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ABSTRACT 
 
A computational model for the quasi-static and dynamical response of Galfenol based 

magnetostrictive devices in the sensing configuration is developed. The model calculates the 
fraction of magnetic moments oriented along each of the energetically preferred directions of 
the crystal as a function of time using a self-consistent rate equation technique. These 
magnetic moment fractions can then be used to determine the total magnetization as a 
function of time. The model is compared to experiments in the case of uniaxial, compressive 
and quasi-static loading. Using the parameters obtained by the comparison to experiment, 
predictions for magnetization and energy harvesting under dynamical loading conditions are 
presented.  
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INTRODUCTION 
 
Magnetostrictive devices have attracted much attention with the emergence of iron-

gallium alloys (Galfenol), which have a number of favourable mechanical properties [1, 2]. 
This article presents a dynamical numerical model for the sensing (Villari) effect of a 
Galfenol sensor and an energy harvesting system based on it.   

 
The simplest dynamical sensing model is one where the stress and magnetization are 

assumed to be linearly related [3,4]. While this is quick and efficient to implement, it cannot 
incorporate hysteretic and non-linear effects and would therefore have significant limitations 
in higher frequency applications. Atulasimha et al. [1,5,6] calculate the magnetization and 
strain with a thermodynamic average of a Boltzmann distribution using the free energy 
described by Armstrong[7]. Their simulations agree well with experiments, but only in the 
quasi-static regime and they do not include hysteresis effects. Smith et al.[8,9] used a 
“homogenized energy” model that incorporates thermal and magnetic after-effects. It is also 
restricted to the quasi-static case and only accounts for moments aligned parallel or anti-
parallel to the crystal axis. Evans and Dapino [10,11] based their models on Smith et al.[8] to 
create a comprehensive model of the actuation application of Galfenol. They have also 
presented some simulated sensing results which include hysteretic and dynamical effects 
[11]. A self-consistent iteration is performed which requires a recalculation of the thermal 
equilibrium distribution at each iteration. This is a computationally lengthy process, 
especially if the model is applied to a fully three-dimensional system with stresses and fields 
applied off-axis. 

 
In this work, a dynamical sensing model based on rate equations is constructed that will 

include hysteresis and eddy-currents. The moment distributions and transition times of Evans 
and Dapino [10,11] are simplified  to reduce computation time, which will make it more 
amenable for future simulations of energy harvesting devices. First, a 1D sensing model that 
is appropriate for materials with a uniaxial symmetry will be presented [12]. Next, a 3D 
sensing model will be presented that has more flexibility in geometry and loading conditions. 
Both of these models assume that all magnetic moments are aligned along the preferred 
orientations with no thermal effects. Finally, as a sample application to energy harvesting, a 
simple Galfenol based AC energy harvester is modelled which will couple the 1D sensing 
model to equations for the harvesting circuitry. 

 
The sample has a low aspect ratio being 6.35 cm in diameter and 2.54 cm in length. These 

dimensions, a Young’s modulus of approximately 60GPa and a density of 77.1kg/m3 give a 
resonant frequency of 244 kHz. Since we are simulating response for frequencies well below 
this value, coupling to the mechanical system is therefore neglected in the model. 
 
1. A 1D MODEL WITH NO THERMAL EFFECTS, THEORY AND SIMULATIONS 

A. Free energy of a single magnetic moment 
 

The free energy formulation given by Atulasimha et. al. and Evans et. al [5,10] based on 
Armstrong[7] is used which incorporates magnetocrystalline, magnetoelastic, magnetic and 
exchange interactions. For a magnetic moment of magnitude Ms and with normal stress σ and 
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magnetic field both applied along the [001] ( ) direction, the free energy can be 
approximately written as 

zH ẑ

 
)cos()cos(2/)(cos3)(sin)(cos 2

100
22

1 θθμθσλθθ zsexchzso MMJHMKE −−−=        (1) 
 

where θ is the angle of the magnetic moment with respect to the  direction,  is the 
crystalline anisotropy in the  direction,  is the phenomenologically determined 
exchange coefficient, 

ẑ 1K
ẑ exchJ

oμ  is the permeability of free space and  is the average 
magnetization in the  direction (which will be determined iteratively using equation (2)). 
Local minimums of the free energy of equation (1) represent the preferred moment 
orientations. In this crystal there are three minimums at low stress and field bias, but higher 
fields and stresses can overpower the crystal anisotropy to reduce the number of local 
minimums.  

zM
ẑ

 
B. Distribution of moment orientations and transition probabilities 
 

In order to find the total magnetization of a material, it is necessary to sum the magnetic 
moments residing at each orientation. Assuming no thermal effects, each magnetic moment 
will reside at one of the preferred moment orientations. The fraction of the total number of 
moments aligned with the ith preferred orientation will be denoted by ξi, and referred to as the 
preferred orientation fraction. In this notation, the total magnetization in the system is then  

 
        ∑=

i
iisz MM )cos(θξ                       (2) 

 
where iθ is the ith preferred orientation angle. Due to axial symmetry, the average 
magnetization components in the and directions will vanish. In this approximation, the 
transition times between the orientations (as shown schematically in Figure. 1) are best 
modelled as , where τs is a phenomenological parameter for the 
thermal scattering time.  

x̂ ŷ

2
,, )( jwellibarrsij EEt −=τ

 
C. Evolution of volume fractions: Rate equations 
 

Now that the transition times have been defined, rate equations can be created to describe 
the evolution of )(tiξ . The rate equations come from the master equation and are used to 
describe, phenomenologically and to first order, the transition rates between a discrete set of 
states[13]. They are commonly used in many fields such as chemical reaction kinetics[14] 
and photonics[15]. With transitions restricted to adjacent orientations and a maximum of 
three preferred orientations the rate equations are 

 
      ,              2121211 /)(/)()( ttttt ξξξ +−=&

2323232121212 //// tttt ξξξξξ −+−=&

   and              (3) 2323233 // tt ξξξ +−=&
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Fig. 1. The free energy as a function of orientation angle and the locations of wells, barriers 

and transition times. 
 

D. Eddy-current losses 
 

The set of equations defined so far are only appropriate for the quasi-static regime (where 
stress is slowly varying). Eddy current losses occur because in a dynamic system, a change in 
magnetic field will induce an electric field and current flow, which will in turn induce its 
own magnetic field that opposes the original change. From Maxwell’s equations, for an 
ohmic material, the eddy-currents induced are proportional to the rate of change of the 
magnetic field and the eddy-current induced magnetic field is proportional to the eddy-
current. Therefore the effect is modelled phenomenologically as  
 

   ,    zeddz MAH &≈δ ∑=
i

iisz MM )cos(θξ&&            (4) 

Where zHδ is the eddy-current induced magnetic field and the term Aedd is used as a fitting 
parameter, which would be proportional to the geometry and conductivity of the material.  
 
E. 1D Results 
 

The exchange interactions and the eddy-current effects make the system of equations 
non-linear. Equations (1) to (4) must therefore be solved self-consistently. Parameters K1 
=1.75x104 J/m3, λ100 =225 microns, Ms =1.66T, Jexch = 6x10-4, τs= 1.0x10-11 s/J2 and Aedd = 
3.0x10-3 are used to simulate a unixially compressively loaded <100> oriented Galfenol 
crystal with 19% atomic weight Ga. These parameters are chosen to fit as close as possible to 
the experimental results of Atulasimha and Flatau [1,5,16]. 

 
In Figure 2 the magnetization over one period versus stress is plotted for current 

simulations and the experiments of Atulasimha and Flatau [1,5,16] in the quasi-static 
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(0.01Hz) loading condition at various magnetic field biases. The figure displays hysteretic 
losses in the system even in quasi-static loading, which is most likely due to the magnetic 
circuit effects of the experimental apparatus. As shown, it can be incorporated into the model 
with appropriate choices of parameters.  

 
At low bias fields, the simulations and experiment compare well but they deviate 

significantly for higher bias fields. It will be necessary to incorporate thermodynamic affects 
more accurately in the higher bias range. However, for many practical applications such as 
energy harvesting, it is not of interest to use high bias fields. 

 

 
 

Fig. 2. The total magnetization versus uniaxial compressive stress in the quasi static regime. 
Solid lines are the 1D simulations, dashed lines experimental [5,16]. The curves are shown 

for increasing levels of bias field at 23, 44, 66, 89, 111, 167, 223 and 446 Oe. 
 

 
For the energy harvesting application, the most efficient harvester would be one where all 

changes in stress result in a change in magnetization. In figure 2 one observes regions where 
there is “wasted stress”. For example, on the 111 Oe curve for stress less than 30MPa and for 
stress greater than 55MPa, there is little change in magnetization as the stress changes. The 
model presented therefore provides an insight into setting appropriate conditions for 
maximum harvesting efficiency.  

 
In figure 3 the magnetization versus compressive stress for the 23 Oe bias field is plotted 

again. This time the maximum compressive stress is chosen to be 25MPa, which is around 
where the magnetization stops changing significantly. Also shown in this graph are the 
effects of eddy-currents and scattering time on hysteresis as the frequency increases. As the 
frequency increases, the hysteresis increases and the amplitude of the magnetization 
decreases. These effects are mainly due to the thermal scattering time. 
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The change in magnetization with respect to time is important in energy harvesting 
because this will be proportional to the induced voltage in a coil wrapped around the 
magnetostrictive material. In figure 4, the change in magnetization times the period is plotted 
over the period of stress variation. It is observed that the peak decreases with increasing 
frequency which suggests there will be a maximum change in magnetization (and hence 
generated voltage) obtained. Note that the curves in figure 4 are periodic, but are not 
sinusoidal because of the non-linear nature of our model. For simplicity, it is sometimes 
assumed that there is a linear relation between the stress and the induced magnetization [3,4]. 
In that case, if the stress variation was sinusoidal, then the magnetization variation would 
also be sinusoidal. 

 
Fig. 3.  Total magnetization versus uniaxial compressive stress at 23 Oe magnetic field bias 

for various frequencies.  
 
 

 
 

Fig. 4. The period times change of magnetization over one period of stress variation at 
maximum stress 25 MPa and 23 Oe magnetic field bias for various frequencies. 
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2. A 3D MODEL WITH NO THERMAL EFFECTS, THEORY AND SIMULATIONS 

A) Free energy of a single magnetic moment 
 

The free energy of a cubic crystal extended to 3D is given in given by Atulasimha et al. 
and Evans et al. [5,10] based on Armstrong [7] 
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where iiσ  are the axial stresses, jiij ≠,σ  are the shear stresses, is the second crystalline 
anisotropy coefficient and 

2K

111λ  is the shear magnetostriction coefficient. 
 
 
B) Transition Times to Adjacent Preferred Orientations 
 

Once again, to reduce computation time, it is desirable to only consider moment rotations 
between adjacent preferred orientations. In 3D, this involves more care than the 1D case. One 
must: 
     a) Find all minimums in free-energy (preferred orientations). 
     b) Decide which minimums are adjacent (nearest neighbours) to each other. 
     c) Calculate the energy barriers and thus transition times between adjacent orientations. 
 
i) Minimums 
 

The minimums of free energy can be found using the criteria for minimums of functions 
of two variables , and . 02 >− θφθθφφ EEE 0>θθE 0>φφE

 
ii)  Adjacent Orientations 
 

To explain the criteria for assigning adjacent orientations, refer to figure 5. In the figure 
free energy is plotted versus θ and φ. The arrows on the left denote those minimum that are 
adjacent to one another. The right side of figure 5 magnifies a region of the free energy 
surface where, it is observed that adjacent orientations (energy wells) are those that share a 
common “ridgeline” (and therefore a saddlepoint). In this case, wells i and j are adjacent and 
share saddlepoint k. The algorithm to therefore determine which minimums are nearest 
neighbours is as follows: 

 
a) Find and index all minima in the system. 
b) Find and index all saddle points in the system. Saddle points are found by the     
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condition . 02 <− θφθθφφ EEE
      c) Choose starting points for the moments surrounding each minimum, follow the  
      direction of steepest descent, find which minima the moment “falls” into and index these.   
      For example, if moments placed around saddle point k fell into wells i and j, the wells i   
      and j are nearest neighbours, related by saddle point k (figure 6). 

 
It is mathematically possible to have saddle points that connect more than two minima. 

However, in the system and free energy presented, saddle points will only connect two 
minima. 
 
 

               
Fig. 5.  The free energy surface of the 3D model. Left: the total surface, the arrows signify 

adjacent wells. Right: a magnification of the area in the dashed box.  
 
 

 
Fig. 6. A schematic representation of the technique used to find adjacent wells and their 

associated saddlepoint. 
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iii) Energy Barriers and Transition Times 
 

Now that the adjacent orientations have been indexed, it is required to determine the 
transition times between these orientations. Here, the same method is used as before, relating 
the transition times to the square of the difference in energy of the well to the barrier between 
the adjacent well. In this case, there is not just one possible path (and therefore energy 
barrier) between two minima. Physically , the highest probability of transition will be over 
the path that has the least energy barrier between them. Figure 5 shows that this is clearly the 
saddlepoint. Thus for transition from adjacent well i to j, with saddle point k separating them, 
the transition time will be defined as . 2

,, )( iwellksaddlesij EEt −=τ
 
C) Rate equations in 3D 
 

Now that the nearest neighbours and transition times have been defined, it is 
straightforward to write the rate equations in the compact form 

( )∑ −=
iNN

ijijiji ttttt
,

/)(/)()( ξξξ& , where the sum is over all the wells that are adjacent to i. 

Once the rate equations have been defined, a self-consistency algorithm can once again be 
followed to determine the fraction of moments in aligned with each orientation as a function 
of time and therefore the total magnetization as a function of time. 
 
 
 
 
D) 3D Results 
 

The 3D model is applied to the same system as used in section 1.E. As the results will 
look quite similar to those in one dimension, only one figure is shown to highlight the 
differences. Figure 7 plots again magnetization versus stress in the quasi-static case for 
various initial applied field biases. As one would expect, the results look very similar to those 
in figure 2. However, in this case, the lowest bias curve is fitted better with the 3D model. 
Differences arise because the two different free energy models of equations (1) and (7) will 
give different values for the energy of the wells and barriers. It was also found, as one would 
expect in this case, the total magnetization in the x and y directions are zero due to 
symmetry. The results presented are for a unixial compressive stress along the axis of 
symmetry of the crystal. Calculations for other loading conditions will be presented in a later 
publication. 
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Fig. 7. The total magnetization versus uniaxial compressive stress in the quasi static regime. 
Solid lines are the 3D simulations, dashed lines experimental [5,16]. The curves are shown 

for increasing levels of bias field at 23, 44, 66, 89, 111, 167, 223 and 446 Oe. 
 
 

3. THEORY AND MODELLING OF AN AC ENERGY HARVESTER 
 

The energy harvester is shown schematically in figure 8. If coil of wire is wrapped around 
the Galfenol sample described in sections 1 and 2, an application of stress to the sample will 
induce an electric potential Vm in the wire. The coil of wire will have an associated resistance 
Rc and inductance Lc. The load on the system is represented by the resistor Rload. A capacitor 
(C) has been added to this circuit for reactive load balancing of the inductance from the 
generating coil.   

 

 
 

Fig. 8.   A Galfenol based AC energy harvesting device. 
 
A) Faraday’s Law of Induction 
 

Once the magnetization as a function of time in equation (2) is obtained, the total 
magnetic field produced then will be ( ) ( )oB t H M
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area A (the negative sign has been dropped by convention). Therefore, using this relation and 
the sensing model of section 1 (or 2), one has a method to calculate the induced potential as a 
function of applied time-varying stress. 
 
B) AC Energy Harvesting 
 

Kirchoff’s loop rule for this circuit is  
 

0)(/ =−++− qLqRRCqV cloadcm &&&                     (6)     
 

Expanding the magnetization as ∑= tj
z eMM ω

ω , the current ( I q= & ) is found from equation 

(6)  

   ∑
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Since , the average power over one cycle delivered to the load is  load loadV IR=
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The length of the wire wrapped around the coil of radius rc is 2w cl r Nπ= , so that the 

inductance and resistance of the coil is 2 / /c c c c
2 2

cL N A l N r lμ μπ= =  and 
2/ 2 /c w w c wR l A r N rρ ρ= =  respectively. Current flowing through the coil will induce a 

magnetic field that affects moment rotation in the magnetostrictive device. This is given by 
NIB oind μ=  for a cylindrical coil and must be added to the bias field in a self-consistent 

manner similar to the eddy-current effects.  
 
C) Results 

 
An energy harvester based on the Galfenol sample described in section 1 is examined for 

23Oe applied bias field and 25MPa maximum compressive stress. A copper wire is wrapped 
around the Galfenol in the AC harvesting configuration. The length and radius of the coil are 
assumed to be 1cm each. The radius and resistivity of the wire are 0.1mm and 1.7x10-8 Ωm 
(Copper) respectively. Results will be shown for various frequencies as labelled on the 
figures.  

 
In figures 9 and 10, the voltage and average power across the load for 20 and 50 

windings/cm are shown. In this regime, as the winding number and frequencies increase, so 
does the output power. Figure 11 demonstrates the effects of the coil induced magnetic field. 
As the number of coils around the Galfenol increases, so does the induced field (which acts 
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to inhibit the magnetic moment rotations). This results in increasing hysteresis as the number 
of coils increase. 

 

         
 

Fig. 9. Voltage across the resistive load versus applied stress frequency.  
 

                          
 

Fig. 10. AC power delivered to the resistive load versus applied stress frequency. 
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Fig. 11. The magnetization versus stress in the Galfenol sample, 23 Oe applied bias, with and 

without the energy harvesting circuitry. 
 

5. CONCLUSIONS 
 

The 1D and 3D sensing models show similar results for this sample for the same loading 
condition as would be expected. These results partially validate the 3D model. If one was 
only to model systems with unixial stresses and symmetries, the 1D model would be 
sufficient. The 3D model however has much more flexibility to model non-symmetric 
systems and different loading conditions.   

 
It was demonstrated that the sensing model can be easily integrated into an energy 

harvesting model. Either the 1D or 3D sensing models can be used. The self-consistency 
iteration must be modified to account for the magnetic field induced by the current flow 
through the harvesting coil. 

 
Future work will consist of applying different types of loads such as shear, or axial loads 

not along axis of crystal symmetry. In addition, the model will be exanded to take into 
account thermodynamic effects, which will modify the transition probabilities between 
orientations. 
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