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Abstract
The concept of single point uncertainty describes a methodology to statistically evaluate the local measurement results of a
measurement series with respect to the associated reference geometry. The single point uncertainties can be used as local quality
parameters or weighting factors in subsequent processing of a measurement and can therefore have a significant impact on the
final measurement results. The core routine used in former work at the Institute of Manufacturing Metrology, which is based on
ray-triangle intersection tests, provided accurate results under most conditions. Nevertheless, some disadvantages were observed,
including the very high computational demand and an inaccurate sampling of edge regions. In order to compensate for these
deficiencies, another distance measure utilizing an expanded nearest neighbour approach was implemented and compared to the
existing solution. It could be shown that the alternative solution for the determination of the single point uncertainty in repeated
computed tomography (CT) measurements can provide very similar results while having substantially less computational
requirements on the hardware used.
Keywords: dimensional metrology, single point uncertainty, ray tracing, GPGPU
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Single point uncertainty in dimensional metrology

The concept of the single point uncertainty describes a methodology to statistically evaluate the local measurement results of a
measurement series (n repeated single measurements) with respect to the associated reference geometry. Usually, at first a
geometric registration routine is required to align the measurements with the reference geometry. Originating from each sampling
point on the triangulated reference surface (STL file format [1]), the distances to each single measurement are calculated (Figure
1). Depending on the sampling strategy applied, different distances are computed. For each set of distances, the mean value as
well as the standard deviation can be computed. In case the reference geometry is known (this is especially the case for the
simulation of CT measurements), the local systematic deviations
combined with the local random deviations
represent the single point (measurement) uncertainty. In case the reference geometry is unknown, which describes a daily usage
scenario in dimensional metrology, the nominal geometry (instead of the reference geometry) can be used to obtain the distances
. In this case, the precision of the measurement system
can still be estimated by statistical evaluation of the local
intersection distances, while the deviations of the work piece from the nominal geometry including the systematic measurement
, Figure 2). In this contribution, the term “single point uncertainty”
error are represented by the local mean distances (
describes the local precision of a measurement series, because the reference geometry is unknown. The application of false colour
rendering techniques leads to a spatial representation of the geometrical deviations of the work piece and precision of the
measurement series with respect to its nominal geometry.

Figure 1: Principle of determining distances between the reference geometry and a measurement series (here 3 measurements). The surface
points of the triangulated nominal geometry define the sampling points. The calculated distances depend on the sampling strategy.

The observed distances are strongly affected by the convergence fidelity of the usually necessary registration routine, which can
either locally reduce or increase the calculated single point uncertainty values / geometrical deviations. The determined
geometrical deviations are closely related to the results of a nominal-actual comparison. The difference is that in case of the
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single point uncertainty framework, several measurements are evaluated and the error is measured starting from the reference
geometry, while a nominal-actual comparison usually determines the local deviations starting from the measured geometry with
respect to a nominal geometry. The exact knowledge of the single point uncertainty of a measurement (series) result can greatly
influence the quality of the subsequent measurement data evaluations. The processing of single point uncertainties as weighting
factors in geometry element fitting routines can lead to more accurate determination of geometry element properties [2]. For CT,
the visual evaluation of the locally varying uncertainties gives direct insight into the underlying X-ray penetration lengths;
because they directly affect the single point noise due to the impaired signal to noise properties of the recorded projections. The
method was successfully used to correct systematic measurement errors in (CT) measurements by determining the systematic
single point error
of a simulated measurement series and subsequently correcting the systematic measurement
deviations [3]. It was shown in [4] that the weighted data fusion of repeated CT measurements (surfaces), using locally
determined quality values [5–7], can significantly reduce measurement errors. Instead of using local quality values, the single
point uncertainty values can also potentially serve as the weighting factors required for the data fusion algorithm. The biggest
downside of the concept is the requirement of many repeated measurements, which in practice restricts the determination and
subsequently the usage of the uncertainty values. Nonetheless, exemplary evaluation of the single point values for a given
measurement setup can provide useful information about the expected quality of subsequently performed similar measurements.
Large potential arises if a potent virtual measurement setup is available to estimate the expected uncertainties while the real
measurement is performed. This is for example possible in case of the virtual CT system used at the Institute of Manufacturing
Metrology [8].
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The results and run time properties obtained for the determination of single point uncertainty and form deviation values are
dependent on several influence factors:
 the measurement system, thus the obtained quality of the measurement series,
 the exactness of the registration routine,
on the surface of the reference/nominal geometry,
 the distribution and density of the sampling points
 the sampling strategy applied to calculate the distance from each query point to each single measurement.
Figure 1 sketches the sampling results for different sampling strategies: For the left sampling point, the distances are represented
by the distances to the nearest neighbours (Euclidean) of the target meshes. Although this algorithm is very simple and
characterized by low computational complexity, it is heavily dependent on the point density of the target surface. Because of
that, and the fact that the surface information included in the triangle mesh is left unused, this algorithm was not investigated
further in this article. Instead of that, the properties of the methods calculating the shortest distance to the target mesh (Figure 1,
middle sampling point) and sampling in the direction of the normal vector of the nominal geometry (Figure 1, right sampling
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point) were compared against each other. The results of the second method in case edge regions are sampled are often times
unsatisfying, especially if geometrically ideal edges were specified in the nominal geometry (without small rounding). The
motivation for the following research was to examine the results of a different sampling strategy to the method previously used
[2, 3, 9] to determine single point uncertainty values. Because of the potentially computationally demanding nature of the
algorithms applied for this problem, the run time properties of the algorithms were of special interest.

2

Preparation of the nominal geometry

The nominal geometry (reference geometry is unknown without a holistic calibration of the work piece), which is usually
represented as a CAD file, e.g. in the STEP [10] format, has to undergo a pre-processing routine in order to calculate the single
point uncertainty as well as the geometric deviations of a measurement series from that nominal geometry. The triangulated
(triangle vertices) together with the corresponding sampling vectors
nominal geometry defines the sampling starting points
(vertex normal vectors). The spatial resolution sets the spatial cut-off frequency for detected deviations. That means that all
triangles should be of similar size, thus the point density on the surface should be as homogeneous as possible. The representation
of curved surfaces with (planar) triangles it not possible without introducing an error compared to the original (potentially curved)
surface. That error can be reduced to an arbitrary nonzero value by using more triangles at the expense of the computational
demands needed in order to process very complex geometry representations. Most CAD programs support the generation of
triangulated surfaces from a CAD model, but fulfilling the constraint of a homogeneous point density is usually not covered.
Figure 3 (left) visualizes the result from a direct CAD to mesh conversion by VGStudio Max 3.2.1 [11] (VGS), using the highest
quality settings for the CAD-to-mesh conversion routine possible (linear mesh deflection 0.1 µm, angular mesh deflection 1°).
Although the triangle mesh consisted of 18 271 150 triangles, the point density observed was unsatisfying. Because of that, a
processing pipeline was used, which involved the computation of a voxel model from the CAD representation of the geometry,
followed by a conversion into a triangle mesh. The intermediate step of a voxel model allowed the usage of the voxel grid points
for the determination of the triangle facets. Unfortunately, the resolution of the voxel model was limited by the amount of RAM
available on the workstation used for computation. That limitation also determined the amount of occurring edge rounding, which
is typical for voxel based geometry representations. The generation of the desired triangulated surface using an intermediate
voxel representation was done using VGS. The nominal geometry (CAD) was converted into a volume using a workstation with
64 GiB of RAM and the following settings: Resolution “8 µm”, data type “8 bit”, conversion mode “Exact CAD”. These settings
resulted in a volume model of the gear wheel specimen used with the dimensions 5 595 x 5 591 x 2 586 voxel. The volume model
was then converted into a mesh using VGS and the following settings: Mode “Ray-based”, resampling resolution “25 µm / 50 µm
/ 100 µm”, Point reduction mode “precise”, Simplification “High simplification”.

Figure 3: Results for generating a triangle mesh from a CAD model using VGS. Left: Inhomogeneities are observable using direct conversion
with the highest quality settings possible. Right: Uniform point density was achieved using an intermediate volume model (Table 1, Mesh 2).

In order to estimate the quality of the meshes generated in terms of the interpolation error introduced and the surface point
density, Table 1 shows characteristic values for the triangle edge lengths as well as the deviations from the triangulated CAD
representation. It is important to note that the internal processing of CAD models in VGS is also based on triangulated surfaces.
The fidelity of this processing was set using the option “Recalculate CAD mesh” with the lowest possible settings for linear and
3

9th Conference on Industrial Computed Tomography, Padova, Italy (iCT 2019)
angular mesh deflections (0.1 µm and 1°). That means that the internal CAD representation (mesh) used for the following
evaluation was itself introducing errors compared to the true CAD model. Nevertheless, these deviations were negligible, which
were represented by the following areal percentiles of “Cumulated mesh-to-CAD deviation” of VGS: 50 % 18 nm, 90 % 84 nm,
95 % 90 nm, 99 % 174 nm, 100 % 2 885 nm.
Figure 3 visualizes the comparison between a directly performed conversion of a CAD into a triangle mesh and using an
intermediate volume model as described above. The second solution clearly exhibits favourable properties for the usage within
the singe point uncertainty framework. Table 1 shows that by using a volume resampling resolution of 50 µm results in a triangle
mesh (Mesh 2), of which only 1 % of the surface deviates more than 5.4 µm from the triangulated CAD model. The mean triangle
edge length of 113.3 µm can be reduced to 58.9 µm if the triangle count is increased from 911 960 to 3 426 018 triangles
(Mesh 1). A reduction of the sampling resolution (Mesh 3) leads to greater deviations from the (triangulated) CAD in the
magnitude of expected measurement deviations, which makes that mesh probably unsuited for high quality CT measurements.
Identifier
Resolution voxel model (VGS) in µm
Resampling resolution (VGS) in µm

Mesh 3

8

8

8

25

50

100

455 982 / 911 960

132 983 / 265 962

1

22.3

30.1

32.1

5

25.0

50.0

97.5

10

30.8

51.6

100.0

50

55.9

111.8

202.2

90

81.4

160.0

316.2

95

90.7

180.3

360.6

99

103.2

206.2

412.3

Triangle edge lengths mean ± std. dev. in µm
Cumulated deviations
from triangulated CAD:
area percentile (VGS) in
µm

Mesh 2

1 713 011 / 3 426 018

Number of vertices / triangles in the mesh

Triangle edge lengths
percentile in µm

Mesh 1

58.9 ± 20.1

113.3 ± 41.4

206.4 ± 86.4

50

0.1

0.1

0.3

90

0.3

0.6

2.6

95

0.5

1.7

6.1

99

1.8

5.4

15.1

Table 1: Comparison of generated triangle meshes of the nominal CAD geometry with the help of a transformation into a volume model. The
deviations from the triangulated CAD geometry and the edge lengths of the triangle mesh increase with decreasing resampling resolution. Note
that the triangulated CAD geometry itself deviates slightly from the true nominal geometry.

3

Measurement data and pre-processing

The measurement series used for demonstration purposes of the implemented sampling strategies consists of 20 repeated
measurements of a polymer (polyoxymethylen, POM) gear wheel (straight toothed, 39 teeth, thickness 6 mm) with a form tip
diameter of ca. 40 mm, which were performed on the CT system “Zeiss Metrotom 1500”. The following measurement settings
were used from the software “Zeiss Metrotom OS”: X-ray tube voltage “100 kV”, X-ray tube current “250 µA”, detector
integration time “2 000 ms”, detector amplification “16x”, geometric magnification “8x”, voxel size “25 µm”, spot size “25 µm”,
number of projections “1 500”, X-ray filter “none”. The measurement object was set up in such way, that the rotation axis of the
rotatory stage of the CT system was aligned roughly parallel with respect to the rotation axis of the gear wheel. This orientation
ensured that the X-ray penetration lengths did not vary for different teeth. The reconstruction of the projection data was performed
using Zeiss Metrotom OS, which is based on the commonly used FDK-algorithm in combination with a Shepp-Logan filter. The
surface determination was carried out using VGS with the following settings: Material definition “Automatic”, Starting contour
healing “Remove all particles and all voids”, Iterative surface determination “on”. The geometric registration against the CAD
was performed in two steps. First, a semi-manual coarse alignment with the help of reference markers on the gear wheel ensured
that the rotational symmetry was dissolved and that the teeth were correctly aligned with each other. The second registration step
was done using the VGS “Best fit registration” with Quality level “50”, “Consider current transformation “on” and “Improved
refinement “on”. The mesh generation was conducted using VGS and these settings: Extraction parameters Mode “Grid-based”,
Create closed surface “off”, Resampling “fast”, Simplification Mode “High simplification”. The resulting 20 measurement
meshes consist of 2 868 871 ± 25 689 triangles.

4

Algorithm 1: Ray-triangle intersection test from nominal geometry to measurement meshes

The first algorithm examined in this article computes the distance from each sampling point of the reference/nominal geometry
in the direction of the vertex normal vectors of these sampling points to the triangulated measurement geometry (Figure 1, right).
From the standpoint of measurement science, the normal vector of the nominal geometry is trustworthy and defines the direction
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in which the corresponding point on a measurement surface is most likely expected. Mathematically, this problem is described
by a ray-triangle intersection test, which is a well-known problem in the field of computer graphics. Equation (1) describes a
commonly used minimum storage ray-triangle-intersection test, which was formulated by Möller and Trumbore in 1997 [12]. In
general, each ray defined by a sampling point and its vertex normal vector must be tested against every triangle on the
measurement surface, resulting in a very large number of necessary intersection tests. In fact, considering Mesh 2 (Table 1) as a
reference and the average measurement surface (section 3), the algorithm needs to perform more than 1012 ray-triangle
intersection tests. Even though this algorithm scales well with additional execution units (cores) and in combination with
increasing memory bandwidth in case of large enough problem sizes because of its data parallel properties [13], commonly used
desktop workstations are often not powerful enough to achieve acceptable run times. One frequently used countermeasure for
this kind of problem is the usage of additional intermediate data structures (e.g. octrees [14]) to reduce the overall amount of
necessary intersection tests. Although these methods can yield significant run time improvements, the data structures required
have to be created and addressed efficiently, which was not possible to realize in MATLAB within an acceptable timeframe.
Instead of that it was tried to exploit the beforehand mentioned data parallel properties of the underlying problem by using
modern General Purpose Computation on Graphics Processor Unit (GPGPU) techniques [15, 16]. MATLAB provides the
possibility to define element-wise functions, which are then called by the GPU using CUDA through an “arrayfun” construct
[17, 18]. The problem described by Equation (1) was implemented as such an element-wise function and called iteratively in
batches small enough to fit into the available GPU memory.

∙

∙

∙

∙
: distance to triangle plane, , : triangle barycentric coordinates of hit location
, . : triangle edge points, , : ray start point / normalized direction vector

(1), [12]

The results provided by this method of calculating the single point uncertainty for different kinds of measurements was already
used in multiple publications of the Institute of Manufacturing Metrology [2, 3, 9]. The method proved to provide good results,
except for two main problems: The sampling of edge regions is relatively unstable by design and the computational requirements
are rising quickly for complex meshes. Because of those reasons, another distance measure was implemented and will be
discussed in the following section. In the further explanations, the algorithm is referred to as “ray tracing”.

5

Algorithm 2: Shortest Euclidean distance from point cloud to measurement triangle meshes

Main motivation for the development of the following solution was the desire to reduce the computational demands of the
algorithm, especially the scaling properties in case very large datasets (> 107 triangles per surface) are processed. That means
of the nominal geometry has to be reduced to the lowest amount
that the amount of processing for each sampling point
possible, while making sure that in fact the shortest distance was calculated. Consequently, the algorithm needed to be designed
in a way that the size and distribution of triangles is not affecting the result of the computation.

5.1

Basic algorithm concept

The idea behind the algorithm is to calculate the shortest distances from each sampling point
of the nominal geometry to the
measurement triangle mesh. Thus, the procedure effectively determines the distance from a point cloud (edge vertices of the
nominal triangle mesh) to another triangle mesh. There are three different hit scenarios possible: The hit location of the shortest
possible connection originating from a sampling point towards the measurement mesh is located…
I.
…on a triangle edge point,
II.
…on a triangle edge,
III.
…on a triangle facet.
The fundamental approach to calculate the desired result was to determine the vertices on the measurement surface which have
the shortest Euclidean distance towards each single sampling point (nearest neighbour). After that, all triangle facets containing
that nearest neighbour vertex were determined and the shortest distance towards those triangles was calculated. At first glance,
this might be a sufficient criterion, but in fact, it is possible for a triangle to be closer to the sampling point than the nearest
neighbour is, even if all triangle vertices are located further away than the nearest neighbour. This geometrical constellation is
visualized in Figure 4: All triangle edge points of the light blue triangle are further away from the sampling point SP than the
nearest neighbour to SP (NN1), but nonetheless the distance is smaller than . That means if those special cases are not
accounted for the calculated distance could be an overestimation thus leading to incorrect uncertainty results. Consequently, the
nearest neighbour criterion alone is not enough to determine the shortest distance from a sampling point to another triangle mesh.
The following algorithm was proposed to solve that problem:
I.
Pre-processing
i.
For each vertex of the nominal geometry: Compute the next neighbour vertices
∈ |
in the target
triangle mesh using MATLAB’s knnsearch() function and the Euclidean distance metric [19]. Consequently,
5
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II.

no additional vertices, besides the nearest neighbours, can be located between two spheres (green circles)
and . This results in two arrays, which contain the indexes of the next neighbours for each
with radii
sampling point SP and the distances from those neighbours to each sampling point SP. Those matrices have
to be transferred to each thread of the parallel CPU architecture, thus largely determining the memory
requirements of the routine.
ii.
For each triangle in the target triangle mesh: Compute the radius and centre coordinates of its circumscribed
circle and determine the length of the largest triangle edge using highly vectorised GPU calls [17].
Main routine: For each SP of the reference/nominal geometry perform the following operations (using a parfor [20]
construct in MATLAB):
i.
Select all triangles containing any of the nearest neighbours as edge points.
ii.
Find all triangles containing a triangle edge larger than (2), see also Figure 4.
iii.
Find all triangles from II.ii fulfilling the condition ‖ ‖
(with ‖ ‖: distance between
and the
centre of the triangle circumcircle and : triangle circumcircle radius (see Figure 4).
iv.
Select all triangles from II.iii where the distance of the triangle plane to SP is smaller than .
v.
Calculate the distances from SP to every edge and every face of each triangle selected in II.i and II.iv.
vi.
Determine the minimum distance and coordinates of the shortest connection point on the mesh.

Figure 4: Shortest distance from a sampling point (SP) to another triangle mesh: The number of nearest neighbours (NN) define a critical
triangle edge length for additional triangle tests, which will be selected using minimum circumscribed circles.

edgeLengthcritical

for variables see Figure 4

(2)

Even though this routine is guaranteed to determine the correct shortest distances from a point cloud to a triangle mesh, the
performance is heavily dependent on the choice of , which is the number of next neighbours used. Depending on the distribution
of triangle sizes and the deviations between the nominal and measurement mesh, the optimal number of varies strongly. For
large (resulting in a large value for ) the amount of triangle tests performed for each iteration (II.v) is high, while the amount
of additional, expensive triangle tests using the properties of the circumscribed circles (II.iii) is very low. For small , the contrary
behavior is observed, resulting in low memory requirements but significantly increased runtimes. Additionally, fewer next
is already quite
neighbours have to be evaluated in order to reach high values of , if the distance of the nearest neighbor
large, which is the case if large deviations between the reference/nominal geometry and the measurement are present. Because
of the strong dependence of the algorithm of the value of the parameter the subsequently described optimizations were
considered.
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5.2

Optimizations of the basic algorithm

The ideal algorithm performs as little basic operations as possible for each iteration, thus reducing the memory and run time
requirements to a minimum. That means the parameter should be optimized for the specific constellation of each sampling
point. First, the following statements expand the pre-processing section of the algorithm description:
a) Arbitrarily choose a large
and calculate the next neighbours for each SP.
holds (
: length
b) For each SP: Determine the index of the first next neighbour, which defines , such that
of largest triangle edge in the measurement mesh). If none of the next neighbours fulfils that condition, set
. The
vector of indexes is then passed to the main loop.
This information leads to a reduction of necessary tests during the main routine: The steps II.ii and II.iii only need to be performed
if
, otherwise, these tests are irrelevant and can be skipped.
The subsequent second optimization steps deals with the fact, that very few sampling points require a high number of next
in the target mesh. Because the index and distance
neighbours in order for to reach the maximum triangle edge length
arrays resulting from the next neighbour determination routine are represented by dense matrices, very few constellations actually
require the full length of entries, thus significantly increasing the memory requirements. It turns out, that by cutting those
matrices at the index represented by a certain percentile (99th in our tests), memory requirements can be cut substantially, while
not increasing the overall computation time due to elimination of otherwise necessary increased memory transfer tasks (Figure
5). In the further explanations, the algorithm is referred to as “shortest distance”.

Figure 5: Indexes , which represent for each SP the number of nearest neighbors necessary to hold
. The decision to allow for 1 %
of all SP to miss that condition leads to a significant reduction of memory requirements and transfer times and ensures, that only the minimum
amount of triangles have to be tested in order to find the shortest distance originating from the nominal mesh.

6

Comparison of both algorithms regarding the metrological parameters

It was expected that both algorithms produce slightly different metrological parameters (single point work piece deviations and
single point uncertainty). Figure 6 and Figure 7 show the calculated deviations
and
, respectively using the
newly introduced sampling strategy featuring the shortest distance sampling. The former shows large negative deviations from
the tooth tip and tooth root regions, which indicates that the work piece is systematically too small compared to the reference
geometry. This is possibly caused by shrinkage during the injection moulded manufacturing process. The plot representing the
random measurement error (Figure 7) shows the dependency of the single point uncertainty from the X-ray penetration lengths
at the gear wheel sprocket (the gear wheel rotation axis was aligned parallel to the rotation axis of the CT system). This alignment
is the reason for the high single point uncertainty values on the inner side of the gear wheel, because this area was aligned parallel
to the middle ray of the cone beam during the measurement. The cone limiting the axis (z > 5 mm) shows very long uncertainty
values at approx. 3 µm. The main questions is, if the results of the newly introduced sampling strategy are comparable to the
established method, using ray tracing. For that purpose, the values
and
of both algorithms were compared
using normalized cumulated histogram plots. In case of the “shortest distance” algorithm, the mean values and standard
deviations could be computed for all sampling points of the reference/nominal geometry, because the algorithm always finds a
result for the shortest distance. In case of the ray tracing routine, it is possible for rays not to hit any triangles, thus resulting in
and
were calculated
the value “not a number” (NaN, [21]) for the hit distance. Because of that, the values
using the “omitnan” flag in the respective MATLAB functions mean(...) [22] and std(...) [23]. If all
were NaN (no
intersections found), the resulting uncertainty values also evaluated to NaN, which lead to missing values in the histogram plots
and thus potentially distorting the comparison results. Nonetheless, the number of sampling points, which did not find any hit
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triangles, amounted to 0.32 % in the presented example. This number was regarded as small enough to not be considered in the
evaluation.

Figure 6: Color-coded deviations
for a repeatedly measured polymer gear wheel (section 3, n = 20). The reference geometry is
Mesh 2 (Table 1); the applied sampling strategy is “closest distance”.
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Figure 7: Color-coded deviations
for a repeatedly measured plastic gear wheel (section 3, n = 20). The reference geometry is Mesh 2
(Table 1); the applied sampling strategy is “closest distance”.

Figure 8: Statistical comparison of all
values for the sampling strategies “ray tracing” and “shortest distance”, using Mesh 2 (Table
1) as the reference geometry mesh. The newly introduced method produces slightly smaller values compared to the ray tracing method.

Figure 9: Statistical comparison of all
values for the sampling strategies “ray tracing” and “shortest distance”, using Mesh 2 (Table 1)
as the reference geometry mesh. The newly introduced method produces slightly larger values compared to the ray tracing method.

Figure 8 shows that the “shortest distance” sampling produces systematically slightly smaller values, compared to the ray tracing
method. This was expected, because the sampling in the direction of the surface normal vector often finds intersection distances,
which are slightly larger than the shortest distance (see also Figure 1). The evaluation of the random measurement error (Figure
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9) shows slightly larger values for the “shortest distance” method. The plots show, that the results of the single point uncertainty
parameters are very similar for both methods. These results confirm the shortest distance algorithm as a valid alternative to the
ray tracing routine, especially since run times could be reduced by a factor up to 25–50, depending on the hardware evaluated.
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