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Abstract
The purpose of this work is to develop a flexible cohesive law to simulate the constitutive behaviour of
an adhesive layer under mixed mode loading. A mixed mode cohesive law that captures the linear
elastic and softening behaviour before fracture is presented. This simple model uses a coupled
formulation to describe the mixed mode cohesive behaviour. It also allows for different fracture
parameters, such as fracture energy, strength and critical separation in different mode mixities. Thus,
the fracture process in mode I (peel), in mode II (shear) or in mixed mode (a combination of peel and
shear) can be modelled without the usual constraint of a common fracture energy in peel and shear.
Examples are given of FE-implementation of the normalised cohesive law, namely for the Unsymmetric
Double Cantilever Beam (UDCB) specimen and the Mixed-mode double Cantilever Beam (MCB)
specimen. Both specimens are adhesively bonded and loaded in mixed-mode.
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1. Introduction
In usage, adhesives are constrained between the bodies and are thus thin layers. An adhesive as a thin
layer behaves differently in comparison to the adhesive as a bulk material. Although the thickness of the
adhesive layer is small in comparison to the overall dimension of the joint, the size of the thickness
influences the mechanical properties of the joint (Högberg, 2004).
Experimental studies show that a moderately ductile adhesive layer is much stronger in shear than in
peel. Mode I experiments in peel have been conducted with a symmetric DCB-specimen, in which two
steel adherends are bonded by a thin layer (t = 0.2 mm) of the structural adhesive DOW Betamate
XW1044-3 (Andersson and Stigh, 2004). To concentrate on the nonlinear properties of the adhesive
layer, the adherends are dimensioned to remain elastic under quasi-static loading. Mode II experiments
in shear have been conducted in a similar manner with an ENF-specimen (Leffler et al., 2006). Based
on the J integral (Rice 1968), the constitutive relations of the adhesive layer in peel and in shear are
evaluated. The results show that the strength in shear is approximately 26 MPa, which is larger than the
20 MPa in peel, and the fracture energy in shear is approximately 2300 N/m, which is about three times
larger than in peel (760 N/m). Similar results are observed by other researchers, e.g. Chai, 2003;
Sørensen et al., 2004; Li et al., 2006.
The fracture energy for an adhesive layer comprises the intrinsic energy as well as the energy due to
plastic dissipation. In numerical applications, there are mainly three techniques for modelling an
adhesive layer:
1. The adhesive layer is modelled as an interface between the joined bodies, by which the effect due to
the thickness of the layer is ignored. (Pantano and Averill, 2004)
2. The layer is modelled as an elastoplatic continuum with fracture parameters, which combines
material parameters of the adhesive as a bulk material together with a traction-separation relation
with fracture parameters. (Tvergaard and Hutchinsson, 1996; Pardoen et al., 2005)
3. The layer is modelled as an interphase with a thickness. A cohesive law that describe the
macroscopic response of the layer is used. (Kafkalidis and Thouless, 2002; Salomonsson, 2002)
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Figure 1 An uncoupled approach: Embedded Process Zone model
used in numerical studies by Thouless and co-workers.

The layer technique (3) is a good compromise of techniques (1) and (2), which is much simpler than the
continuum technique (2) but the result is more accurate than the layer technique (1).
In this paper, a flexible cohesive law to simulate the constitutive behaviour of an adhesive layer under
mixed mode loading is presented in chapter 2. For FE-implementation, interphase elements are
developed and given in Chapter 3. Finally, examples in simulation of adhesive joints by using the layer
technique (3) are given for the Unsymmetric Double Cantilever Beam (UDCB) specimen and the
Mixed-mode double Cantilever Beam (MCB) specimen.

2 Mixed mode cohesive law
The concept to describe the cohesive activities before fracture has been established for half a century by
Barrenblatt (1962). These days, cohesive laws are usually associated with cohesive zone modelling in
the numerical simulation of the fracture process. Due to its simplicity, cohesive laws are used for a wide
variety of applications. For analysing mixed mode fracture processes, two approaches are used:
uncoupled and coupled cohesive zone modelling. For example, Thouless and co-workers simulate a
mixed-mode loaded adhesive layer, with a so called Embedded Process Zone (EPZ) model, cf. Fig 1.
The stress-deformation relations in mode I (peel) and mode II (shear) are assumed uncoupled under
mixed mode loading cases. The energy release rate (ERR) in mode I (GI) and mode II (GII) are
identified as the areas under the respective EPZ-curves, and the total ERR is the sum of the ERR in
mode I and II. The fracture criteria is energy based, which can cause sudden drops in the tractions
before the critical separation is reached. (Kafkalidis and Thouless, 2002; Li et al., 2006)
A frequently used coupled cohesive law is developed by Tvergaard and Hutchinson (1992). This T-H

[

]

model uses a dimensionless separation parameter, λ = (δ n / δ nc ) 2 + (δ t / δ tc ) 2 , to couple the peel and
shear modes. Here, δ n and δ t are the normal and the tangential separation, respectively. The traction
increases with λ to a plateau, then decreases linearly until fracture, cf. Fig 2. A drawback with this
model is that the fracture energy is the same in all mode mixities. This cohesive law is thought to model
the intrinsic fracture process within a material or along an interface of two solids. It is usually
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Figure 2 The coupled cohesive law by Tvergaard and Hutchinson.

complemented by constitutive models of the surrounding continua. (Tvergaard and Hutchinson, 1996;
Pardoen et al., 2005; Salomonsson and Andersson, 2006)
A mode dependent mixed mode cohesive law with coupled formulation is proposed by Högberg (2006).
It uses a dimensionless deformation measure λ as the coupling parameter, which is defined by
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where w and v are the normalised normal and tangential deformation, respectively. Softening
behaviour of the adhesive layer begins when λ = λp, which is given by

λp =

vp2 wp
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where θ = tan −1 ( w / v ) . For each value of θ, the normalised stress, S, is defined by
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This is shown schematically in Fig. 3. The normalised ERR is defined as the area under the normalised
stress curve S
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Decomposition of the normalised ERR is based on the deformation in mode I and mode II directions,
i.e.
JI = ∫

w
0

S ~ ~
~ w dw ,

v S ~ ~
J II = ∫ ~ v dv
0

λ

(5a, b)

λ

The ERR gains a physical meaning by multiplication with the characteristic cohesive parameters

J I = σ c wc J I = 2 J Ic J I ,

J II = τ c vc J II = 2 J IIc J II

(6a, b)

This gives the total ERR J = J I + J II . As apparent, the fracture energy Jc varies with mode mixity,
although the normalised fracture energy remains constant in all modes, i.e. J c = 1 2 . The normalised
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Figure 3 The normalised cohesive law.

normal and tangential stresses are given by

σ =

σ ∂J S
=
= w,
σ c ∂w λ

τ =

τ ∂J S
=
= v
τ c ∂v λ

(7a, b)

which gives the mixed mode cohesive behaviour of the adhesive layer, i.e. σ ( w, v) and τ ( w, v) .

3. Interphase elements
The mixed mode cohesive law presented in the previous section is implemented into interphase finite
elements that are used in numerical simulations of the unsymmetric DCB-specimen and the MCBspecimen. The interphase elements are 4-node elements with three degrees of freedom in each node to
enable structural beam element modelling, i.e. translations in horizontal and vertical directions and the
rotation. All the numerical simulations are done using the commercial finite element program
ABAQUS 6.4-1, together with a FORTRAN subroutine for the interphase user element. A mid plane is
introduced to account for large deformations; this is indicated by the dashed line between the two
interfaces.
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Figure 4 The 4-node interphase element with the adherend cross sectional rotation indicated by dashed lines.
Superscripts 1 and 2 indicate over which integration point the relative displacements are measured.

A vector p is formed using the normalised stresses in Eq. (7) with the normal and tangential stresses as
components according to

σ 
p= 
τ 

(8)

A metric matrix, A transforms the usual basis functions to calculate the correct force at the adherendadhesive interfaces ∂Γ1 and ∂Γ2 illustrated in Fig. 4. To achieve the correct relative displacement
between interfaces, the heights t(r) are used in Eq. (9) where r = 1,2 indicate each adherend.
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[

G = A1N − A 2 N

]

(10)

The nodal force vector, F, is calculated at the mid plane, ∂Ω in Eq. (11) below, and then translated to
each node for force equilibrium.

F = ∫ G T ⋅ p d∂Ω

(11)

∂Ω

Moreover, the tangent stiffness matrix K is given by

K=

∂F ∂
∂ ∂
G T ⋅ p d∂Ω = ∫ G T ⋅ p u d∂Ω
=
∫
∂Ω
∂Ω
∂a ∂a
∂u ∂a

(12)

where a are the local degrees of freedom. The mixed mode constitutive law is found in

∂
p , where, as
∂u

explained previously, p incorporates the normalized stress from Eqs. (3) and (7).

4. Simulation of adhesive joints
Two types of specimens for mixed mode testing of adhesive layer are simulated with the layer
technique at structure level: the Unsymmetric Double Cantilever Beam (UDCB) and the Mixed mode
Cantilever Beam (MCB). The linear elastic adherends are modelled as Euler-Bernoulli beams. The
nonlinear constitutive behaviour of the adhesive layer is given by the mixed mode cohesive law in
Chapter 2. The adhesive joints are modelled by the layer technique, where the adhesive layer is
modelled with the interphase formulation given in Chapter 3.
The cohesive parameters for the adhesive layer are extracted from the experimental results from the
DCB-specimen test for mode I and the ENF-specimen test for mode II, cf. Fig. 5. The characteristic
cohesive parameters used are
• the fracture energy: JIc = 0.76 N/mm and JIIc = 2.30 N/mm
• the strength: σc = 20 MPa and τc = 26 MPa
• the linear elastic properties: kI = 21.4 GPa/mm and kII = 3.57 GPa/mm
The remaining shape parameters for the saw-tooth model, i.e. the deformation parameters wp, wc, vp and
vc, are determined by simple geometry.
The material choice is the same as for the DCB- and ENF-specimen test mentioned previously. The
adhesive, DOW Betamate XW1044-3, is a toughened epoxy, with E = 2 GPa and v = 0.4. The
adherends are made of tool steel, with E1 = 200 GPa, v = 0.3 and σyield = 500 MPa.
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Figure 5 The saw-tooth curve simplifies the cohesive behaviour of an adhesive layer. Pure mode I to the
left (Andersson and Stigh, 2004) and pure mode II to the right (Leffler et al., 2006).

4.1 Unsymmetric DCB-specimen
The Double Cantilever Beam (DCB) specimen is a common test geometry. An unsymmetric DCBspecimen (UDCB) has adherends made of the same material but with different thicknesses. Figure 6
shows the crack length a, the overlap length L, and the external peeling force F on an UDCB-specimen.
The crack tip is located at x = 0. Far from the crack tip, the stress and deformation in the adhesive layer
fade out.
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Figure 6 The Unbalanced Double Cantilever Beam (UDCB) specimen.

For an elastic adhesive joint, linear or nonlinear, the J-integral is defined by
J = ∫ (Wdy − T ⋅
s

du
ds )
dx

(13)

where W = ∫ σ dε is the strain energy density, cf. Rice (1968). The traction vector T = σn , where σ is
the stress tensor and n the unit vector normal and outwards to the counter-clockwise integration path s.
The deformation vector and the strain tensor are denoted as u and ε , respectively.
The ERR of the adhesive joint can be determined by the J-integral if a closed integration path without
singularity is chosen, e.g. the path s following the outer boundary as shown in Fig. 7 for the UDCBspecimen. The parts of the path that are not traction-free are situated at the crack tip region, denoted by
DA, AB and BC. The J-integral along the closed integration path s, or path AB and BA, yields
energetic force equilibrium
J = J AB + J BA = 0

(14)

We first focus on the path AB, which goes through the adhesive layer at the crack tip. The adhesive
layer deforms in a combination of two modes: peel (mode I) and shear (mode II). Evaluating the terms
in Eq. (13) gives
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Figure 7 Integration path s on the UDCB-specimen and the MCB-specimen. The path s
follows the outer boundary of the specimen and is slightly shrunk for visibility.
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where τ and σ are the tangential and normal components of the traction, and v and w are the tangential
and normal deformation of the adhesive layer through the path AB.
On the path BA, only the paths DA and BC contribute to JBA. Assuming the adherends to deform
according to Euler-Bernoulli beam theory, Eq. (13) yields the total ERR due to the load
− J BA

6  Fa 
=


E1  b 

2

1 1 F
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 t1 t 2  b

(16)

where b is the width of the specimen and w1′,2 is the rotation of the adherends at the crack tip. All
parameters on the right hand side of Eq. (16) are measurable during the experiment.
With the chosen materials mentioned previously, the following dimensions of the UDCB-specimen are
used
• Overall joint: L = 100 mm, b = 4 mm, a = 50 mm
t = 0.2 mm
• Adhesive:
• Adherends:
t1 = 2 mm, t2 = 2, 4, …12 mm
In these numerical simulations, the UDCB-specimen has a constant thickness of the upper adherend,
t1 = 2 mm. The thickness of the lower adherend, t2, varies from 2 to 12 mm, to achieve different mode
mixities. When both adherends are equal in thickness, the adhesive layer deforms in pure mode I. An
increasing t2 causes an increase in mode II loading of the adhesive layer. The proportion of the mode II
deformations is slightly larger when the adhesive behaves linear elastically. However, for all chosen t2,
the adhesive mainly deforms in mode I. The pure mode II case, cannot be achieved with the UDCBspecimen.
The simulations are performed using a prescribed displacement on the loading points. Figure 8 shows
the reaction force, F, and the ERR due to F, JBA, cf. Eq. (16). The loading system is stable, F declines
somewhat after reaching the peak value. The ERR, JBA, increases until the fracture energy is reached as
a plateau.
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Figure 8 Simulation results on the UDCB-specimen, F(w,v) and J(w,v).

4.2 MCB-specimen
The Mixed-mode double Cantilever Beam (MCB) has a common geometry to a semi-infinite symmetric
DCB-specimen. Each adherend, at the free end of the MCB-specimen, is loaded with an external force,
F, with the same magnitude but opposite direction. This pair of forces are self-balancing and their
direction of action is defined by the angle α, as shown in Fig. 9. The MCB-specimen is designed to
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Figure 9 Mixed-mode double Cantilever Beam (MCB) specimen allows
the adhesive layer to be loaded in any mode mixities.

achieve the entire spectrum of mode mixity, i.e. from pure mode I to pure mode II. The mode mixity
varies steadily by the loading angle α if the crack length a is short (Högberg and Stigh, 2006). With the
same integration path s as shown in Fig. 3.2, the total ERR due to the load is
− J BA
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E1t1

2

 F sin α a 
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 +
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 +
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b
 b
2

(17)

where w1′,2 is the rotation of the adherends at the crack tip, b is the width of the specimen. Here, the
adherends are assumed to deform according to Euler-Bernoulli beam theory. All parameters on the right
hand side of Eq. (17) are measurable during the experiment.
The same material are used as for the UDCB-specimen, the following dimensions of the MCBspecimen are chosen for simulations
• Overall joint: L = 100 mm, b = 4 mm, a = 0 mm
t = 0.2 mm
• Adhesive:
• Adherends:
t1 = 8 mm
The chosen MCB-specimen geometry is simulated with 10 evenly distributed mode mixities: α = [0,
π/18…π/2]. The experiments are controlled by prescribed deformation, which increases from zero to
0.4 mm. The results in Fig. 3.5 show that this number of mode mixites is large enough to catch the
overall behaviour of the adhesive layer. It is also concluded that the loading system is stable. The
reaction forces under the loading point and the deformation of the adhesive layer are measured and
plotted in the left graph in Fig. 3.5. The ERR is evaluated by Eq. (17), which is illustrated in the right
graph. To reach JIIc, F = 3.8 kN is required. This verifies the results given by the linear elastic analysis
for dimensioning the MCB-geometry by Högberg and Stigh (2006).
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Figure 3.5 Simulation results on the MCB-specimen, F(w,v) and J(w,v).
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4 Conclusion
The layer technique is employed to simulate adhesive joint, by which the adhesive layer is modelled as
an interphase with a thickness at the macroscopic level. Experimental studies show that the constitutive
behaviour of the adhesive layer is nonlinear and mode dependent, which is captured by the mixed mode
cohesive law given in Chapter 2. The mixed mode cohesive law has a coupled formulation, and it
describes a traction-separation relation that allows for different fracture parameters, such as fracture
energy, strength and critical separation in different mode mixities. This cohesive law can also be
applied to other fields in fracture mechanics.
For numerical simulations, interphase elements are developed and used to model the adhesive layer.
The rotation of the beam adherends is accounted in its large deformation formulation. Examples on FEimplementation of adhesive joints are given. The Unsymmetric Double Cantilever Beam (UDCB)
specimen achieves mode mixity by its geometrical unbalance. The Mixed-mode double Cantilever
Beam (MCB) specimen achieves the mode mixity by the line of the action of the loading system. The
constitutive law of the adhesive layer can be evaluated by the use of the J-integral. The results show
that the variations in the external force and the ERR in different mode mixities can be recreated, which
shows the simplicity and the diversity of the layer technique.
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