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Abstract 

The uncertainties in non-destructive evaluation (NDE) inspections have over the years been 

represented using ‘probability of detection’ or ‘POD’ curves. Determination of POD capabilities of 

NDE methods for different flaw types is often an experimentation and personnel intensive 

operation. Analytical or numerical simulations can provide convenient prior estimates, but 

integrating simulation results with experimental data is a challenge. Here we aim to develop a 

framework for integrating the results from simulation and experiment using the Bayesian approach 

where the data from the simulations are taken as a prior knowledge. In order to find the parameter 

estimate that best describes the experimental data, the likelihood function has to be maximized. The 

simulation results are combined with the maximum likelihood estimates of the experimental data, 

to give us the posterior (updated) knowledge of the parameters. POD curves are obtained for the 

posterior distribution and compared with those from the experiment and the simulation. 
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1. Introduction 

Obtaining material and damage information using non-destructive testing (NDT) procedures 

is often a probabilistic process. If an arifact is very small, non-destructive evaluation (NDE) 

methods may not detect it every time an inspection is performed. Although larger features are more 

likely to be found, factors such as capability and mental acuity of the inspector, the environment, 

ease of access to the inspection site, determine the overall outcome of an inspection campaign. 

Such uncertainty is often captured by ‘Probability of Detection’ POD curves, which map the 

probabilities of detection against characteristic dimensions of material and structural artifact.  

POD curves typically are generated by extensive experimentation which is personnel and 

equipment intensive and hence the cost of generating POD curves is high. Simulations can help us 

reduce experimentation if practical parameters are accurately captured. If we can then combine 
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simulation and experimentation, it can help reduce the quantum of experimentation required for 

generating POD curves, and in turn the costs involved. 

The goal of the work reported here is to use simulation, reduce experimentation and hence 

obtain the same or improved accuracy of obtaining POD curves at a reduced cost. Here we take 

data from the work of Dr. S.K.Nath [1] which considers ultrasonic NDE of flaws in steam turbine 

rotor shaft as representing experimental measurements. Finite Element (FE) simulations for 

corresponding cases have been performed by Mr. M. Zubair, PhD scholar, Centre for 

Nondestructive Evaluation, IIT Madras, Chennai [2]. It is presented in the parallel paper here, Asia 

Pacific Conference on Non Destructive Testing, 2013. We then propose to combine simulation and 

experiment using a Bayesian framework where simulation is taken as a prior knowledge.  

The paper is organized as follows. We first present a description of the methods used, 

including the Bayesian framework for data fusion, POD curve generation for the simulated data, 

and calculation of the Maximum likelihood estimates (MLE) for the experimental data. We then 

calculate the joint parameter estimates and generate POD curves for the joint distribution. These 

results are discussed and finally we conclude with directions for future work. 

2. Methods 

2.1 The Bayesian framework for data fusion 

Let the mean and variance of the simulated results, assuming certain distributions of various factor 

impacting the measurements, be µ0 and     respectively. The Bayes theorem, can be written in our 

context, in the following manner, 

 (    |    ( |      )  (       ∑ ( |      ) (                                                              (1) 

  

where  (    |   refers to the probability of obtaining the mean µ and the variance    of the 

improved knowledge given the experimental data E,  (( |      ) refers to the probability of the 

experimental parameters given the simulation parameters, and  (        refers to the probability of 

the simulation parameters. 

Typically in the NDE reliability assessments, these probabilities are assumed to be log-normally 

distributed. As such the distribution of the posterior probability can be arrived at by taking the joint 

distribution of the prior distribution and the likelihood distribution [3]. Thus, for the model-based 

Bayesian inference, we can write,  



 (    |     ( |         (                                                  (2) 
 

where   (    |   is an un-normalized joint posterior which is proportional to the likelihood  ( |      ) times the prior  (      ).  
2.2 Calculation of POD curves using simulated data  

We make use of simulated (FE) data for calculation of POD curves as prior knowledge. The 

probability of the flaw size, POD (a), is a curve that passes through averages of all the individual 

density functions and hence is a regression equation [4].  

 

Fig.1 Schematic illustrating the calculation of POD (a) from   ̂ vs. a relation  

The signal amplitude data from the NDT measurements assumes that the response is related to the 

flaw dimensions by a simple linear regression model and is given by 

yi           i    i              (3) 

 where  ij ~ N ( ,  2) with the parameters ( 0,  1,  2).  
 

The log normal distribution best describes the signal amplitude data, and hence is commonly used 

in NDE applications. The log normal transformed model is represented as follows, 

  log(yi )         log( i)    i         (4) 
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A detailed description of calculation of the parameters for POD curve estimation has been 

explained in the literature, (for example, see [5, 6]).  

2.3 Maximum Likelihood Estimate of experimental data 

Experiments are performed and the outcomes are observed say in terms of flaw sizes (xi). The goal 

is to find the best estimate of the parameters such that the estimated parameter best describes the 

experimental data (E). Thus, the likelihood function is given  (    |    and a typical shape is 

shown in the figure 2. (See [7] for details) 

 

Fig.2 Typical shape of the likelihood function [7] 

In order to find the parameter estimates that best describe the experimental data, the log-likelihood 

function has to be maximized. The resulting estimates of the parameters are known as the 

maximum likelihood estimate (MLE). The MLE may or may not exist for a given dataset, and if it 

does, it may not necessarily be unique. For the MLE to exist, the log likelihood function should be 

differentiable and should have a single peak. In order to get the MLE of the parameter, the first 

derivative of the log likelihood function is equated to zero.  

  (        ( (    |           (5) 

To check that a unique MLE exists and attains the maximum value, the second derivative has to be 

negative for the entire parameter space. Thus, 

   (         ( (    |           (6) 
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2.4 Calculation of Posterior parameter estimates 

The parameters of the prior, the mean and the variance (µo,
2

o ) are calculated using a 

regression model as described in section 2.2. The probability density function of the prior which is 

assumed to be normally distributed is given by,  

 (        (         ⁄   {   (          }
     (7) 

 

The likelihood function of the experimental data given the prior parameters is given by,  

 (  |        ∏ (        ⁄   {   (    )    }          (8) 

where ‘n’ is the number of flaw sizes. The likelihood function is the product of entire region of the 
flaw sizes (xi). Maximum likelihood estimates are calculated as described in 2.3. 

The posterior distribution is the likelihood times the prior distribution. [8,9]  

  (    |      (  |         (                                                     (9) 

Thus,            (    ⁄      ⁄     ⁄   ,            (10) 

                              (       ∑     ⁄ ⁄  (    ⁄     ⁄                                           (11)   

 

3. Results  

As described in earlier sections, we generate three sets of POD curves – one based on 

experimentation data [1], second using simulation data [2], and lastly, combining them in a 

Bayesian framework with MLE estimates. Table 1 below shows a comparison of the parameter 

estimates obtained in the three cases. 

Table 1: Comparison of parameter estimates as obtained from simulation, experimentation and 

Bayesian data fusion 

 µ      

Prior (simulation) - 0.17 1.93 3.72 

Experiment 0.12 1.33 1.77 

Posterior (Bayesian approach) 0.12 0.12 0.01 



We observe from Table 1 that the posterior mean (µposterior) is the same as the mean from the 

MLE based on the experimentation data. The posterior variance (           ) however, has 

significantly reduced as compared to that from the simulation. These results indicate better 

estimates of the parameters as compared to that from the prior (simulation results) alone. 

Based on the above parameter estimates, POD curves were drawn using the MATLAB 

package [10], as cumulative normal density curves. Figure 3 shows the results, 

 

Fig. 3 Comparison of POD curves (based on experimentation, simulation and Bayesian framework) 

4. Summary and Future work 

In this work, a Bayesian framework has been developed for integrating the results from the 

simulation and the experimentation for generating probability of detection (POD) curves from 

sparse experiment measurements. The simulations were done using finite element (FE) method [2] 

and were taken as a prior knowledge. The data for the experiment was taken from reference [1]. We 

calculated the parameter estimates for the experiment using the MLE method. We used the 

Bayesian approach to combine the parameters (the mean and the variance) from the prior with that 

obtained from the MLE to give the posterior estimates of these parameters. We then generated the 

POD curves based on simulation, experimentation and combination. We observe that the integrated 

POD curve, which represents a combination of experimentation and simulation, is superior to either 

approach in terms of higher POD for any flaw size.  

The current and ongoing work in this project is to obtain POD curves for a larger datasets. 

Moreover, in some cases, analytical integration of the joint distribution of the MLE and the prior 



estimates is computationally difficult because of the large number of parameters involved or 

multiple maximum values of the Likelihood function, hence it is difficult to identify unique 

maxima. Our future work involves using approaches such as Markov Chain Monte Carlo technique 

to overcome the issues stated above. 
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