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ABSTRACT 
 

Damage like crack can occur in bridge decks during long-time service, and detecting damage is crucial 

to ensure the safety of bridges. Damage can cause singularity in deflections of bridges; by extracting 

such singularity, damage can be indicated and located. Moving loads are commonly employed to 

generate flexural deflections of bridges, and such deflections can be obtained by sensors along bridges. 

Speeds of moving loads are of great effect on the efficiency of damage detection in bridges. Addressing 

this problem, this study formulates the closed-form solution of bridge deflections under moving loads 

with any given speed based on Euler-Bernoulli beam theory, relying on which the singularity spectrum 

with variables of load speed and deflection location is established after processed by wavelet transform. 

Then, optimal speed of a moving load is obtained by investigating the effect of moving load speeds on 

efficiency of damage detection in bridges. Moreover, sensitivity of optimal speeds to damage location 

and extent is also studied. The proposed method to determine the optimal speed of a moving load can 

be applied to a real scenario of damage detection in a bridge. 

 

 

 
 

1. Introduction 
 

Structural damage detection is a research area in, among others, civil, mechanical, aerospace, military, 

and maritime fields[1]. It is generally considered that a damaged structure produces abnormal changes 

concealed in structural behaviour[2]. By extracting the abnormality, damage identification procedures 

can be carried out to evaluate the damage condition and even predict the residual service life of the 

structure being inspected. To assess the damage condition of a structure, four operational levels are 

usually targeted: judging the occurrence of damage, locating damage, quantifying damage and 

predicting the service life of the structure[3]. Because damage can result in variations of structural 

physical integrity which further cause alteration of structural dynamic characteristics, the achievement 

of damage assessment at each level relies primarily on analysing the changes in structural dynamic 

characteristics. 
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A bridge is typically an important structure and its importance has once more been stressed due to 

the construction of a number of long-span bridges worldwide[4]. Serving in complicated conditions such 

as aging, dynamic loads, environmental influences and overuse, a bridge suffers various types of damage, 

e.g., cracking and fatigue. Compared with environmental factors such as corrosion, material loss, 

support deterioration, a moving load is a more crucial element which affects the condition of bridges[5]. 

A moving load produces greater stresses and deflections than the equivalent static load. To ensure safety 

and normal operation, damage identification in bridges is of significant interest in structural damage 

detection research. In particular, damage detection in bridges subjected to moving loads is an active 

research focus. Various studies have demonstrated that the dynamic characteristics of bridges bearing 

cracks due to moving loads convey sufficient information about damage. The dynamic characteristics 

used to portray damage involve deflection[6], mode shape[7], acceleration[8], moving principal component 

analysis[ 9 ], virtual distortion[ 10 ], dynamic response sensitivity[ 11 ], footprints of the Dynamic 

Amplification Factor[12], differences in modal curvature[13] and strain sensing[14]. 

The WT is a mathematical tool that can decompose a temporal signal into a summation of time 

domain basis functions for measuring the time-frequency variations of spectral components[15].This 

simultaneous time-frequency decomposition gives the WT a special advantage over the traditional FT 

in analysing nonstationary signals. Unlike the FT, where sinusoidal functions are always used as the 

basis of decomposition, other basis functions can be selected for wavelet shapes according to signal 

features. This provides a powerful tool for portraying local features of signals. The WT has been applied 

in the field of structural damage detection for predicting the occurrence of damage, locating damage, 

and quantifying damage[16]. In particular, it has been increasingly used in damage detection subjected to 

moving loads[17]. 

This study aims to provide deep inspection and comprehensive examination of identifying damage 

in bridges under various speeds. Speeds of moving loads are of great effect on the efficiency of damage 

detection in bridges. Addressing this problem, this study formulates the closed-form solution of bridge 

deflections under moving loads with any given speed based on Euler-Bernoulli beam theory, relying on 

which the singularity spectrum with variables of load speed and deflection location is established after 

processed by wavelet transform. Then, optimal speed of a moving load is obtained by investigating the 

effect of moving load speeds on efficiency of damage detection in bridges. 

 

2.  Closed-form solution of bridge 
 

 
Figure 1. A simply-supported beam with an open crack 

 



 

 

 

The equation of motion for a bridge bearing a crack is the foundation of development of damage 

identification methods. Such an equation is usually created by introducing the term of crack 

representation into the equation of motion of an intact bridge. For model analysis, the moving load is 

usually applied as a massless force, a mass, an oscillator, an inertial force, or a modelled vehicle, and 

the bridge is modelled by an Euler-Bernoulli beam.  

With these conditions, the equation of motion for an intact bridge subjected to a moving mass M with 

velocity v(t), is expressed as[18]:  
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where y(x,t) is the vertical displacement of the beam at the position x and the moment t; m, E and I are 

the mass per unit length, Young’s modulus and area moment of inertia, respectively; ˆ( )x t =vt   signifies 

the instantaneous mass position along the beam with v being the velocity; δ(x) implies the Dirac delta 

function; g is the gravitational acceleration; and L is the beam length.  

When a crack is introduced in the bridge, it could be modelled by a rotational spring with sectional 

flexibility. The compatibility conditions at the crack for displacement, slope, bending moment, and shear 

force are represented as[19]: 
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where  1x   is the location of the crack;   is the non-dimensional sectional flexibility of a crack, which 

is the function of the crack extent; the symbols 1x


 and 1x


 denote the locations immediately above and 

below the crack position 1x ; (1)y  and (2)y  denote the vertical displacement of the beam immediately 

above and below the crack position 1x ; the sub-index in the parenthesis represents the segments (sub-

beams) of the system.  

For a bridge involves a crack, the crack divides the bridge into two bridge segments with the 

equation of motion for each segment described by Eq. (1). The simultaneous equations of equations of 

motion for two segments, compatibility conditions in Eq. (2), and the boundary conditions of the whole 

bridge can derive the dynamic response y(x,t) of the bridge with a crack.  

 

3. Continuous wavelet transform 
 

The CWT method of a square-integrable signal f(x), where x is time or space, is defined as[20]: 
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where   denotes the convolution of two functions; ψb(x) is the dilation of ψ(x) by the scale factor 

b; a is the translation indicating the locality; and ψ*(x) is the complex conjugate of ψ(x), which is a 

mother wavelet satisfying the following admissibility condition: 
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Ψ(x) is the Fourier transformation of ψ(x). The inclusion of the integral in the equation requires 

that (0) 0, . ., ( )d 0i e x x= 



  , and then Eq. (3) can be represented as[20]: 
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Therefore, CWT is a collection of inner products of a signal f(x) and the translated and dilated 

wavelets , ( )
a b

x [21]. With CWT the dynamic responses of the beam are processed to locate 

damage and establish singularity spectrum. 

 

4. Numerical results 

 
As shown in Fig. 1, the bridge is assumed as a simple supported beam. The length, width and height of 

the beam is 20m, 1m and 1m, respectively. The density of the beam is 2400 kg/m3 which is the density 

of the common reinforced concrete. The elastic modulus of the beam is 3*104 MPa which equals to C30 

concrete. The crack is set at x=8m from left side of the beam. The vehicle moving on the beam is 

assumed as two equidistant forces moving on the beam. The forces are 5000 KN and the range between 

the two forces is 2 m. The speed of the vehicle is set from 1 m/s to 100 m/s. The singularity spectrums 

with load speeds of 1-100 m/s are established by wavelet transform.  

From Fig. 2, it is shown that damage can be identified under all the speeds mentioned above. 

However, the damage location can be detected effectively for several speeds. As shown in Fig. 3, for 

speeds of 42, 48, 72, 92 m/s damage can be located accurately, which illustrates that the damage can be 

identified more effectively and accurately for those speeds compared to other speeds. While for other 

speeds results are very sensitive to ambient noise and numerical errors. Under the optimal speeds better 

detecting results can be obtained for further study.  

 

 
Figure 2. Damage localization of the beam  



 

 

 

 
Figure 3. Singularity spectrum for speeds of 1-100 m/s 

 

5. Conclusions 
 

This study used CWT to process the dynamic responses of the cracked bridge under various speeds. The 

obtained singularity spectrums are used to investigate the optimal speed for damage detection. The 

numerical studies showed that it can be identified under all the proposed speeds. However, the results 

are not sensitive to damages for a majority of speeds. For speeds of 42, 48, 72, 92 m/s damage location 

can be identified accurately. Those speeds are optimal speeds in the selected speeds for damage detection 

under moving loads. Results are deeply influenced by the speed of the moving load. It is found indeed 

the selection of speed of applicability for the proposed method. Outside the selections of applicability, 

results are very sensitive to ambient noise and numerical errors. Further studies are in progress on direct 

data measurements and nonlinear models of damaged bridge, to establish the applicability of the 

technique for speeds approaching the critical speed. 
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