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Abstract 

Time Reversal Multiple Signal Classification (TR-MUSIC) 

has been shown to successfully localize extended defects in 

complex media. To this end, an extended degradation is 

approximated through a set of independent and effective 

scatterers. These effective contributions dictate the 

minimum number of sensors and excitations needed for 

adequate measurements and precise classification.  

More specifically, in the algorithm’s first step the obtained 
scattered field is analyzed into a signal and a noise space. In 

the second step the signal space information is used to 

highlight steering vectors focusing on the defect’s position. 
Overall, localization’s quality becomes proportional to the 
accuracy of the space separation which in turn depends on 

the number of sensors and scatterers existing in the system. 

However, in many real-life applications the latter is 

unknown. Therefore, it becomes problematic to identify and 

design sensing arrays a priori. 

In this paper, for an extended degradation, we use a limited 

number of sensors to identify the scatterer’s position. 
Although it is common to use large arrays, here we prove 

through a monitoring network of reduced dimensions, we 

are able to obtain characteristic information for the defect. 

Over this process, the ideal signal space is approximated 

with only a limited number of observations. In addition, 

these approximations are later on enhanced by increasing 

data’s dimensionality. In practice, we prove that one may 
use a single sensor accompanied with multiple excitations 

and still be able to achieve accuracy analogous to the ideal 

network. Furthermore, due to reciprocity, this relationship 

may be inversed. The proposed approach has been 

evaluated with a sensing array of reduced dimensions 

performing damage localization on degraded composite 

structures. To demonstrate the algorithm’s robustness, 
information from only the vibro-acoustic range is exploited 

enabling for fast and inexpensive detection for 

subwavelength defects. 

1. Introduction

Time reversal techniques have been used to perform 

damage localization in arbitrary and complex media. By 

exploiting the reciprocity principle and the time domain 

symmetry for the wave equation, Fink [1,2] successfully 

demonstrated that a time reversed version of a forward field 

will focus on the initial source once re-emitted in the 

propagating medium. Techniques like D.O.R.T. [3,4] 

construct a time reversal operator (t.r.o) containing 

information of the wave propagating between each element 

of the network. Eigenvalue analysis on the occurring matrix 

reveals eigenvectors of maximum energy variance. For well 

resolved defects, each eigenvector is associated with a 

single damage and once propagated back, converges to this 

damage’s location. 
For non-resolved sources this technique achieves degraded 

results, as different eigenvectors are associated with 

multiple defects. Subspace techniques treat this problem by 

identifying the propagating information as a subset within a 

larger space. Then, a heuristic approach is followed to 

identify signal contributions spanning the measured 

subspace. Among these techniques, one of the most 

promising is identified as Multiple Signal Classification 

(MUSIC). MUSIC has been used before to characterize the 

direction of arrival for a signal [5] and to describe 

dispersion properties [6]. Lev-Ari and Devaney [7] adapted 

MUSIC to the problem of damage localization for point 

scatterers. Later, Marengo et al. [8] managed to localize an 

extended degradation through a set of effective 

contributions. 

For MUSIC-based detection, the time reversal operator 

must be overdetermined. Thereafter, once a singular value 

decomposition is applied on the data, a signal subspace 

containing the useful information and an orthogonal noise 

subspace can be created. To enforce such over-

determination, for every frequency, the information 

describing the scattering phenomena should be expressed as 

a subset within a larger space. In this case, the latter is 

dependent on the aperture’s elements and its dimensions on 
their quantity. Therefore, to ensure deficiency, the elements 

of the monitoring system must exceed in number the 

independent and effective contributions from the defects.  

Here, we prove that once deficiency occurs, due to an 

increased number of either excitations or sensors, one can 

achieve detection by using a truncated version of the other 

side of the network. Eventually, we demonstrate that a few 
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limited sensors can identify important information from the 

larger signal subspace when the latter is described within a 

space of increased dimensions. In the following sections we 

demonstrate numerically and experimentally that a single 

sensor can sufficiently localize an extended degradation 

while the induced errors are treated by increasing the 

number of excitations without requiring more sensors to be 

installed in the system. 

2. TR-MUSIC in Damage Detection 

Consider a structure where a number of 𝑙 point defects, 𝑚 

actuators and 𝑛 sensors have been installed. On each 

actuator a Dirac signal is then sequentially excited. Once 

propagating waves interact with the defects, the occurring 

scattered field will be collected on the set of sensors as the 

difference between the damaged material and a healthy 

baseline state. Hence, once the experiment is repeated for 

every actuator, a group of 𝑚𝑥𝑛 responses becomes 

available.  

Analyzing the observed responses in the frequency domain 

and for each spectral line, a matrix 𝑯 containing the 𝑚𝑥𝑛 

information of the scattered field is constructed. For the 

latter, as long as the number of 𝑚 excitations and 𝑛 sensors 

exceeds the number of the 𝑙 scattering defects, the observed 

data are overdetermined and the matrix is deficient. Thus, a 

signal subspace describing the scattering information is 

defined alongside with its complementary noise subspace 

for matrix 𝑯 at every frequency. 

As a result, if a point in the medium behaves as a source for 

the measured field, waves emitted from this region must 

populate the calculated signal subspace. Thus, to identify 

the defect, known signals propagating from different 

candidate regions of the medium are projected on the 

measured signal subspace or on its complementary noise 

subspace. 

2.1. Detection For Extended Defects 

Respectively, considering the Lippmann-Schwinger 

equation [9], we are able to treat an extended degradation 

as a volume populated by a set of point scatterers. Each one 

of them is characterized by a frequency dependent 

scattering coefficient 𝑅(𝑥, 𝜔). Consequently, the response 

measured on a sensor 𝑗 after a Dirac excitation on an 

actuator 𝑖 is described as: 

 𝐻𝑖𝑗 = ∫ 𝐺(𝑖, 𝑥, 𝜔)𝑅(𝑥, 𝜔)𝐺(𝑥, 𝑗, 𝜔)𝑑𝑥 𝛺    ( 1 ) 

In equation (1), the term 𝐺(𝑖, 𝑥, 𝜔) describes the transfer 

function from the 𝑖𝑡ℎ excitation to a scatterer at 𝑥 within 

the damaged volume 𝛺, at a given frequency 𝜔. As soon as 

the field interacts with the defect, scattering is described 

through the coefficient 𝑅(𝑥, 𝜔). Thereafter, the term 𝐺(𝑥, 𝑗, 𝜔) describes the propagation from the assumed 

scatterer towards the 𝑗𝑡ℎ measuring sensor. 

From equation (1), when constructing the matrix H, the 

described information is always projected on a space 

spanned by vectors of the form: 

 𝑔(𝑥, 𝜔) = [𝐺(1, 𝑥, 𝜔), 𝐺(2, 𝑥, 𝜔), … , 𝐺(𝑚, 𝑥, 𝜔)] ,   ∀ 𝑥 ∈ 𝛺 

 

In addition, out of the set of infinite vectors 𝑔, a finite 

number of effective vectors containing characteristic 

information and approximately spanning the original signal 

space can be derived. This approximate signal space will be 

used in the process of classification, where information 

from candidate defect positions is projected on this space, 

trying to identify regions acting as a source for the scattering 

problem.  

2.2. Detection With A Truncated Array 

The approach described in this paper demonstrates a 

mechanism to treat even larger approximations. In the 

special case where either the number of sensors or 

excitations of the array are less than the dimensions of the 

effective space, information tends to be lost. Even more, as 

these approximations become larger and the array is further 

reduced, the observed loss of information becomes critical 

for the detection. Therefore,  there should exist a point 

during the reduction, where the obtained responses are not 

only limited but also not sufficient in number to span the 

most important parts of the effective signal space, US .  In 

that case, we identify a subspace of the effective signal 

space while ignoring significant information for the 

detection.  

During the first phase of the reduction, where weak 

information is lost, detection should remain possible. 

However, as we reach significantly truncated arrays, the 

induced error has an effect on the classification. Becht et al. 

[10] observed, for point-like defects, cases of both 

successful and failed localization when using reduced 

arrays. Here, to treat the aforementioned errors, we propose 

to increase the dimensionality of the data set. Therefore, if 

e.g. the algorithm is applied from the excitation side and a 

limited number of sensors is available, we propose to 

increase the number of excitations without altering the 

reduced number of sensors. The result of this process is to 

increase the dimensionality for each one of the limited 

sensor observations. Then, as derived analytically in [11], 

when the dimensions of the reduced data set increase, the 

approximate signal space, UA , tends to converge to the 

effective signal space, US, within this space of increased 

dimensions.  

To describe this, since US is dependent in dimensions on 

the number of effective scatterers, any induced dimension 

can only inflate the effective noise space. Thus, as the curse 

of dimensionality implies [12] it becomes extremely 

unlikely for a random vector, not describing a source, to 

occupy an area associating it with US and thus UA . On the 

contrary, these vectors tend to become orthogonal to the 

signal space. Therefore, this approach can be seen as 

expanding the noise vectors further away from the effective 
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signal subspace and the approximation we observe within 

it, making signal and noise space easier separable. 

On the other hand, if a vector actually describes a source, it 

will also in the inflated space populate the finite US. 

Furthermore, considering that both this vector and UA have 

occurred from the finite set of vectors spanning US, there is 

only a finite number of degrees of freedom they can span. 

Therefore, as long as this effective number does not expand 

significantly they locally avoid the curse of dimensionality 

when they are projected on each other and in relative terms 

they preserve information. 

 

3. Numerical Evaluation 

A numerical analysis has been designed to evaluate the 

aforementioned remarks. A Finite Element Model of a 

unidirectional CFRP plate has been designed  

 ρ =  1592.04 𝐾𝑔𝑚3, E1 = 173 ∙ 109 𝑁𝑚2,  E2 = 9.198 ∙ 109 𝑁𝑚2 , E3 = 9.198 ∙ 109 𝑁𝑚2, 𝑣12 = 0.3403, 𝑣13 = 0.3403, 𝑣23 = 0.4024, 𝐺12 = 5.65 ∙ 109 𝑁𝑚2 , 𝐺23 = 3.279 ∙ 109 𝑁𝑚2 , 𝐺13 = 5.65 ∙ 109 𝑁𝑚2. 

 

The plate has a thickness of 5 mm. Furthermore, a defect is 

introduced in the structure as an area of through the 

thickness removed material. The proposed geometry is 

sketched in Figure 1. 

For the monitoring array, 15 exciting and sensing positions 

have been defined as given in Table 1.  Initially, Dirac 

impulses were sequentially applied on each actuator and the 

resulting response field was recorded by the set of sensors. 

This procedure was then repeated on both healthy and 

damaged simulated states, therefore leading to the scattered 

information from the defect. In addition, the identified 

information was allowed to only span the vibro-acoustic 

range of (0-20000] Hz . 

 

 
Figure 1 : Sketch of the simulated structure and the 

induced defect 

 

 

 

 

 

Table 1: Excitation and sensor positions. 

Excitation/ 

Sensor Position 
x [mm] y [mm] 

1 180 140 

2 340 60 

3 340 305 

4 178 305 

5 95 60 

6 260 140 

7 258 225 

8 55 345 

9 258 345 

10 53 100 

11 260 60 

12 178 265 

13 55 305 

14 54 183 

15 137 223 

 

 

To localize the defect, the TR-MUSIC algorithm was 

applied on the collected data. Here we sequentially added 

or removed sensors to the array in an attempt to identify the 

limits for such a reduction. To this end, for every 

simulation, the number of excitations remained constant 

and equal to 15 while we progressively truncated the array 

from the sensor side. In this case, TR-MUSIC was 

performed from the excitation site. Therefore, the sensor 

information describes vectors within the 15-dimensional 

space occurring due to the 15 actuators. Figure 2 shows 

results for different steps of the described reduction.  

Each dot in the 9 graphs of Figure 2, describes in a 

logarithmic scale the normalized value of TR-MUSIC’s 
spectrum for the given case. Furthermore, a red value 

always indicates a peak in the graph or a point of the 

geometry whose signal contribution populates the assumed 

signal space.  In contrast, any points within the healthy areas 

should span the complementary noise space.  

For the first line of Figure 2, in graphs a, b and c, we observe 

weak or non-existent loss of information as the number of 

sensors gets reduced. This means that the effective signal 

space completely lies on, at least an 8-dimensional space. 

As we progress with the reduction of the second row, we 

observe that the loss of information starts to become 

important. For graphs d, e and f although detection is still 

possible, the background noise space begins to absorb 

energy and the peaks become smoother. In the last row of 

simulations, the dynamic range of the background 

information has approached the previous peaks. As the 

reduction progresses further, signal and noise space begin 

to associate as is seen in figures h and i. 

Nonetheless it is remarkable that although such an extreme 

reduction was applied, localization remains possible even 

with 1 or 2 sensors. 

Furthermore, considering that for the latter 2 cases of 

truncated networks an important part of the signal space is 

lost, we become interested in the role of dimensionality or 

in other words the fixed number of 15 excitations on the 
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a) 15 sensors                                                       b)   12 sensors                                                   c)   8 sensors 

 
d) 6 sensors                                                          e)   5 sensors                                                     f)   4 sensors 

 
g) 3 sensors                                                     h)   2 sensors                                                i)  1 sensor 

Figure 2 : Slit localization with reducing number of sensors and a constant number of 15 excitations 

 

observed data. In Figure 3, for 2 sensors and 4 excitations, 

we are able to observe significant part of the signal space 

however ranging close to noise information. When adding 

1 more excitation to the system, the same information 

captured by the 2 sensors leads to sharper peaks for the 

classification of regions identified as signal space. 

 

 
a)  4 excitations                                                     b)   5 excitations 

Figure 3 : Slit localization with 2 sensors and increasing number of excitations 
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a) 3 excitations                                                        b)   5 excitations 

Figure 4 : Slit localization with 1 sensor and increasing number of excitations 

Accordingly, in Figure 4,  when 1 sensor was used along 

with 3 excitations insignificant signal information is 

identified in the domain, whereas increasing the excitations 

to 5 allows the existent information to become apparent 

alongside a number of false positives. Further increase of up 

to 15 excitations will lead to Figure 2.i where the degraded 

region is correctly identified and an additional number of 

errors is removed. 

Overall, Figures 3 and 4 demonstrate that a significantly 

truncated system of sensors remains able to identify 

important information of the signal space, while excitation 

addition enhances the results of heavily reduced cases 

without adaptations on the array’s reduced side. 
 

4. Experimental Validation 

 

An experimental campaign is designed to validate the 

aforementioned observations. On a (550𝑥550) 𝑚𝑚2 

CFRP cross-ply composite plate of 4 mm thickness, a (102𝑥3) mm2 slit has been introduced as damage.  

Localization was investigated with a network of 5 sensors 

and 4 actuators within the range of frequencies (0,1600] Hz. 

Therefore, accelerometers could be used as sensors and 

hammer impacts could be introduced to approximate Dirac 

inputs within the analyzed spectrum.  Moreover, prior to the 

degradation the undamaged state had been studied to obtain 

baseline information for the structure. Exploiting this 

information, the test set of the candidate vectors was built 

and the scattered field was evaluated. 

Therefore, as a first step for damage localization, hammer 

impacts were applied sequentially on each of the actuators 

and the scattered field was obtained after subtracting the 

baseline information from the full field responses measured  

in the sensing positions of the damaged material. This 

information was then decomposed through an SVD into a 

signal and a noise subspace. On the last step, out of the pool 

of candidate vectors, the ones populating the signal 

subspace were sought to identify the defect’s position. 
For this experiment the test set is constructed by recording 

the responses on 144 sample points on the structure. Then, 

imaging is numerically evaluated by linearly interpolating 

across those points. In Figure 5 the overall configuration 

describing the position of the defect, the excitations, 

the sensors and the sampling points is demonstrated 

on the plate. 

 

 

Figure 5: Experimental configuration 

4.1. Full Array Damage Detection 

In Figure 6, results from the case of the full array are 

presented. This array offers the maximum available 

dimensions to classify the scattered field but also is the one 

recording the largest number of observations for the 

propagating information from the defect. 

 

Figure 6 : Slit localization with an array of 5 sensors and 4 

excitations 
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As seen in Figure 6, the peak of the spectrum occurs at the 

location of the defect indicating correct damage 

localization. In the meantime, low noise exists in the 

surrounding regions without though having an effect on the 

indication. The white crosses being present in Figure 6 

demonstrate the position of the sampling points used to 

interpolate the results. 

 

4.2. Reduced Array Damage Detection 

Following the numerical observations and the theory of the 

first section, we attempt to perform localization with either 

one excitation or one sensor in an otherwise full monitoring 

array. Similar to the simulation, here we demonstrate the 

effect of increasing the number of sensors in a reduced 

system of only 1 excitation, while the algorithm is 

performed from the sensors’ side. 
In Figure 7, the slit is always localized in the correct 

position however for a number of configurations imaging is 

accompanied with severe false positives. More precisely, 

when 1 excitation is used within a 2D space spanned by the 

2 sensors (Figure 7.a), the defect is correctly identified, 

however, within a noisy background.  Considering that the 

number of excitations is in any case less than the required 

dimensions to span the signal information,  we treat this 

inaccuracy by continuously inflating the 2D space through 

sensor addition without any adjustments at the side of the 

actuators.    

We notice that as new dimensions or degrees of freedom are 

added in the system,  different locations of false indications 

begin to disappear. In every step from Figure 7.a. to 7.d.,  a 

new region is disassociated from the signal subspace and 

the corresponding information is appended to the noise 

subspace. Eventually, in Figure 7.d, 1 vector is capable to 

describe the larger signal subspace embedded within the 

greater  5-dimensional space.  The final localization quality 

is comparable to the one achieved with the full network.

 

 
a) 2 sensors                                                         b)     3 sensors 

   
c) 4 sensors                                                            d)     5 sensors 

Figure 7: Slit localization with a constant excitation and an increasing number of sensors 

5. Conclusions 

In this paper the possibility to exploit significantly 

truncated networks to localize damage in composite 

materials is discussed. To this end, we have implemented 

the TR-MUSIC algorithm on numerical and experimental 

damage cases with a variety of reduced monitoring 

networks.  

Out of the numerical analysis 3 large groups of reduced 

arrays have been identified. In the first one, a monitoring  

 

 

network is always able to span the complete signal 

information. This leads to converged results and no 

improvements on the detection as sensors or excitations are 

added to the system. For the second case, information is lost 

from the identified signal space however it is  not 

sufficiently important to prevent detection. While on the 

latter case, the array is only capable to record a limited 
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number of observations not enough to span the most 

important part of the signal space.  

We have then observed, that for the truncated system, 

increasing the data’s dimensionality allows for the already 
recorded subset of the signal space to be easier separated 

from the noise space. In these cases the spectrum's maxima 

at the defective regions become progressively more 

pronounced. Furthermore, numerically and experimentally 

this increase of dimensions is seen to reduce false positives. 

During the experimental campaign, although a single 

excitation was always able to localize the defect among 

significant errors, adding new dimensions in the system 

helped the existing information to converge on the single 

defect. 

In conclusion, the proposed approach leads to quick and 

robust detection with limited sensors within the vibro-

acoustic range where the response of a structure can be 

obtained from local measurements and with the use of cost-

efficient aperture. 
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