛 is an angular position of each point and β 

is a density-based parameter of the mesh. The exemplary mesh is presented in the Fig. 4 a). 

The resulting property of Fermat matrix is that it does not exhibit grating lobes, so there is 

no clear limit on the minimum point spacing to represent the wave of particular 

wavelength. On the other hand, the resulting side lobes create a noisy pattern which 

depends mainly on the matrix density. Due to those properties this is a very attractive 

choice of mesh pattern. 

2.3 Non-uniform Fourier Transform  

In order to use the non-rectangular array patterns in the LWE algorithm it is necessary to 

utilize the non-uniform representation of the Fourier Transform in the spatial dimensions. 

There are several cases of the transformation, depending on whether the space-time domain 

or the frequency domain is uniformly sampled. In the case of the LWE it is the most 

appropriate to assume non-uniform distribution of space-time domain and perform Fourier 

transform at the uniformly spaced wavenumbers or frequencies. By this assumption it is 

then possible to perform all the steps of LWE algorithm (mode filtration, wavenumber 
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decomposition and choosing the maxima) as normal on the equispaced rectangular mesh. In 

the 2D case this non-uniform Fourier transform is given by the following expression: 

 

 F(kx, ky) =  ∑ f(n)e−j(kxxn+kyyn) N
n=1  ( 6 ) 

 

where 𝑓(𝑛) is the value of the function at 𝑛-th coordinate point, 𝑥𝑛 and 𝑦𝑛 are the 

coordinates of the point, 𝑘𝑥 and 𝑘𝑦 are the equispaced vectors of the wavenumbers. This 

expression followed by the standard Fourier transform along the temporal axis (as the time 

measurements are assumed to be regularly sampled) gives the full 3D Fourier 

representation of the measurement data from the irregularly sampled grid of points.  

a) b) 

  
Fig. 4. An example of Fermat array (a) and its array pattern (b) 

3. Experimental Setup  

In order to test the effectiveness of the LWE algorithm with different array topologies an 

experimental setup was assembled. The test specimen is the 2 mm thick 500x500 mm plate 

with added damage in the form of two 20x20 mm milled surfaces. The first damage is 

0.5 mm deep and the second is 1 mm deep. The sample was excited with a wavelet packet 

using a single piezoelectric transducer attached to the surface of the plate. The mutual 

positions of the transducer, damage and the general placement of the measurement grid is 

presented in the Fig. 5. The rectangular mesh is considered to be a baseline for further 

evaluation of the properties of non-standard hexagonal and Fermat arrays. Therefore the 

grid sampling and the frequency of excitation were selected in such a way, so that the 

spatial aliasing was visible on the spectrum of the signal. Based on the dispersion curves of 

the aluminum plate this condition is met if the central frequency equals 230 kHz and spatial 

sampling length equals 4 mm. Therefore, the 4 mm rectangular grid of 200x200 mm area 

and 2601 points is the frame of reference for other configurations: 

 3 mm rectangular grid, which is sufficiently sampled to obtain a good visualization of 

the damage, area 200x200 mm, 4489 points total 

 regular hexagonal grid with 3 mm side length, encompassed by the area 199 by 203 

mm, 3555 points total 

 regular hexagonal grid with 4 mm side length, encompassed by the area ,200 by 201 

mm, 2006 points total 

 Fermat array with the radius of 100 mm and 3000 points total 
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As a measuring tool the Polytec PSV-400 Laser Doppler Vibrometer was used. It was 

synchronized with the Agilent 3351 arbitrary waveform generator using laboratory PC 

running Matlab script. 

 
Fig. 5. The scheme representing the locations of PZT transducer, 1 mm and 0.5 mm damage with respect to 

the measurement area 

4. Evaluation of the Array Topologies 

As expected, for the well-resolved case of 3 mm rectangular array the wavenumber image 

presents explicit damage evaluation. The dominant color representing 122 1/m 

wavenumber corresponds to the intact plate, while 140 1/m and 164 1/m correspond to 1.5 

and 1 mm thick plates accordingly (Fig. 6). This proves that LWE is a viable method for 

damage identification in the given specimen. On the other hand, as expected, the evaluation 

of LWE for 4mm grid for the 230 kHz frequency is almost illegible, as it lies just on the 

intersection of two modes (Figure 7). The 0.5 mm damage is barely visible and the 1 mm 

damage is jagged and below the expected value. Based on the spectral analysis, the inferior 

quality results from the fact that part of the data is obscured by the aliases of main lobe.  

a) b) 

  
Fig. 6. Spectrum of the 3 mm rectangular grid (a) and its corresponding LWE result (b) 

Taking a look at the results of the LWE based on 3 mm hexagonal grid it is 

noticeable, that the main lobe does not overlap with its aliases, accordingly with the 
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predictions. However, the high-amplitude side lobes which are visible on the Fig 3 produce 

copies of the wavenumber spectrum close enough, that they intersect with the main lobe. 

The intersection points are visible on Fig. 8 a) and they remain relevant even after mode 

filtration. However, the two damage locations can be discerned from the intact background 

on the image. Both 0.5 mm and 1 mm damage locations are similarly represented as in the 

case of 3 mm rectangular array but the overall image is less crisp due to the influence of the 

intersecting side lobes. However, the reduction of the matrix size by over 21% is a 

noticeable improvement in the performance. 

a) b) 

  
Fig. 7. Spectrum of the 4 mm rectangular grid (a) and its corresponding LWE result (b) 

  

a) b) 

  
Fig. 8. Spectrum of the 3 mm hexagonal grid (a) and its corresponding LWE result (b) 

The capabilities of the hexagonal grid can be further examined by taking a look at 

the more sparse 4 mm hexagonal grid. Due to the fact, that the grating lobes are spread 

further apart and useful wavenumber range should increase compared to similarly spaced 

rectangular grid, the problem of aliases overlapping should be reduced. The results are 

presented in the Fig.9. The LWE shows the localization of the damage properly and the 0.5 

mm damage is clearly resolved in terms of the size and wavenumber value. However, the 1 

mm damage is scattered and badly represented. This results from the influence of side lobes 

as well as from the fact, that the 
2

√3 
 gain in effective wavenumber range resulting from the 

grid topology is insufficient to represent the 164 1/m corresponding to the deeper damage 

(if the maximum usable range in terms of rectangular array equals 122 1/m, then the 

extended range equals 140 1/m). Overall, due to the increased influence of intersecting side 

lobes the 4 mm hexagonal grid presents worse quality than the 3 mm grid. However, it 
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resolves the damage localization better than in the case of comparable rectangular 4 mm 

array. The overall reduction in the number of points is also considerable (from 2601 to 

2006 points). 

a) b) 

  
Fig.9. Spectrum of the 4 mm hexagonal grid (a) and its corresponding LWE result (b) 

 When it comes to the Fermat matrix, the spectra of the results are in good agreement 

with the theoretical predictions and there are no aliases in the spectrum. However, the noisy 

side lobes are clearly visible and greatly distort the mode shape (Fig. 10). As a result, the 

damage representation on the obtained image shows inferior quality to the results from the 

3 mm rectangular mesh. The locations of the damage are visible, the distribution of the 

wavenumber values is similar, however the damage boundaries are distorted and unclear. 

Due to the lack of aliases and intersecting modes the noise in the LWE image can be 

attributed solely to the effect of the side lobes.  

a) b) 

  
Fig. 10. Spectrum of the 3000 point Fermat array (a) and its corresponding LWE result (b). The wavenumber 

map is limited only to the circular area corresponding to the actual area of the grid.  

5. Conclusions  

The effects of choosing different array topologies on the results of the LWE algorithm were 

studied in this work. Rectangular, hexagonal and Fermat topologies possess different 

characteristics in terms of the array patterns, but come with their own limitations. While the 

rectangular mesh requires more points to avoid aliasing it ensures clear and well-resolved 

images when the Nyquist conditions is met with some necessary surplus to include the 

higher wavenumbers related to the damage locations. The hexagonal mesh provides 
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possibility to observe higher maximum wavenumber values and allows for considerable 

reduction in the number of measurement points. On the other hand, it exhibits the influence 

of side lobes which result in mode intersection and make the wavenumber map less clear. 

Finally, the Fermat array takes advantage from the complete lack of grating lobes, but the 

effect of noisy side lobes is detrimental to the image quality, making the locations of the 

damage fuzzy and the wavenumber values non-uniform. Additionally, it is difficult to 

assess what amount of measurement points is necessary to image particular size of damage. 

 Although the advantages of the hexagonal and Fermat matrices over rectangular 

ones are evident, their shortcomings are critical to the damage detection quality and need to 

be addressed in the further work. Reduction of the side lobes is the common challenge in 

both of the cases and can perhaps be resolved using windowing, tapering or thinning 

techniques, which are widely used in the telecommunication industry. The improvement in 

the spectral quality of the non-rectangular arrays is potentially beneficial for the practical 

application of LWE algorithm, as the duration of the examination time is a crucial factor for 

NDT of the large structures.  
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