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Abstract. Most of the Structural Health Monitoring (SHM) methods are struggling 

between the number of sensors and the accuracy in damage detection. This paper 

explores the possibility of using a Bayesian probabilistic approach for damage 

imaging utilizing dynamic response at a few vibration nodes. The vibration amplitude 

at the nodal points can be considered as an efficient structural damage indicator (SDI). 

This SDI serves as not only a global but also a local indicator, as nodal points are part 

of vibration mode shapes. Instead of providing a rough damage detection, the 

posterior probability density function of the damage parameters is calculated under 

the Bayesian statistical system identification framework to quantify the confidence 

level of the identified results, which can be further interpreted as damage imaging 

results. In addition, the uncertainty in measurement due to the problems of 

measurement noise and time-varying environment can also be revealed by the 

framework. In the present paper, several case studies demonstrate the advantage and 

feasibility of the proposed method.  

Introduction  

Conventional NDT techniques use external equipment like ultrasound, X-ray or other 

systems to assess the health stage of the target structure. Unlike Conventional NDT, in SHM, 

sensors and actuators are permanently attached to the structure, continuously collecting data 

during the entire service life of the structure [1]. By adopting an SHM system, the 

schedule-driven maintenance can be gradually shifted to the condition-based one, thus the 

cost of maintenance inspection can be reduced. In addition, the safety of the structure can be 

further guaranteed.  

Level-1 SHM [2] which only gives the existence of damage is far from reaching the 

aforementioned benefits. Thus, further quantitative damage detection, like the location and 

the severity, should be considered [3]. Due to the influence of noise and the environmental 

effect (e.g. temperature), the damage detection results are contaminated. In that case, rather 

than pointing a specific damage parameter (i.e. the location and the severity) which might be 

a false alarm, the probability distribution of the damage parameter can be used to quantify the 

confidence level of the identified results. The Bayesian statistical framework is frequently 

used to handle and describe the uncertainty problems in model updating and further in 

damage detection. 

The Bayesian statistical framework was firstly applied in updating structural models 

by utilizing dynamic response [4]. The adjustable model parameters are considered as 
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random variables. A prior can be assigned to the random variables based on engineering 

knowledge. Then the posterior can be updated with measurement by adopting the Bayes’ rule. 

Some researchers [5] set the damage parameters as the random variables and a similar 

framework is adopted to update these damage parameters. Recently, a lot of researchers [6, 7] 

adopt the Bayesian statistical framework for real-time damage detection.  

The vibration amplitude at the nodal points can be considered as an efficient 

structural damage indicator (SDI) [8]. This SDI is identified as NOde DISplacement 

(NODIS). As nodal points are part of vibration mode shapes, the NODIS serves as not only a 

global but also a local indicator. In this paper, the NODIS is used as the dynamic 

measurement for Bayesian probabilistic damage detection.  

This paper is organized as follows. Section 1 explains the principle of the NODIS and 

the theoretical background of the Bayesian statistical identification framework. Section 2 

will validate the proposed damage imaging method based on the analytical and numerical 

data. The effect of uncertainty, such as noise and temperature, is studied in Section 3. At last, 

the conclusion is drawn in Section 4.  

1. Theoretical background  

In this section, the idea of the NODIS is explained with a double clamped beam. Then, the 

Bayesian statistical identification framework for damage detection is derived. Furthermore, a 

flowchart of the framework is given. 

1.1 Principle of the NODIS 

The NODIS is the responses at vibration nodes. When damage occurs on a structure, the 

mode shape of the structure will be changed. The NODIS is therefore changed. In order to 

investigate the influence of the location and the severity on NODIS, a double clamped 

Euler-Bernoulli beam with an open crack is considered.  

According to [9], a beam with a crack can be modeled as two beams connected by a 

rotational spring as illustrated in Figure 1. If the crack is located at 𝜉𝑠 = 𝑠/𝐿, the mode 

shapes of the two beams can be expressed as 

 

 

(1) 

where w represents the lateral deflection of the beam, ξ is the coordinate in the longitudinal 

direction, L is the beam length, ρ is the density, ω is the natural frequency, E represents the 

Young's modulus and I is the moment of inertia of the cross-section. 

 

Fig. 1. Sketch of a beam with crack (a) a double clamped beam with a crack (b) model of the beam with crack. 

The severity of the crack 𝜇 =
𝐸𝐼

𝐾𝐿
 is the dimensionless cracked section flexibility, in 

which K represents the stiffness of the spring. After solving the natural frequency equation 
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under the boundary conditions, the coefficients in mode shape Eq. (1) can be acquired by the 

solution set of the homogeneous linear system. The mode shape in Eq. (1) only related to the 

damage location and severity. And the position of the node does not depend on the material 

properties of the structure. A more detailed explanation can be found in [8]. 

Mode 2 has one node (ξ2 = 0.5), while mode 3 has two nodes (ξ1 ≈ 0.36, ξ3 ≈ 0.64). 

Therefore, the mode shapes of mode 2 and 3 are taken into consideration, as shown in Figure 

2 - (a) and (b). The displacements of the nodes in the intact state are equal to zero by 

definition. For a certain crack location and severity, the value of the node displacement at the 

chosen mode can be acquired. The effect of the crack location and severity on the node 

displacement is quantitatively studied. The location of the crack 𝜉𝑠 is studied from 0 to 1 with 

an interval of 0.01, while the severity 𝜇 is investigated from 0.01 to 1 with an interval of 0.01. 

As shown in Figure 2 - (c), (d) and (e), the abscissa represents the location of the crack; the 

ordinate represents the severity of the crack. The color represents the value of the lateral node 

displacement of N1, N2 and N3. Figure 2 - (c) is the node displacement of N1, while Figure 2 

- (d) and (e) are the node displacements of N2 and N3 respectively. 

 

Fig. 2. Mode Shape of a double clamped beam (a) 2nd mode (b) 3rd mode and the value of node displacement 

affected by crack location and severity (c) N2 (d) N1 (e) N3. 

1.2 Bayesian statistical identification framework 

In the proposed method, the damage parameter 𝛉 = {𝜉𝑠, 𝜇} is identified with the Bayesian 

statistical system identification framework. The damage parameter θ is represented by a prior 

probability distribution 𝑝(𝛉|𝐼) conditioned upon the background information such as expert 

opinion or practical experience. A proper prior distribution can be a uniform distribution or a 

Gaussian distribution when the mean and the relative error of the parameter are known. The 

posterior probability density function (PDF) 𝑝(𝐷|𝛉, 𝐼), can be given by the Bayes’ rule: 

𝑝(𝛉|𝐷, 𝐼) =
𝑝(𝐷|𝛉, 𝐼)𝑝(𝛉|𝐼)

𝑝(𝐷|𝐼)
 (6) 

where the likelihood function 𝑝(𝐷|𝛉, 𝐼), represents the contribution of the measured data to 

the posterior PDF. The denominator term, known as the marginal likelihood or the evidence, 

can be considered as a normalization factor ensuring that the integration of the posterior PDF 

is equal to 1. According to the total probability theorem, it can be written as: 
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𝑝(𝐷|𝐼) = ∫ 𝑝(𝐷|𝛉, 𝐼)𝑝(𝛉|𝐼)𝒅𝛉

𝚯

 (7) 

Different from the deterministic approach, the Bayesian framework which is a 

probabilistic approach aims to calculate the posterior PDF of the damage parameter for a 

given set of measurement data D.  

The likelihood function is often set to be a multivariate normal distribution, 

𝑝(𝐷|𝛉, 𝐼) = ∏
1

√2𝜋𝜎𝑖

𝑒𝑥𝑝 (−
(𝑧𝑖

𝑒 − 𝑧𝑖(𝛉))
2

2𝜎𝑖
2

)

𝑁

𝑖=1

 (8) 

where 𝑧𝑖
𝑒 is the mean of the measured i th modal parameter, 𝜎𝑖 is the standard deviation of 

the measured i th modal parameter, 𝑧𝑖(𝛉) is i th modal parameter from the model with 

different damage parameter θ. 

The flowchart of the Bayesian statistical identification framework is illustrated in 

Figure 3. 

 

Fig. 3. Flowchart of Bayesian statistical identification framework 

2. Analytical and experimental validation 

2.1 Analytical validation 

Continue with the example of the double clamped beam. The modal parameter 𝑧𝑖 are the 

three NODIS of mode 2 and 3. The damage parameter 𝛉 = {𝜉𝑠, 𝜇} represents the location of 

the damage and the severity of the damage. ξs is sampled from 0 to 1 with an interval of 0.01, 

and μ is sampled from 0.01 to 1 with an interval of 0.01. 

With the analytical model, the 𝑧𝑖(𝛉) at each sampling points can be obtained as 

illustrated in Figure 2. If the damage is located at ξs = 0.25 with a severity of μ = 0.5, we can 

have the measurement 𝑧𝑖
𝑒. The likelihood function of each 𝑧𝑖 can be calculated according to 

Eq. (8) and they are illustrated in Figure 4. In this test, as there is no information about the 

damage, the prior is set to be a uniform distribution. By applying Eq. (6), the total likelihood 

function can be calculated. Then by introducing the prior PDF and the Bayesian rule, the 

posterior PDF can be acquired. As illustrated in Figure 5, the posterior PDF has a peak at the 

damage location and severity. 
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Fig. 4. Damage likelihood function of each 𝑧𝑖 (a) N2, (b) N1and (c) N3 

 

Fig. 5. Posterior damage PDF 

Figure 6 illustrates the posterior PDF under different damage location, the severity is 

still set to be μ = 0.5. It can be seen that when the structure is intact, the damage PDF has an 

output in low severity area and the area close to ξs = 0.1, 0.4, 0.6, 0.9, as shown in Figure 6 (a). 

This shows the minimum severity which can be detected by the proposed method and the 

possible false alarm locations. When the damage locates at other areas, the detection results 

are also acceptable, as illustrated in Figure 6 (b), (c) and (d). 

 

Fig. 6. Posterior PDF under different damage location (a) Health, (b) ξs = 0.15,  (c) ξs = 0.35  and (d) ξs = 0.5 

2.2 Experimental validation 

2.2.1 Experimental settings 

A steel beam with the dimension of 980mm×45mm×10mm is chosen. The beam is double 

clamped on a steel workbench as presented in Figure 7. The effective length of the beam 

between two clamps is 800 mm. The material properties are: 𝜌 = 7850 kg/m
3
, E = 200 GPa, 𝜐 

= 0.26. 

Different from common mode-shape-based methods which need a large number of 

sensors to capture the mode shape of the beam, only three accelerometers (M352C15, PCB 

Piezotronics, Inc), identified as Acc1, Acc2 and Acc3, are adopted in this experiment. A 

manual tap hammer without force measurement is used for the impact testing. The 

unrecorded hammer impact is considered as an unknown impulse excitation from the 

environment. The damage information is acquired directly by the real-time signal. The 

sensors measured the acceleration in the transverse direction (vertically up). 

(a) (b) 

(c) 

(a) (b) 

(c) (d) 
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Fig. 7. The structure and the measurement system 

The accurate position of each node is first estimated by the numerical model. Then the 

impulse force hammer is used to excite the specimen at a grid of points close to the estimated 

position to locate the accurate position of nodes. The accelerometers are then placed in the 

confirmed node locations. Based on that, the node of the second bending mode (217.6 Hz) 

and the two nodes in the third bending mode (430.3 Hz) are identified. Thus, the locations of 

the nodes are identified at 288 mm, 400 mm and 512 mm from the left end.  

Saw cuts with different length (5 mm, 10 mm and 15 mm) are introduced to simulate 

the crack. The saw cut is introduced spanning the height. And the length of the cut is 

increased in the lateral direction. The saw cut is located at 200 mm from the left end. To 

validate the damage location procedure a magnet block with the weight of 40 g is used. 

2.2.2 Experiment result 

Fast Fourier Transform (FFT) is implemented to transform the time domain signal into 

frequency domain. The single-sided amplitude spectrums of the three accelerometers are 

presented in Figure 8 - (a) (Ordinate is on a logarithmic scale). All three accelerometers have 

a response peak at 1st mode (78 Hz). In the 2nd mode (218 Hz), Acc2 has a small amplitude 

(3×10
−3

), as Acc2 locates at the node of 2nd mode. In the 3rd mode (430 Hz), the amplitudes 

of Acc1 (12×10
−3

) and Acc3 (13×10
−3

) are also very small, as Acc1 and Acc3 locate at the 

nodes of 3rd mode. 

 

Fig. 8. Amplitude spectrums of three accelerometers under different saw cut length (a) Health, (b) 5 mm, (c) 10 

mm and (d) 15 mm. 

The Fourier transform of Acc1 and Acc2 are defined as U1(ωk) and U2(ωk). U1(ωk) and 

U2(ωk) are related to F0(ωk). The transfer-function-based damage indicator (TFDI) [8] is 

adopted: 

 
(9) 
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where 

 
(9) 

in which, i represents the number of the node, �̅�2 − ∆𝜔 ≤ �̃�2 ≤ �̅�2 + ∆𝜔, �̅�3 − ∆𝜔 ≤
�̃�3 ≤ �̅�3 + ∆𝜔, �̅�𝑘 represent the natural frequency of the intact structure, the frequency 

range ∆𝜔 is set to be 10 Hz in this case. 

The TFDI results show that for 𝜄1 and 𝜄3, a 15 mm saw cut will lead to an approximate 

0.017 increase in DI as illustrated in Figure 9. And the increase for ι2 is about 0.01 under the 

case of a 15 mm saw cut. This demonstrates that the NODIS method has good damage 

quantification and location results. Thus, it can be used as a promising modal parameter for 

Bayesian damage imaging. 

Figure 10 demonstrates that the Bayesian damage imaging method identified the saw 

cut at ξs = 0.25. With the increase of the saw cut length, the method has a more concentrated 

imaging result. When the saw cut length below 10mm, the Bayesian damage imaging method 

gives some false alarm in the health area. It might because the limitation of the NODIS 

indicator. A damage detection method without Bayesian framework might directly give a 

result at the wrong location or severity. While the proposed Bayesian damage imaging 

method can provide the probability distribution of the entire location and severity, which is 

more accurate and reliable. 

 

Fig. 9. DI with different saw cut length 

 

Fig. 10. Posterior PDF under different saw cut length: (a) 0 mm, (b) 5 mm,  (c) 10 mm and (d) 15 mm 

3. The effect of uncertainty 

In this section, the performance of the proposed method against uncertainty, such as 

measurement noise and temperature, is studied. 

(a) (b) 

(c) (d) 
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3.1 The effect of measurement noise 

The measurement noise of a monitoring system is usually a wideband noise. Therefore, the 

Gaussian white noise of SNR 15 and 20 dB are added to the time domain signals to evaluate 

the performance of the method. 

SNRdB = 10log10 (
Signal Power 

Noise Power
) (10) 

The same experimental data from section 2.2 with saw cut is adopted. Figure 11 

shows the original signal and the signal with different noise and their spectrum of Acc1. 

After adopting the TFDI, the DIs under different saw cut length and noise levels are 

illustrated in Figure 12. It shows that the noise will increase the DI in each case. This makes 

the damage detection fail or cause false alarms.  

 

Fig. 11. Time domain and frequency domain signal with different level of noise 

 

Fig. 12. The influence of noise on DI under different saw cut length (a) N1, (b) N2 and (c) N3. 

 

Fig. 13.  Posterior PDF under different saw cut length under noise (SNR=20dB): (a) 0 mm, (b) 5 mm,  (c) 10 

mm and (d) 15 mm 
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Fig. 14. Posterior PDF under different saw cut length under noise (SNR=15dB): (a) 0 mm, (b) 5 mm,  (c) 10 mm 

and (d) 15 mm 

The Bayesian imaging method can still provide damage PDFs under different level of 

noises as shown in Figure 13 and 14. Although the noise will increase the probability of false 

alarm, the right parameters of the damage are shown by the Bayesian method. 

3.2 Temperature effect 

A similar experiment setting as the last section is adopted, except that the effective beam 

dimension is 800mm×40mm×10mm. A heat gun is used to heat the beam at the location of 

200 mm from the left end. The beam is heated to 40°C, 50°C and 60°C at this location (The 

room temperature is about 25°C). Later, two magnets blocks with the weight of 7g and 40g 

respectively are introduced at the same location to simulate damage. 

As listed in Table 1, temperature and damage will lead to a similar change to the 

frequency, while the DI has a much smaller difference under changing temperature 

comparing to the damage. Figure 15 (a-d) shows that under different temperatures, the 

damage imaging result does not focus. When the damage is introduced, the Bayesian imaging 

method can identify the damage.  

Table 1. DI and natural frequency with different temperature and damage 

Stage 
DI (×10

-2
) Frequency (Hz) 

ι1 ι2 ι3 Mode 1 Mode 2 Mode 3 

Health (25 °C) 1.33 0.09 1.67 80.0 216.1 417.9 

T1 (40 °C) 2.86 0.20 3.26 79.3 215.1 417.2 

T2 (50 °C) 3.13 0.29 3.32 78.2 213.3 416.0 

T3 (60 °C) 3.43 0.53 3.51 76.6 211.0 414.1 

D1 (7g) 4.11 0.62 3.10 80.0 215.5 417.4 

D2 (40g) 6.43 4.07 4.52 79.7 212.7 414.1 

4. Conclusion 

The presented paper proposed a Bayesian probabilistic approach for damage imaging 

utilizing dynamic response at three vibration nodes. The flowchart of the Bayesian statistical 

identification framework is illustrated. The analytical and experimental validation 

demonstrates that the proposed method can give a PDF of the damage location and severity 

with a high reliability. In addition, the robustness of the method is investigated with 

measurement noise and temperature. The results show that the proposed method can still 

have an effective damage detection result at a noise level of 15dB or a local temperature 

change of 35°C. 

(a) (b) 

(c) (d) 
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Fig. 15. Posterior PDF under different temperatures and damage case (a) Health, (b) 40 °C,  (c) 50 °C, (d) 60 °C, 

(e) D1 and (f) D2 
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