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ABSTRACT 
 
Existence of multiple fatigue cracks in the same structural element is a critical problem affecting 
integrity and safety of engineering structures. However, reliable diagnosis and prognosis of multiple 
cracks is a challenge task due to uncertainties affecting crack initiation and growth from intrinsic 
material properties, microstructures, loading and boundary conditions. Moreover, multiple crack growth 
is much more complicated than a single crack due to interactions among simultaneous cracks. 
Consequently more uncertainties are involved. In order to deal with these uncertainties, this paper takes 
advantages of the guided wave based structural health monitoring (SHM) and particle filtering for on-
line diagnosis and prognosis of multiple crack growth. The guided wave based SHM is adopted to 
acquire on-line measurements of simultaneous cracks. Then these measurements are sequentially input 
into the particle filtering framework to evaluate the posterior probability density function of crack states 
and model parameters for crack diagnosis and prognosis. Especially, a novel state equation is proposed 
for multiple crack growth in particle filtering. Validations are performed on fatigue tests of structures 
with hole-edge cracks. The result shows the proposed method is effective for diagnosing crack initiation 
and growth, as well as predicting growth of simultaneous cracks. 
 
 
 

1. Introduction 
 
Fatigue crack is one of the primary damage types in engineering structures. Generally, cracks will almost 
always be initiated from regions of stress concentration after cyclic loading [1]. It is a common situation 
that there is more than one region of stress concentration in the same structural element, such that leading 
to simultaneous presence of multiple cracks in the structure. Growth and coalescence of multiple cracks 
may form a dominant crack that abruptly reduces the residual strength of the damaged structure, 
resulting in a critical situation. Therefore, performing reliable diagnosis and prognosis of multiple crack 
growth is of great meaning to ensure structural safety. However, it is a challenge task because fatigue 
crack growth is a stochastic process influenced by numerous uncertainties from sources like intrinsic 
material properties, loading and boundary conditions. In addition, interactions of simultaneous cracks 
introduce more uncertainties to crack initiation and growth [2].  
 
In recent years, the particle filter (PF) [3] based method is attracting more and more attention to deal with 
these uncertainties, which combines actual crack measurements with prior knowledge to evaluate the 
posterior probability density function (pdf) of crack states and model parameters for crack diagnosis and 
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prognosis. By fusing both the measurement information and prior information under uncertainties, the 
diagnosis and prognosis result is more close to the actual crack growth state. In the literature, non-
destructive test (NDT) techniques and structural health monitoring (SHM) [4,5] techniques have been 
used [6,7,8] to acquire measurements of the crack state in the PF framework. Compared with non-
destructive test (NDT) techniques, the SHM technique is much preferable to be combined with the PF, 
since it can perform on-line structural interrogations as often as needed with sensors permanently 
attached to the structure and provid consistent progressive measurement information of cracks.  
 
Among most relevant studies that combine the SHM technique with the PF for crack diagnosis and 
prognosis, Orchard et al. [7] adopted the vibration based SHM for crack monitoring. In their study, a 
seeded fault test of a planetary carrier plate was discussed. Sbarufatti et al. [8] used the strain based SHM 
technique to monitor the length of a central crack. The PF is employed for on-line crack diagnosis and 
prognosis. Among SHM techniques, the guided wave based SHM [4] is deemed as one of the most 
appealing methods due to its merits including sensitivity to small damage and ability of monitoring a 
region. Chiachío et al. [9], Yuan et al. [10, 11, 12] and Neerukatti et al. [13] reported studies that employed the 
guided wave SHM with the PF for crack diagnosis and prognosis of composites structures and metal 
aircraft structures. However, none of them discuss the multiple crack growth problem. When applying 
the PF and SHM based method to multiple crack growth, it is a critical problem to determine the 
initiation time of each crack in the same structural element because the crack initiation process is a rather 
complicated process influenced by uncertainties of microstructures. Besides, it is difficult to quantify 
the state of each crack separately as SHM signals are affected by multiple cracks in the monitoring 
region.  
 
This paper proposes an on-line diagnosis and prognosis method for multiple crack growth on the basis 
of the PF and guided wave based SHM. In particle filtering, a state equation of multiple crack growth is 
developed. On-line crack measurements obtained from the guided wave based SHM are input into the 
particle filtering framework to evaluate the posterior pdf of crack states and model parameters, which is 
used for diagnosis and prognosis of multiple crack growth. Validations are carried out on real fatigue 
tests of structures.  
 
The rest of this paper is organized as follows: Section 2 introduces the proposed on-line diagnosis and 
prognosis method. Section 3 shows the fatigue test experiments of the hole-edge crack specimens, as 
well as the validation results. Finally, the conclusion is made in Section 4.  
 

2. Diagnosis and prognosis method for multiple crack growth with the PF 

and guided wave SHM 
 
2.1 Basics of the PF based crack diagnosis and prognosis 

 
The PF operates on a state space model that consists of two equations: the state equation and the 
measurement equation as Eq. (1) and Eq. (2).  

 1 1 1 1( , , )k k k k kf    x x θ ω  (1) 

 ( , )k k k kgy x v    (2) 

where k is the discrete time, kx  is the vector related to the crack state, 1( )kf    is a nonlinear model 

representing crack growth, 1kθ  is the model parameter vector, 1kω  is a random noise describing 

uncertainties during fatigue crack growth, ky  is the measurement vector of the current state, ( )
k

g   is 

the mapping between the crack state kx  and the measurement ky , kv  is the measurement noise that 

represents uncertainties of the SHM system. 
 



 

 
 

At current time k, the PF aims at estimating the posterior pdf 1:( | )k kp x y  upon the up-to-date 

measurement sequence 1: 1 2{ , ,..., }k ky y yy . Especially, the posterior pdf is approximated by means 

of sN  samples called ‘particles’ in the PF, since the analytic solution of the posterior pdf is unavailable 

in most cases [3].  
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where sN  is the number of particles,   is the Dirac delta function, ( )i

kx  is the ith particle, ( )i
kw  is the 

importance weight.  
 

These particles are drawn from a pdf called the importance density ( )
1( | , )i

k k kq x x y  that is supposed to 

be similar to the desired posterior pdf 1:( | )k kp x y  and easy to be sampled from. A widely used 

importance density is the transition pdf ( )
1( | )i

k kp x x , such that the particle weight is updated as Eq. (4).  

 ( ) ( ) ( )
1 ( | )i i i

k k k kw w p y x   (4) 

where ( )
1( | )i

k kp y x  is the likelihood pdf. The weight is then normalized as Eq. (5). 
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After the posterior pdf is obtained as the approximation of particles and corresponding weights, 
diagnosis of the crack state is performed with the posterior estimations as Eq. (6) 
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Usually, long-term prognosis of crack growth is conducted by projecting all the particles into future with 
the state equation and the posterior pdf.  
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where k+p is the future time, ( )i
kw  keeps unchanged since there are no measurements from the future.  

 
This selection of the importance density will lead to the particle degeneracy problem, which means all 
the particle weights are concentrated on few particles. Therefore, a resampling procedure is performed 
after weight updating [3]. The basic idea of resampling is to eliminate particles with small weights, and 
duplicated particles with large weights, and all the particles are set to s1/ N .  

 

2.2 Diagnosis and prognosis method for multiple crack growth 
 
For the purpose of diagnosis and prognosis of multiple crack growth, a state equation for multiple crack 
growth is proposed as follows,  

 
, , 1 , 1 , 1 1

, , 1 , 1
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where ,j ka  ( j= 1, 2,…, n) is the length of the jth crack at time k, assuming there are n possible cracks in 

the structure. d / dja N  is the crack growth rate, N  is the discrete step of loading cycles, , 1j k   is a 



 

 
 

random variable following a Gaussian distribution 2 2( / 2, )N     [8]. The term , [0,1]j k   is growth 

weight that is defined to denote the growth state of the jth crack. If , =0j k , the jth crack does not start 

to grow. Otherwise, the jth crack starts to grow with the growth rate weighted by ,j k . Furthermore, 

, 1j k   is a random variable representing the transition of the growth weight, which follows an 

exponential probability distribution incExp( ) .  

 

In order to evaluate the crack growth rate d / dja N , the advanced NASGRO model [14] is employed as 

Eq. (9). 

 

th

1
1

1 max, 1

1
d 1

d 1
1

p

m

k

k q

k k

C

K

Ka f
C K

N R K

K




 

 
         
 

 

  (9) 

where C, m, p, q are empirical material parameters, f is the crack opening function, R is the load ratio, 

maxK  is the maximum stress intensity factor (SIF) during cyclic loading, CK  is the fracture toughness, 

K  and thK  are the SIF range and the threshold SIF range respectively. maxK  and K  are functions 

of the crack length a.  
 
To take the model uncertainty of Eq. (8) into account, the material parameter C and the mean value inc  

of ,j k  are deemed as random variables inc,=[ , ]k k kC θ  to be estimated. In this paper, these parameters 

are estimated by augmenting the crack state vector =[ , ]k k kx a η  as =[ , , ]k k k kx a η θ .  

 
Another problem is to acquire on-line measurements of the cracks 

ka . In this paper, the guided wave 

based SHM is employed due to its merits including sensitivity to small damages and ability of 
monitoring a region. The guided wave based SHM uses piezoelectric transducers (PZT) to excite and 
acquired guided wave signals in the structure. By extracting damage indices from guided wave signals, 
cracks can be identified. In order to monitor multiple crack growth, the PZT network is designed 
according to locations where possible cracks may initiate and grow in the structure. It should be noted 
that damage indices may reflect the total effect of multiple cracks in the monitoring region. Therefore, 
a measurement model that represent the relationship between the cracks 

ka  and the vector of damage 

indices 
ky  is established with historical data or numerical simulation data as Eq. (10) 

 ( )k k kg y a v   (10) 

In general, the proposed on-line diagnosis and prognosis of multiple crack growth based on the PF and 
guided wave monitoring is described as follows: Firstly, the state space model of multiple crack growth 
is defined at the offline stage. And then, the target structure is monitored by using the guided wave based 
SHM and a proper PZT network. Once a new measurement is acquired, it is input into the particle 

filtering for evaluating the posterior pdf of the crack state vector =[ , , ]k k k kx a η θ , based on which long-

term prognosis is evaluated.  
 

3. Experimental validation 
 

3.1 Experimental setup 
 

Fatigue tests of hole-edge crack specimens are conducted for validation. The experimental setup is 
shown in Fig. 1. The specimen is made of AL2024 aluminium plate. There are two regions of stress 



 

 
 

concentration at the edge of the hole under stretch loading. Two possible cracks may initiate at the two 
regions, denoting as Crack A and Crack B. A notch of 2 mm length is machined using the wire cut, so 
that Crack A and Crack B start to grow at different times.  

 

300 mm

75 mm

100 mm

PZT2

PZT1

Φ6 mm
through hole

2 mm notch

150 mm Crack A Crack B

3 mm thickness

              
(a) Geometric dimensions and PZT layer layout           (b) Signal exciting and collecting         

Figure 1. Experimental setup 
 

A sinusoidal load with the peak value of 30 kN is applied, whose frequency and load ratio are 10 Hz 
and =0.1R  respectively. During the fatigue test, a digital microscope is used to observe the 
experimental crack length with ruling lines. Meanwhile, guided wave signals are excited and acquired 
with the multi-channel PZT array scanning system [15]. The excitation waveform is adopted as the 5-
cycle Hanning-windowed sine burst with the central frequency of 200 kHz and the amplitude of ±70 V. 
The signal sampling rate is set to 50 MHz.  
 

3.2 Results of multiple crack growth and guided wave monitoring 
 
Fig. 2 illustrates the crack growth results of specimen T1-T5. As shown in Fig. 2a, Crack A starts to 
grow at the initial time because of the notch. The non-notched Crack B starts to grow after a number of 
loading cycles. Obvious dispersion can be observed in crack initiation and growth.  

  
(a) Crack growth of Crack A                                          (b) Crack growth of Crack B 

Figure 2. Experimental crack lengths versus the number of loading cycles 
 
As shown in Fig. 3, the damage indices called the scattering signal energy, the normalized correlation 
moment and the energy difference [16] are extracted from the direct wave packet of guided wave signals. 
The signal collected at the initial time is adopted as the baseline signal. D is the total crack length of 
Crack A and Crack B. The damage indices evaluated from different specimens are well coincident.  

Multi-channel PZT array 
scanning system 



 

 
 

   
             (a) Scattering signal energy                            (b) Normalized correlation moment 

 
(c) Energy difference 

Figure 3. Monitored damage indices versus the total crack length 
 

3.3 Establishment of the state space model of multiple crack growth   
 
In this case, the number of possible cracks in the state equation (8) is 2n  . The growth weight of 
Crack A is set to 1, =1k  since Crack A starts to grow at the initial time. In addition, the step of the 

loading cycle is set to 20N  . The SIF is evaluated with the general form as Eq. (11).  

 , , ,=j k j k j kK F S a   (11) 

where S is the applied stress, ,j kF  is the geometric correction factor. In this paper, a neural networks is 

adopted to evaluate the geometric correction factors 1,kF  and 2,kF  for Crack A and Crack B. Samples 

for training this neural network have been provided by means of repeated finite element analyses with 
cracks with different lengths.  
 
Table 1 shows the model parameters of the NASGRO model according to literature [6,14]. In this table, 

C  is the mean of the prior distribution of 2
0log( | ) ( , )k k C CC N    . To model uncertainties of fatigue 

crack growth, the variances of the model parameter C and the state noise   are adopted as 2 2=0.1C  

and 2 20.5   according to experience. The mean value of the exponential transition distribution is 

adopted as a uniform distribution inc, 0| (0,0.001)k k U    since there is no knowledge about this value. 

Also, the initial crack length of Crack B is set to 2(0.027, 0.008 )N  with the equivalent initial flaw size 

concept [2].  
Table 1. Model parameters of the NASGRO model 

Parameter C  m thK ( Mpa mm ) CK ( Mpa mm ) p q f 

Value 11.621  3.2 92.258 1783 0.25 1 0.342 



 

 
 

To model the measurement relationship, a three-order multivariate polynomial is adopted, as expressed 
in Eq. (12) 

 
1 1 2
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     (12) 

where 
1 2 3t t t

r  is the regression coefficient, 1,ky , 2,ky , 2,ky  are the extracted damage indices respectively.  

 
In this paper, specimen T2 is adopted as the target structure for validation since the experimental crack 
growth trajectories of specimen T2 are deviated from the trajectories of the other specimens shown in 
Fig. 2. Therefore, the experimental data of specimen T1, T3-T5 is used to determine these regression 
coefficients in Eq. (12) with the least square method. The measurement noise v  is assumed to be zero-

mean Gaussian for simplicity. The variance 2
v  of the measurement noise is approximately adopted as 

the quadratic mean of the fitting residuals.  
 
3.4 On-line diagnosis and prognosis of multiple crack growth of specimen T2 
 

The initial particle set s s( ) ( ) ( ) ( ) ( ) ( )
0 1 1, 2, 2, inc, 1{ } {[ , ,log( ), , ]}N Ni i i i i i

i k k k k k ia a C   x  is defined by randomly drawing 

samples from corresponding prior pdfs respectively, where the particle number is set to s 5000N  . At 

the on-line stage, specimen T2 is monitored with the guided wave based SHM. At current time k, once 

a new measurement ky  is obtained, the posterior pdf of the state vector is evaluated.  

 

Fig. 4 illustrates the evolution of marginal posterior pdfs with time, including the model parameters kC , 

inc,k  and the growth weight 2,k  of Crack B. The marginal posterior pdf of 
kC  is updated to a narrow 

one after several resampling procedures, which means model parameters that do not conform to the 

actual crack growth trajectories are eliminated. In addition, the growth weight 2,k  transfers 

monotonically from 0 to 1. And an abrupt correction occurs at about 50000 cycles, which indicates the 
initiation of Crack B. 

 
(a) log( )C                                                          (b) inc,k  

 
(c) 2,k   

Figure 4. Evolution of the model parameters and the growth weight 



 

 
 

As shown in Fig. 5, the posterior estimations of the crack lengths are evaluated as Eq. (6). The prior 
growth trajectories are obtained with the parameters given in Table 1 and the NASGRO model. It is 
observed that the initiation of the non-notched Crack B and the crack lengths of Crack A and Crack B 
are correctly diagnosed.  

 
Figure 5. Posterior estimations of the two crack lengths 

 
At each time when the posterior pdf is evaluated, long-term crack growth prognosis of Crack A and 
Crack B is performed. For lack of space of this paper, prognosis carried out at three times are illustrated: 
N=16420, N=41500 cycles and N=55300 cycles, as shown in Fig. 6. The prognosis of Crack A gets more 
accurate after updating with the SHM measurements. Once the initiation of Crack B is identified, the 
long-term prognosis of Crack B is improved, which shows the effectiveness of the proposed method.  

 
(a) N=16420 cycles 

   
(b) N=41500 cycles                                         (c) N=55300 cycles 

Figure 6. Long-term prognosis of multiple crack growth at different time  
 

4. Conclusions 

 

This paper proposes the on-line diagnosis and prognostic method for multiple crack growth based on 
the PF and the guided wave monitoring technique. Actual crack measurements acquired from the guided 
wave based SHM are incorporated in the PF framework for identifying the initiation and growth of 



 

 
 

multiple cracks, as well as performing long-term prognosis. The validations on real fatigue test results 
show the effectiveness of the proposed method.  
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