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ABSTRACT 
 

Load monitoring and damage identification are important tasks in the field of Structural Health 

Monitoring. They are necessary for assessing the structural integrity and predicting the remaining 

useful life time. Reconstructing unknown force inputs or system parameters usually involves the 

solution of an inverse problem. In many applications both, the external forces and the structural 

damage parameters are unknown and only the structural vibration response can be determined by 

means of measurement data. Methods which tackle the combined problem of load reconstruction and 

damage identification are rarely represented and usually require a large number of sensors. The use of 

prior knowledge of the unknown quantities is advisable for solving the combined inverse problem. In 

this contribution a sparsity-based reconstruction method is developed for identifying the structural 

force excitation and damage parameter simultaneously by using output-only acceleration data. Here 

damage is interpreted as additional load (virtual distortion). The properties of L1-minimization 

techniques allow are liable estimation of the external forces along with the virtual distortion. A proof-

of-concept experiment of a quadratic aluminum plate is presented. It shows that the proposed 

reconstruction method is able to identify the external force and damage parameter by using a 

significantly lower number of accelerometers. 

 
 

1. Introduction 
 

The knowledge of structural damage and external applied mechanical load is essential for performing 

a holistic structural monitoring. After many decades of research in the field of structural monitoring, 

numerous methods have been developed for solving the problem of load and damage identification 

separately. Reconstructing unknown force inputs or system parameters usually involves the solution of 

an inverse problem which is mostly ill-posed. 

For separate identification of loads or damages it is assumed that the other parameter is known. The 

reliability of the separate monitoring systems depends on the precise knowledge of these parameters. 

In reality both, the external forces and the structural damage parameters can be unknown and only the 

structural vibration response can be determined by means of measurement data. 

Therefore, it seems reasonable to develop strategies which reconstruct the coexisting external loads 

and structural damage together. However, approaches which tackle the problem of load reconstruction 

in combination with damage identification are only rarely represented, e.g. 
[1, 2]

. All of the existing 

methods require a huge number of sensors, which is mostly on the order of the degrees of freedom of 

the observed structure. 
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In this contribution a novel approach for solving the coupled inverse problem is presented by using 

sparse reconstruction techniques. Sparse reconstruction strategies in combination with L1-

minimization have proven to be very successful in many fields of applied mathematics (e.g. 

Compressive Sensing 
[3]

). They open up a whole new field of opportunities for structural health 

monitoring algorithms. 

This contribution is largely based on 
[4]

. However, some additional results are presented and the theory 

is generalized. This paper is structured as follows: In the following section the reformulation from a 

combined external force and system parameter estimation problem to a pure force identification 

problem is described. In the next sections the transformation of the obtained ill-posed inverse problem 

into a sparse recovery problem is shown and the sparse solution of this problem by using L1-

minimization is introduced. A proof-of-concept example and the obtained results are discussed in the 

last two sections. 

 

2. Problem Formulation via the Virtual Distortion Method 
 

In this section the problem of simultaneous estimation of external loads and structural damage is 

described more closely. Moreover, the required problem transformation by employing the Virtual 

Distortion Method (VDM) is introduced. 

The virtual distortion method was originally developed as a fast reanalysis tool for static and dynamic 

structural response simulation 
[5]

. The VDM allows the response computation of a damage structure by 

employing the model of the intact structure and an additional pseudo load: the virtual distortion. The 

response of the damaged structure is expressed as a linear combination of the undamaged structural 

response excited by the actual external load and an additional certain virtual distortion. The intact 

structure is assumed to be linear. However, potential nonlinearities can also be modeled by means of 

an appropriate virtual distortion loading. When using finite element models the damage can be 

modeled by applying a virtual distortion pseudo-load at the degrees of freedom (DOFs) of the 

damaged element. This methodology is valid, as modifications of any element are transferred to the 

neighboring elements only through its internal nodal forces 
[1]

. Thus, the structural response can solely 

be described by the original undamaged structural model and a certain local characteristic load. 

The linear equation of motion for the intact structure reads as follows: 𝐌0�̈�0(𝑡) + 𝐂0�̇�0(𝑡) + 𝐊0𝐮0(𝑡) = 𝐟(𝑡) (1) 

In Eq. (1) 𝐌0 ∈ ℝ𝑛×𝑛, 𝐂0 ∈ ℝ𝑛×𝑛 and 𝐊0 ∈ ℝ𝑛×𝑛 indicates the mass, damping and stiffness matrices 

for a 𝑛 DOFs undamaged structural model. The nodal displacements and its time derivatives of the 

undamaged structure are 𝐮0(𝑡) ∈ ℝ𝑛, �̇�0(𝑡) ∈ ℝ𝑛 and �̈�0(𝑡) ∈ ℝ𝑛. 𝐟(𝑡) ∈ ℝ𝑛 is the external applied 

force vector. 

The same external force 𝐟(𝑡) applied to the damaged structure leads to: (𝐌0 + Δ𝐌)�̈�(𝑡) + (𝐂0 + Δ𝐂)�̇�(𝑡) + (𝐊0 + Δ𝐊)𝐮(𝑡) = 𝐟(𝑡) (2) 

Here, the damage is modeled as modification of structural mass Δ𝐌 and a structural damping and 

stiffness change Δ𝐂  and Δ𝐊 , respectively. Now 𝐮(𝑡) ∈ ℝ𝑛  describes the nodal vibration of the 

damaged system. By rearranging eq. (2) and moving the change of mass, damping and stiffness to the 

right hand side 𝐌0�̈�(𝑡) + 𝐂0�̇�(𝑡) + 𝐊0𝐮(𝑡) = 𝐟(𝑡) + 𝐟ΔM(𝑡) + 𝐟ΔC(𝑡) + 𝐟ΔK(𝑡), (3) 

the undamaged system is subject to the actual load 𝐟(𝑡) and some pseudo loads 𝐟ΔM(𝑡) = −Δ𝐌�̈�(𝑡) , 𝐟ΔC(𝑡) = −Δ𝐂�̇�(𝑡)   and    𝐟ΔK(𝑡) = −Δ𝐊𝐮(𝑡) (4) 

which in turn depends on the structural response 𝐮(𝑡), �̇�(𝑡) and �̈�(𝑡). For example, the global stiffness 

change can be expressed on a local element or substructure level:  



 

 

 

Δ𝐊 = ∑ 𝐊jΔajJj=1 , (5) 

The total number of elements or substructures is indicated by J  and 𝐊j  denotes the element or 

substructures stiffness matrix with appropriate dimensions. For damages like e.g. cracks only the 

stiffness of a very few elements in a spatially concentrated region is reduced. Thus, the virtual 

distortion load is solely applied at these damaged element nodes. Now, reconstruction of coexisting 

external loads and structural damage can be interpreted as a pure forces identification problem. 
Commonly, in terms of force reconstruction a different system formulation is used 𝐲(𝑡) = ∫ 𝐡0(𝑡 − 𝜏)𝑡0 𝐟(𝜏)dτ, (6) 

which directly links the loads 𝐟(𝑡) ∈ ℝ𝑓 with the actual physical measured output 𝐲(𝑡) ∈ ℝ𝑟. Here, 

the force input 𝐟(𝑡) contains all actual external loads and the virtual distortion pseudo loads. 𝐡0(𝑡) ∈ℝ𝑟×𝑓 denotes a matrix containing the impulse response functions (IRF) ℎ𝑖,𝑗. The IRF ℎ𝑖,𝑗 describes the 

transmission of force applied at a discrete input position 𝑗 = 1, 2,… , 𝑓 to the structural responses at 

output position 𝑖 = 1, 2, … , 𝑟  for a linear system. In a discrete time domain 𝑡 = 𝐾Δ𝑡 , (𝐾 =0, 1, 2,… ,𝑁), the convolution integral of eq. (6) becomes a convolution sum: 

𝐲𝐾 = ∑𝐡𝑘UD ⋅ 𝐟𝐾−𝑘𝐾
𝑘=0  (7) 

Here, 𝐡𝑘UD ∈ ℝ𝑟×𝑓 are the so-called Markov parameters at time step 𝑘 of the undamaged system (UD). 

The transformation from the second order differential equation of motion (eq. (3)) into the Markov 

parameters of eq. (7) is straightforward by using a discrete time state space formulation with an 

additional measurement equation. Rewriting the algebraic eq. (7) in vector-matrix form 𝐘 = 𝐇 ⋅ 𝐅 (8) 

with the measurement vector 𝐘 ∈ ℝ𝑟⋅𝐾, the transition matrix 𝐇 ∈ ℝ𝑟⋅𝐾×𝑓⋅𝐾 and the force input vector 𝐅 ∈ ℝ𝑓⋅𝐾 . Hence, simultaneous identification of external force and damage becomes the inverse 

problem of solving eq. (8) for 𝐅. 

Difficulties arise as the inverse problem is usually underdetermined if the number of measurement 

sensors 𝑟 is not greater or equal to the number of unknown force inputs and the number of virtual 

distortions 𝑓. Moreover, the VD-pseudo load and external force superimpose themselves in an additive 

manner. Therefore, a separation is difficult to perform. 

 

3. Force Reconstruction using Dictionaries 
 

In this contribution a prior knowledge of the external loads and the virtual distortion are employed to 

transform the inverse problem into a sparse recovery task. For most practical applications the external 

loads are not arbitrarily distributed in time and space, at least some information of the external load 

characteristics are available and can be taken into account in the identification process. 

Frequently occurring loading conditions are impact events. As they are of particular concern for the 

structural integrity, the proposed reconstruction method is demonstrated by means of such impact 

loads, but is straightforward for any other type of loading conditions (e.g. harmonic loads) or a 

combination of different types (see 
[6]

 for pure external load identification). Figure 1 shows exemplary 

the time history of an external applied impact load and the according virtual distortion loading for an 

additional mass loading. 

 



 

 

 

 
 

Figure 1. Comparison of external load (left) and corresponding virtual distortion load (right) 

 

It can be seen that impact forces are characterized by a short time duration and a spatial concentration. 

The pulse-shape of the impact force history is commonly modeled as half or quarter cycle-sine pulse 

functions 
[7]

. Thus, the force history can be described by three parameters: the pulse width Δ, indicated 

by Δ ∈ [Δmin, Δmax], time T ∈ [0, Tmax] at which the magnitude is reached and the magnitude value 

of this pulse 𝑎𝑇,Δ ∈ ℝ itself. However, if the impact is intended to be reconstructed using measured 

structural responses these parameters are unknown and need to be identified. Additionally, the location 

where the load is applied is unknown as well 
[6]

. 

However, by employing these parameters, an impact dictionary �̃�𝐼 can be created which contains the 

force time history of all potential parameter combinations at all potential force input locations. To this 

end, the interval [0, Tmax] needs to be discretized according to the sampling time with T = 𝑙𝛥𝑡, (𝑙 =0, 1, 2,… ,𝑚) and Tmax = 𝑚Δ𝑡 and also the interval [Δmin, Δmax] describing the range of potential 

impact durations, has to be discretized appropriately, with Δ = Δmin + (𝑝 − 1)Δ𝑝,  and (𝑝 =0, 1, 2,… , 𝑞). By multiplying this dictionary �̃�𝐼 ∈ ℝ𝑓⋅𝐾×𝑓⋅𝑚⋅𝑞 by a vector 𝐀𝐈 ∈ ℝ𝑓⋅𝑚⋅𝑞 �̂�𝐼 = �̃�𝐼 ⋅ 𝐀𝐼, (9) �̂�𝐼 equals now the actual force input of a single impact, only if all entries in 𝐀𝑰 are zeros, except the 

one which belongs to the actual impact. Here 𝐀𝐈 can be considered as a magnitude vector, if the force 

histories in �̃�𝐼 are normalized to unity 
[8]

. 

 

 
 

Figure 2. By pre-multiplying a force dictionary, combined force and damage identification becomes a 

sparse recovery problem 

 



 

 

 

Now, a similar dictionary needs to be created for the virtual distortion load. From eq. (4) it is known 

that the dynamic characteristics of the virtual distortion are defined by structural vibration of the nodes 

of the damaged element (see also figure 1). These structural vibrations are in turn determined by the 

external load characteristic. For an impact load the structural response will be dominated by the 

eigenfrequencies 𝜔𝑖𝐷 of the damaged system, which usually are shifted from the eigenfrequencies 𝜔𝑖𝑈𝐷 

of the undamaged structure: 𝜔𝑖𝐷 = 𝜔𝑖𝑈𝐷 + Δ𝜔𝑖 , (10) 

Especially for lower eigenfrequencies the shift Δ𝜔𝑖 is quite small. So, the damaged eigenfrequencies 𝜔𝑖𝑈𝐷 can be found within a narrow frequency band around the undamaged ones. Thus, the second 

input dictionary �̃�𝑉𝐷 ∈ ℝ𝑓⋅𝐾×𝑓⋅𝑠 for the virtual distortion load contains cosine and sine forces with 

frequencies in these bandwidths and normalized amplitude and can be considered as a selection of the 

columns of the inverse Fourier transformation matrix. The size 𝑠  of the considered frequencies 

depends on the number of significant eigenfrequencies. By multiplying this simple dictionary with an 

amplitude vector 𝐀𝑉𝐷 ∈ ℝ𝑓⋅𝑠 �̂�𝑉𝐷 = �̃�𝑉𝐷 ⋅ 𝐀𝑉𝐷 , (11) 

the actual virtual distortion can be constructed by employing only a few elements out of the vector 𝐀𝑉𝐷, which correspond to the damaged element nodes. As a remark, if the system is excited by a 

periodic load, then the virtual distortion will also be composed of these excitation frequencies, which 

can be analogously used for creating a dictionary. 

The impact and the virtual distortion load dictionary are united to an entire input dictionary �̃� =[�̃�𝐼�̃�𝑉𝐷] ∈ ℝ𝑓⋅𝐾×𝑓⋅(𝑚⋅𝑞⋅𝑠) with an associated entire magnitude vector 𝐀 = [𝐀𝐼𝑇𝐀𝑉𝐷𝑇 ]𝑇 ∈ ℝ𝑓⋅(𝑚⋅𝑞⋅𝑠). If 

this entire dictionary is used as a load input to the system, it follows from Equation (8): 𝐘 = 𝐇 ⋅ �̃� ⋅ 𝐀 = �̃� ⋅ 𝐀, (12) 

with the new transition matrix �̃� = 𝐇 ⋅ �̃� ∈ ℝ𝑟⋅𝐾×𝑓⋅(𝑚⋅𝑞⋅𝑠) . Now force reconstruction becomes a 

problem of solving Equation (12) for 𝐀. However, it can be easily seen that �̃� tends to have a lot more 

columns (𝑁 ≔ 𝑓 ⋅ (𝑚 ⋅ 𝑞 ⋅ 𝑠))  than rows (𝑀 ≔ 𝑟 ⋅ 𝐾) . Hence the linear system of equations in 

Equation (9) has a lot more unknowns than knowns and thus solving for 𝐀 is in general not possible. 

But it is known that 𝐀 has just a very few nonzero entries and can therefore considered as sparse 

vector. The property of sparsity of the desired magnitude vector 𝐀 is used in the following to obtain an 

optimal estimate. 

 

4. Sparse Solutions of Inverse Problems 
 

The sparse solution of a high-dimensional underdetermined problem is an application of Occam’s 
Razor: in face of many possibilities, all of which are plausible, favor the simplest candidate 

solutions 
[9]

. 

A possibility to obtain a sparse solution for the linear system in Equation (12) is to minimize the L0-

norm of the solution vector 𝐀: �̂�0 = argmin𝐀∈ℝ𝑁‖𝐀‖𝟎   subject to   𝐘 = �̃� ⋅ 𝐀 (13) 

The L0-norm specifies the number of nonzero entries of 𝐀. Eq. (13) leads to the sparsest solution 

which agrees with the measurement vector 𝐘. Unfortunately, solving eq. (13) requires a combinatorial 

search, which makes it nearly impossible to solve computationally. Under the assumption of a sparse 

solution, e.g. in 
[10]

 it has been shown that by replacing the L0-norm with the L1-norm almost the same 

solution can be obtained as solving Equation (10): 



 

 

 

�̂�1 = argmin𝐀∈ℝ𝑁‖𝐀‖𝟏   subject to   𝐘 = �̃� ⋅ 𝐀 (14) 

Now, the solution to equation (11) can be found by applying linear programming techniques, since L1-

regularized optimization is a convex problem. 

For a measured output vector 𝐘, the measurement data are usually polluted by some measurement 

noise and eq. (14) needs to be modified: �̂� = arg min𝐀∈ℝ𝑁 {‖𝐘 − �̃� ⋅ 𝐀‖22 + 𝜆‖𝐀‖1 } (15) 

This problem is known as basis pursuit denoising (BPDN) 
[11]

. In this case, a least-squares 

minimization is combined with an L1-norm which penalizes solutions with many nonzero elements. 

The parameter 𝝀 regularizes the trade-off between sparsity of the solution and congruence of 𝐘 and �̃�𝐀. 𝝀 can be adjusted according to the noise level. In recent years, the possibility of finding a sparse 

solution via L1-minimization has been attracted a lot of attention, particularly in the field of 

Compressive Sensing (CS). Hence, a number of algorithms have been developed to solve eq. (14) and 

(15) (e.g. 
[12]

 and 
[13]

). In this contribution the so called In-Crowd Algorithm developed by Gill et al. in 

2011 is employed 
[9]

. This algorithm is one of the fastest solvers for very large sparse problems. 

 

5. Proof-of-Concept Study 
 

In order to demonstrate the functionality of the proposed combined load and damage identification 

strategy a proof-of-concept simulation study is performed. The observed mechanical structure is a 

simple square aluminum plate of 1m × 1m edge length and 2mm thickness. The structural dynamics 

of the plate due to external forces are described by a finite element model. The plate is modeled by 

121 quadratic shell elements and 144 nodes, each with 6 degrees of freedom (see fig. 3). The 

employed structural responses are simulated acceleration measurements perpendicular to the plate 

plane. The obtained simulated measurement signals are low-pass filtered with a cut-off frequency of 

200Hz. Thus, for detection only the low frequency content of the time signals is employed. White 

Gaussian noise, with a standard deviation of three percent of the maximum measurement value, is 

added to the simulated outputs to imitate real acceleration measurement data. The number of used 

accelerometers is 15 which is significantly lower than the number of DOFs. 
 

 
 

Figure 3. Node numbering of finite element model 
 

The input vector �̂� is reconstructed according to eq. (15). The obtained elements of �̂� can be assigned 

to those which belong to the impact force dictionary and those which correspond to the virtual 

distortion load. Considering the positions of these non-zero elements of �̂� the impact and the structural 



 

 

 

damage position can be directly localized. Furthermore, the force history can be simply calculated by 

eq. (9). A reconstruction result can be seen in Fig. 4. It shows the identified force history and virtual 

loading. The external impact load is detected very precisely. The reconstructed virtual load deviates 

from the exact loading. These deviations are due to simplifications made for creating the virtual 

distortion load dictionary, e.g. neglecting damping effects. However, both loading types are located 

correctly. 

 

 
 

Figure 4. Result of simultaneous force identification; left: reconstruction of the force history; right: 

Virtual load for a single additional mass of 0.24kg 
 

In order to determine the damage extent Δ𝐊, Δ𝐂 and/or Δ𝐌 the information of damage location is 

used to reduce the order of unknown parameter space so that just the parameter which corresponds to 

the identified damage location is considered. Thus, the reconstructed time history of the virtual load 

will not be employed at this point. Only the identified damage location is used in the next step. By 

reducing the system parameter space, it is possible to perform time domain parameter estimation via 

Extended-Kalman Filter methods, like it is described e.g. in 
[14]

. 

For the proof-of-concept example additional masses have been placed at different plate positions and a 

Monte-Carlo simulation have been performed. In each run the input position, impact magnitude, mass 

modification position and mass value have been chosen randomly. Damage scenarios for 1 up to 4 

additional masses are considered. 
 

 

 
 

Figure 5. Force reconstruction of Monte Carlo simulation: left: Localization the excitation position; 

right: Mean deviation of the maximum force value estimate 



 

 

 

 
 

Figure 6. Damage detection for Monte Carlo simulation: left: Correct localization; right: Mean 

deviation of the size of the damage 

 

Fig. 5 shows simulation results for force reconstruction. In fig 6 the results for mass identifications are 

displayed. The force input position and the position of mass modification has been localized very 

reliably for just one additional mass. The results of magnitude impact force estimation and mass 

modification quantification can also be seen in fig. 5 and 6 for a correct localization. For both values 

the estimation error is within reasonable limits. However, the damage identification reliability 

decrease for an increase of damage positions, since the solutions vector is less sparse in such cases. 

 

6. Conclusions 
 

Compared to the state-of-the-art reconstruction methods for simultaneous load and damage 

identification the proposed identification strategy requires a significant lower number of sensors to 

solve the combined inverse problem. To transform the inverse problem into a sparse recovery task, 

prior knowledge of the requested quantities is employed only in form of the rough load characteristics. 

However, care must be taken creating the undamaged structural model, as the reconstruction results 

will rely on this underlying model. Even L1-reconstruction has shown to be more robust against 

modelling errors than other algorithms. 
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