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ABSTRACT 
 

Dynamics characteristics such as natural frequencies and mode shapes presents current performance of 

structures. Due to natural hazards or aging problems, structures may have degraded strength or reduced 

stiffness that can induce a critical safety issue. Thus, damage detection methods based on vibrational 

measurements of structures become important to diagnose integrity of structures. In this study, six mode 

shape-based damage detection methods are numerically investigated based on the first mode shape to 

evaluate effectiveness of determining damage existence and locations. These methods include the mode 

shape curvature method, bending energy damage index method, the modal assurance criterion method, 

strain energy damage index method, continuous wavelet transform method, and the method of changes 

in the first mode shape slopes. First, a bunch of mode shapes are obtained from the numerical model of 

a shear-type ten-story building with various damage patterns in terms of story stiffness. The finite 

difference method is exploited to compute the slopes and curvatures of mode shapes. In numerical 

examples, these six methods are explored to evaluate the capabilities of detecting a single and multiple 

damage locations. As seen in the results, the strain energy damage index, continuous wavelet transform, 

and first mode shape slopes methods exhibit high performance to determine damage existence and 

locations.  

 
 

1. Introduction 
 

Damage of structures can raise concerns about safety issues to users. Minor damage in structures may 

not be critical to structural safety; however, users may not exactly know the severity of damage in 

structures. Thus, structural health monitoring (SHM) becomes a strategy that can estimate current 

performance and safety of structures. Users can be informed regarding the levels and locations of 

damage in structures before the damage has been turned into a serious problem. 

 

One of the commonly seen methods in the field of SHM is to regularly obtain dynamic characteristics 

of structures through operational modal analysis. These dynamic characteristics include natural 

frequencies, damping ratios, and mode shapes over a number of vibrational modes. If structures suffer 

some damage or have some defects, these dynamic characteristics will have some changes. These 

changes provide a source to determine and localize the damage or defects. For examples, cracks which 

occur in a structure result in decreased stiffness. The decreased stiffness lowers natural frequencies in 

the first few modes. The mode shapes would have corresponding variations as compared to those of the 

undamaged structure. If features can be extracted from these changes in natural frequencies and mode 

shapes, the damage in a single or multiple spot(s) can be determined and localized.  
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In this research, six mode shapes-based damage detection methods are investigated. The objective of 

this study is to exploit these methods for damage detection by means of the first mode shapes only. For 

example, Pandey et al. (1991) employed mode shape curvatures to successfully localize damage regions 

of a structure[1]. Stubbs et al. (1995) utilized mode shapes to derive strain energy and computed the 

energy ratio of a structure before and after the occurrence of damage[2]. This energy ratio can identify 

the locations of damage[3]. Allemang and Brown (1982) applied mathematical approach to analysing the 

relationship between the mode shapes of a structure before and after the occurrence of damage[4]. Lieven 

and Ewins (1998) advanced this mathematically comparative approach and proposed a coordinate modal 

assurance method that can improve the accuracy of damage detection using mode shapes[5]. Mallat (1998) 

facilitated the wavelet transform to find the singular points in mode shapes that can identify damage 

locations[6]. Zhu et al. (2011) found that use of first mode shapes can directly locate damage of a structure 

by means of the dynamic characteristic equation. All the aforementioned methods are numerically 

explored in this study for damage detection in terms of occurrence and localization. This numerical 

example consists of a ten-story shear-type building with two damage scenarios. In each scenario, the 

damaged story has three levels of reductions in stiffness. By comparing the successfulness, the six 

damage detection methods are evaluated.   

 

2. Damage Detection Methods 
 

This section briefly introduces six mode-shape based damage detection methods including the mode 

shape curvature (MSC) method, bending energy damage index (BEDI) method, the modal assurance 

criterion (MAC) method, strain energy damage index (SEDI) method, continuous wavelet transform 

(CWT) method, and the method of changes in the first mode shape slopes (CFMSS).   

 

2.1 Mode Shape Curvature 
 

The variations of mode shape curvatures are correlated with damaged regions of a structure because 

curvatures are associated with the bending stiffness of the structure[1]. A mode shape curvature can be 

presented by 

 𝜙”(𝑥) =  
𝑀𝐸(𝑥)𝐼(𝑥)  =  𝜙(𝑥+ℎ)+𝜙(𝑥−ℎ)−2𝜙(𝑥)ℎ2      (1) 

 

where  𝜙”(𝑥) denotes the curvature calculated from the mode shapes 𝜙(𝑥) at location x; M is the 

bending moment; E(x) is the Young’s Modulus at location x; I(x) is the moment of inertia; h is the height 

of each story. If the building has damage, the reduction of E(x)I(x) will result in changes of the mode 

shape curvatures. The changes can be indicated by 

 𝑀𝑆𝐶𝑗 = ∑ |𝜙′′𝑖,𝑗∗ − 𝜙′′𝑖,𝑗|𝑁𝑖=1      (2)    
 

where 𝜙′′𝑖,𝑗 and 𝜙′′𝑖,𝑗∗  are the mode shapes before and after the occurrence of damage; i and j indicates 

the i-th mode and j-th location in a structure; N is the number of modes of interest.  

 

2.2 Bending Energy Damage Index 
 

The bending energy damage index method calculates a damage index based on the mode shape 

curvatures[2]. This index can be represented by 

 𝐵𝐸𝐷𝐼 =  ∑ (∑ (𝜙′′𝑖,𝑗∗)2𝑚𝑗=1 +(𝜙′′𝑖,𝑗∗)2) ∑ (𝜙′′𝑖,𝑗)2𝑚𝑗=1(∑ (𝜙′′𝑖,𝑗)2𝑚𝑗=1 +(𝜙′′𝑖,𝑗)2) ∑ (𝜙′′𝑖,𝑗∗)2𝑚𝑗=1Ni=1    (3) 

 

where 𝜙′′𝑖,𝑗 and 𝜙′′𝑖,𝑗∗  are the mode shapes before and after the occurrence of damage; i and j indicates 

the i-th mode and j-th location in a structure; N is the number of modes of interest. 



 

 

 

2.3 Modal Assurance Criterion  
 

The modal assurance criterion is a method to present the correlation between two mode shapes, and this 

criterion can also provide the information of damage existence[4]. To further detect damage locations, 

the coordinate modal assurance criterion (COMAC) can be employed[5]. Thus, both MAC and COMAC 

indices are written by 

 𝑀𝐴𝐶𝑖,𝑘 =  |∑ (𝜙𝑖,𝑗 ∙ 𝜙𝑘,𝑗∗ )𝑚𝑗=1 |2
(∑ ‖𝜙𝑖,𝑗‖2𝑚𝑗=1 )(∑ ‖𝜙𝑘,𝑗∗ ‖2𝑚𝑗=1 )，𝐶𝑂𝑀𝐴𝐶𝑗 =  |∑ (𝜙𝑖,𝑗 ∙ 𝜙𝑖,𝑗∗ )𝑁𝑖=1 |2

(∑ ‖𝜙𝑖,𝑗‖2𝑁𝑖=1 )(∑ ‖𝜙𝑖,𝑗∗ ‖2𝑁𝑖=1 )     (4) 

 

where ∙ indicates the dot product of two vectors; i and k represents the i-th and k-th modes; j denotes the 

j-th locations; m is the total number of stories; N is the number of modes of interest. Moreover, 𝑀𝐴𝐶𝑖,𝑘  represents the i-th mode shape of the undamged structure and the k-th mode shape of the 

damaged structure. 𝐶𝑂𝑀𝐴𝐶𝑗 indicates the j-th location with respect to damage levels.  

 

2.4 Strain Energy Damage Index 
 

The strain energy damage index generates the damage index based on the strain energy variations before 

and after the occurrence of damage in a structure. The stiffness matrix is formed by a shear-type structure, 

then the strain energy damage index can be derived as 

 𝛽𝑗 = ([𝜙𝑖∗]T[𝑈𝑗][𝜙𝑖∗]+∑ [𝜙𝑖∗]T[𝑈𝑗][𝜙𝑖∗])𝑁𝑖=1([𝜙𝑖]T[𝑈𝑗][𝜙𝑖]+∑ [𝜙𝑖]T[𝑈𝑗][𝜙𝑖]𝑁𝑖=1 ) [𝜙𝑖]T[𝑈𝑗][𝜙𝑖][𝜙𝑖∗]T[𝑈𝑗][𝜙𝑖∗]   (5) 

 

where  𝑈𝑗  denotes the j-th local stiffness contribution (i.e., the j-th story) with respect to the global 

stiffness matrix. 

 

2.5 Continuous Wavelet Transform 
 

The continuous wavelet transform can present instant frequency components over time[6]. This wavelet 

transform can be applied to the difference of mode shape slopes before and after the occurrence of 

damage in a structure such as 

 W𝜙𝑖′(𝑢 , 𝑠) =  〈𝜙𝑖′, 𝜓𝑢,𝑠〉 = 1√𝑠 ∫ 𝜙𝑖′(𝑥)𝜓 (𝑥−𝑢𝑠 ) d𝑥+∞−∞    (6) 

 

where  𝜓 is the mother wavelet function. This position-frequency representation of the difference of the 

i-th mode shape slopes shows the discontinuousness in high frequencies. To highlight this 

discontinuousness, a marginal spectrum can be used by accumulating the amplitudes in Eq. (6) over 

frequencies.  

 

2.6 Changes in the First Mode Shape Slopes 
 

The method of changes in the first mode shape slopes exploits the dynamic characteristic equation to 

verify that the first mode shape slopes can be a good indication of structural damage[7]. The mode shape 

slopes is given by 

 

 𝐶𝐹𝑀𝑆𝑆 = (𝜙1𝑗∗ −𝜙1(𝑗−1)∗ℎ𝑗 ) − (𝜙1𝑗−𝜙1(𝑗−1)ℎ𝑗 )     (7) 

 

where  ∆𝜙1𝑗′  represents the difference of the first mode shape slopes at the j-th location. This method is 

only valid for a cantilever-type structure.  



 

 

 

3. Numerical Examples 
 

In this research, a ten-story shear-type building is employed to evaluate six mode shapes-based damage 

detection method. For all these methods, only the first mode shape are taken into account to examine 

performance of damage detection. This building consists of a 100-kg mass, 1 m high, and 10,000-N/m 

stiffness per story. Two scenarios are considered: a) only the second story has damage and b) both 

second and fifth stories have damage. Structural damage is mimicked by a stiffness reduction, and three 

levels of reductions are considered including 15%, 45%, and 75%. Fig. 1 illustrates the damage locations 

in simulation.  

 

 
Figure 1. Illustration of two damage scenarios in the ten-story shear-type building 

 

To determine damage locations, each method has a different criterion. The MSC method needs to be 

normalized by 

 (𝑀𝑆𝐶)n =  𝑀𝑆𝐶/max (|𝑀𝑆𝐶|)    (8) 

 

where  max (𝑀𝑆𝐶)  denotes the maximum entry in the difference vector of the first mode shape 

curvatures. When  (𝑀𝑆𝐶)n exceeds 0.5, the damage is viewed to be detectable. In the BEDI method, 

the building is damaged if the index is greater than 1. In the MAC-COMAC method, if the MAC is 

lower than 0.7, the structure is viewed to be damaged. Meanwhile, the COMAC is employed to 

determine the damage locations. The SEDI method assesses damage by the same approach as the BEDI 

method. In the CWT method, the marginal spectrum is normalized by a norm. Then, the damage location 

is determined by the normalized marginal spectrum exceeding 0.5. The CFMSS method detects damage 

when the ratio of the first mode shape slopes is greater than 0. 

 

3.1 Single Damage Location 
 

As seen in Fig. 1, the single damage location is at the second floor. Table 1 shows the damage detection 

results for the scenarios of the single damage location. In this table, 1 means that damage has been 

detected by the method, while blanks mean that no damage is detected. Most of damage detection 

methods used in this study is capable of identifying the damage locations except for the MAC-COMAC 

method. Moreover, the MSC and BEDI methods introduced some faulty detections in the first floor.    

 

3.2 Multiple Damage Locations 
 

When the building has two damage locations at the second and fifth floors, the results are presented in 

Table 2. Similarly, 1 means that damage has been detected by the method, while blanks mean that no 

damage is detected in this table. As seen in the results, the MSC and BEDI methods introduce some 

faulty detections of damage, while the SEDI, CWT, and CFMSS methods can exactly locate the damage. 

Therefore, this numerical investigation concludes that the SEDI, CWT, and CFMSS methods are 

applicable for damage detection of shear-type buildings based only on the first mode shapes.   



 

 

 

Table 1. Damage detection results of a single damage location: 15%, 45%, and 75% stiffness 

reduction from top to bottom 
Method (15%) 1 2 3 4 5 6 7 8 9 10 

MSC 1 1         
BEDI 1 1         
MAC           
SEDI  1         
CWT  1         

CFMSS  1         
Method (45%) 1 2 3 4 5 6 7 8 9 10 

MSC 1 1         
BEDI 1 1         
MAC           
SEDI  1         
CWT  1         

CFMSS  1         
Method (75%) 1 2 3 4 5 6 7 8 9 10 

MSC 1 1         
BEDI 1 1         
MAC           
SEDI  1         
CWT  1         

CFMSS  1         
 

Table 2. Damage detection results of multiple single damage locations: 15%, 45%, and 75% stiffness 

reduction from top to bottom 
Method (15%) 1 2 3 4 5 6 7 8 9 10 

MSC 1 1  1 1      
BEDI 1 1   1      
MAC           
SEDI  1   1      
CWT  1   1      

CFMSS  1   1      
Method (45%) 1 2 3 4 5 6 7 8 9 10 

MSC 1 1  1 1      
BEDI 1 1  1 1      
MAC           
SEDI  1   1      
CWT  1   1      

CFMSS  1   1      
Method (75%) 1 2 3 4 5 6 7 8 9 10 

MSC 1 1  1 1      
BEDI 1 1  1 1      
MAC           
SEDI  1   1      
CWT  1   1      

CFMSS  1   1      

 



 

 

 

3. Conclusions 
 

This study investigated six mode shape-based methods for damage detection of a shear-type building. 

All these methods included the mode shape curvature method, bending energy damage index method, 

the modal assurance criterion method, strain energy damage index method, continuous wavelet 

transform method, and the method of changes in the first mode shape slopes. These methods derived 

associated indices based on the 1st mode shapes or their derivatives. A shear-type building with two 

damage scenarios were introduced to evaluate effectiveness of these damage detection methods. As 

found in the results, most of the methods were able to identify the damage existence and to locate the 

damage. The SEDI, CWT, and CFMSS methods were capable of providing an accurate indication of 

damage when only a single damage location occurred. For multiple damage locations, the CWT and 

CFMSS methods had better performance because other methods could introduce some faulty detections.  
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