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Abstract 

The concept of local defect resonance in non-destructive testing utilizes the natural 

frequency vibration of plate-like defects excited by external sound sources. The defect 

area is considered fully clamped with a locally reduced stiffness. While natural 

frequencies of plates have been of interest for a long time, the applicability to local 

defect areas emerged only recently and was validated both mathematically and 

experimentally. At first only circular and square defect areas were considered. In this 

contribution a wider range of defects is taken into account by presenting a closed form 

forward solution for elliptically shaped defects with variable semi axis ratios and 

lengths. FEM and experimental data confirm the calculations made for flat bottom holes 

in isotropic plastic. A practical application in the form of a delaminated glass fiber 

reinforced plastic is demonstrated in which the estimated resonance frequency matches 

the experimental result within 7%. 

1. Introduction 

The concept of local defect resonance (LDR) has been first investigated and described 

in [1] and [2]. Local defect resonances occur on the basis that the presence of a defect 

leads to a local decrease in stiffness for a certain mass of the material in this area. In 

non-destructive testing, using a frequency match of the driving ultrasonic source and the 

resonance frequency of the local defect area leads to a very efficient energy pumping 

into the defect area. Consequently, high amplifications of the defect vibration amplitude 

can be observed.  

Typically laser scanning vibrometry is used for visualizing vibration patterns with all 

spectral information available. Other common methods for visualizing local defect 

resonances are interferometric techniques, e. g. shearography [3], or thermal techniques 

like vibrothermography [4], which can instead provide much faster and more cost-

efficient imaging approaches. Defect resonances can be found in all kinds of materials 

and defects, ranging from impact damage in composites to cracks in metal [4]. Recent 

contributions of other groups in the subject demonstrated the benefit of LDR for 

inspection of delaminations [5] and kissing bonds [6]. However, there is still a lack in 

systematic investigations on how the LDR results depend on different kinds of defects, 

their size and aspect ratio, their orientations and depth position.  

2. Closed form solutions for Local Defect Resonances  

So far there exist only little quantitative descriptions of the LDR phenomena. From the 

resonance phenomena in general it is known that there is a distinct relation between the 

vibrating geometry, the material properties and the resonance frequency. For a defect in 
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a material, the latter is determined by the vibration pattern of a fully clamped plate or a 

membrane. 

2.1. Closed form solution for circular defects 

Eq. (1) was first derived in [2] and relates the defect geometry of cylindrical defects 

(residual thickness H, radius r) and the mechanical material parameters (Young’s 
modulus E, density ρ and Poisson’s number ν) to the fundamental LDR frequency f0. 

The derivation was based on the equations describing vibrating plates formulated by 

Timoshenko et al. [7]. 

Later, an equivalent solution (eq. (2)) for quadratic-shaped defects with side length s 

was presented [8]: 

2.2. Theory of Elliptical Defect Shapes 

In mathematics, physics but also engineering it is common practice to model areas of 

interest as elliptically shaped. Ellipses are mathematically simple due to their high 

symmetry, yet are very well suited to represent a huge range of realistic cases. As an 

example, in eddy current magnetic testing Wikswo et al. [9] demonstrated an almost 

fully analytical description of the magnetic response field of elliptically shaped defects.  

In this investigation, ellipses are used to represent delaminations in fiber-reinforced 

plastic (FRP) material, which are usually longer parallel to the fiber direction axis. The 

development of the closed form solution for clamped elliptical plates is similar to the 

one for circular plates by Solodov et al. [2] except for the lack of radial symmetry. The 

procedure is to equalize the maximum potential and kinetic energies based on an 

assumed displacement shape for the fundamental vibration.  

Maximum potential energy U and maximum kinetic energy V of a clamped plate are 

given in [7]: 

The radial distribution of the out-of-plane component of the displacement of the lowest 

mode of vibration is given by 

 � ≈ . � √ − �  (1) 

 � ≈ � √ − �  (2) 

 = ∫ ∫ � + � + �� �����
 (3) 

 = � ∫ ∫ � �����
 (4) 
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Unlike for a circular case, the integral along the angle θ does not disappear. In the case 

of an ellipse (Figure 1) the outside radius R is a function of θ and both the semi axes a 

and b: 

 

Figure 1: Parameters of an ellipse 

Combining (5) and (6) yields the radius and angle dependent displacement distribution 

While the derivatives 
∂2u∂r2 , r ∂u∂r  und r2 ∂2u∂θ2 do have closed form solutions, this is not the 

case for the integrals (3) and (4). A substitution = � ∙  with � ∈  ℝ+ is introduced 

and applied for various discrete values of X, in order to solve equations (3) and (4). An 

exemplary solution for � =  is presented here. 

The necessary derivatives of (8) are 

The inner integral in (3) with (9) yields 

 � = � − �  (5) 

 � � = √ cos � + sin �  (6) 

 � , , , � = � − cos � + sin � . (7) 

 � = , , � = � − + sin � . (8) 

 

� = � sin � + − + sin � , � = � sin � + − + sin �  and �� = � cos � + cos � − cos � − . 
(9) 
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Inserting (10) in (3) and solving the angular integral yields 

Accordingly, the solution for the kinetic energy is 

Equating the energies and solving for the frequency � = /  results in 

wherein the plate stiffness D was substituted according to [2]. 

Solving the problem for different semi axes ratios X yields a function P that is 

equivalent to the ‘natural frequency parameter’ �  used by Laksmi et al. [10].  

Using a regression analysis an empirical fit function relating P to the semi axes a and b 

can be found: 

With this approximation the LDR frequencies of all ellipses can quickly be estimated. 

The values for P are equivalent to the numerical results by Lakshmi et al. [10]. In the 

case of a circle, where a=b, P is 1.64, which is equal to the results found in the 

literature [2,11].  

3. Results and Discussion 

3.1. Numerical and Experimental Validation 

In addition to experimental validation, a FEM analysis of the vibration problem, which 

has proven to model the LDR phenomena very well in the past, has been performed. A 

specimen made of Polymethylmethacrylate (PMMA) was manufactured as well as 

modelled in COMSOL Muliphysics
®
. For the numerical and analytical calculations its 

material data was assumed as follows: Young’s modulus E=3.3 GPa, density 

=1.19 g/cm
3
 and Poisson’s ratio �=0.34. The semi axes chosen for the flat bottom 

 ∫ � + � + �� �� = � sin � + sin � +sin � + . (10) 

 = � . (11) 

 = � � . (12) 

 � = √ ∙ √ �  ≈ . � ∙ √ − � , (13) 

 � = �� ∙ √ − � . (14) 

 � = . ∙ − . + .  (15) 
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holes (residual thickness 0.6 mm) to be investigated are presented along with a 

photograph of the specimen in Figure 2. 

 

Figure 2: PMMA specimen with five different elliptical flat-bottom holes 

The FEM calculations have been performed for a wide range of semi axes ratios and 

frequencies, including those from the specimen in Fig 2. The results are plotted in a 

color coded scheme, wherein the color indicates the strength of the vibration 

amplifications. The plate’s own resonances have been eliminated from the results via 
normalization. For this, the maximum vibration velocity in the defect area was divided 

by the maximum vibration velocity outside of the defect area. Thus, the resulting image 

will only show defect vibrations but no plate resonance vibrations. The result of this 

division is called the amplification in Figure 3. 

Scanning laser vibrometry, in our case a Polytec PSV 300, was used to determine the 

local resonance frequencies in the PMMA specimen. Excitation was performed with a 

vacuum-attached transducer and an applied AC voltage of 30 V. Due to the specimen’s 
limited size a variation of the defect resonance frequencies may occur dependent on the 

transducer position because of standing wave effects. All results combined are presented 

in Figure 3, wherein the analytical solution (red dashed line) and the experimental 

results (white circles) with their respective error are superimposed to the FEM solutions.  

 

Figure 3: Analytical (red dashed line), numerical (false color 2D representation) and experimental 

(white circles with error bars) results for the determination of LDR frequencies of elliptical defects 

A very good agreement was found between the FEM results and the analytical solution 

developed above. Furthermore, the experimental data agree with the calculations within 

a margin of error. From this comparison one can conclude that analytical calculations 

semi axes in mm

a=4, b=4

a=6, b=4

a=8, b=4

a=10, b=4

a=12, b=4
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which are much faster than numerical simulations can be used to estimated LDR 

frequencies. 

3.2. Real Defects 

The objective of this investigation was to model impact induced delaminations in FRP. 

In order to know the exact size of such a delamination, an impact damage was 

introduced into a four layer glass fiber plastic laminate with a [0, 90]S layup and layer 

thickness of 0.75 mm. The extent of the delaminations can visually be measured as is 

demonstrated in Figure 4 (left). Because the delamination is not a perfect ellipse, an 

equivalent area with the semi axes a=19.3 mm and b=13.8 mm was determined.  

 

Figure 4: 40 J impact damage in glass fiber composite. Top: Photograph with equivalent semi half 

axes a and b. Bottom: Vibrometry result at 4.6 kHz 

The vibrating area is part of the 4
th

 layer of the specimen laminate, which is an 

unidirectional material with a strong anisotropic stiffness (Young’s modulus parallel to 
fiber direction 44.5 GPa and 13 GPa transverse, Poisson’s ratio 0.25 and density 
2.0 g/cm³). For simplification, an equivalent stiffness E was calculated as follows: 

This simplification does not consider shear modulus and transverse contraction, but is a 

close approximation according to classical laminate theory. The result for the equivalent 

Young’s modulus is 21.6 GPa. It should be noted that the prediction of the LDR 

frequency) is very sensitive to the extent of the defect due to the squared relation and 

much less sensitive to the material stiffness which scales with a square root. The 

determination of accurate sizes for delaminations is extremely difficult even with 

radiological or visual techniques, because the gap between two layers may be much less 

than the detection wavelength. 

In Figure 4 (right) a scanning laser vibrometry result is shown. Vibration amplitude is 

color coded from light green (low amplitude) to bright red (high amplitude). Since both 

 = ∫ (sin �  �� �� � + cos �  �� �����) ���
 (16) 
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parts of the defects are physically separated from each other they are considered 

separate defect areas. The fundamental resonance of these areas of almost identical size 

was measured at 4.6 kHz. With the aforementioned material data and measured defect 

size, an analytical estimation can be calculated with use of equations (14)–(16). The 

result is 4.9 kHz which is sufficiently close to the experimental data with an error of less 

than 7%. 

4. Conclusions 

An analytical solution for elliptically shaped, plate-like defects was found. It has good 

agreement with FEM calculations as well as experimental data. Furthermore a realistic 

defect, in this case two delaminations of the same size in GFRP, was investigated. Its 

experimentally determined LDR frequency is close to the calculated value. However, 

for limited size specimens the experimental evaluation of defect resonance frequencies 

is prone to errors due to standing wave patterns and interferences. 
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