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Abstract 
In this paper, the propagation of Rayleigh waves on substrates with applied or residual 
stress is investigated. For this purpose the propagation of Rayleigh waves was measured 
with a Laser-Ultrasonic measurement system. It consists of a pulsed laser which excites 
broadband Rayleigh waves in a thermoelastic regime and a two-wave-mixing 
interferometer with a photorefractive GaAs crystal for robust detection of the surface 
waves. Both angular and frequency dispersion are considered theoretically and 
experimentally. It was found that there are clear indications of non-homogeneous stress 
states in the measurement results which qualitatively correspond with the theoretical 
models considered. However, some deviations between measurements and simulations 
still prevail, which may be attributed to effects not considered in the models. For grinded 
specimens, a clear dependence of a stress parameter on the grinding level was found 
which is also sensitive to annealing. This study is a work towards broader industrial 
application of Laser-Ultrasonic measurement systems.  
 
1.  Introduction 
 
Residual stress due to grinding can be measured with X-Ray diffraction (1), a material 
removal method (2) or with a magnetic Barkhausen emission sensor (3). However, these 
are often very cumbersome, destructive or have to be intricately calibrated. On the 
contrary, ultrasonic methods for stress assessment may offer a non-destructive and 
reliable alternative. Combined with laser-ultrasonic excitation and detection of ultrasound 
waves, a non-contact, non-destructive measurement system can be developed. Many 
authors have investigated the use of Laser-Ultrasonics (LUS) for stress measurements (4) 
(5) (6) (7). Based upon these results from literature, LUS measurement of applied and 
residual stress seems to be a feasible approach for industrial measurement systems.  
In this paper, we explore the use of a robust speckle-insensitive surface wave LUS 
measurement system for the analysis of applied and residual stress. First, important 
theoretical properties of Rayleigh wave propagation in stressed specimens are outlined. 
Second, the LUS measurement system, which was used throughout this study is briefly 
presented. Third, LUS Rayleigh wave measurements on specimens with applied and 
residual stress fields are presented. Eventually, the findings are discussed and the paper 
is summarized in the last chapter.  
 
2.  Theory 
 
Rayleigh waves are ultrasound waves which can travel along the surface of a specimen. 
The penetration depth is approximately one wavelength: � ≈ � , which implies that dR 
decreases with increasing frequency (8). The Rayleigh wave velocity cr is below the 

M
or

e 
in

fo
 a

bo
ut

 th
is

 a
rt

ic
le

: 
ht

tp
://

w
w

w
.n

dt
.n

et
/?

id
=

22
95

2

https://creativecommons.org/licenses/by-nc/4.0/


 2 

velocity of shear waves with � ≈ . + .+ ⋅ � (8). From the Rayleigh equation it 

follows that Rayleigh waves on an isotropic, homogeneous substrate are not dispersive.  
However, if the substrate is layered or if its elastic parameters are inhomogeneous in the 
direction normal to its surface, Rayleigh waves become dispersive. This follows from the 
relation of the penetration depth cited above. While the wave propagation for low 
frequencies is influenced by material parameters from a wide range of depths, often 
including bulk parameters, the propagation of high frequency waves is only influenced 
by material parameters closer to the surface. If those parameters are different from the 
bulk parameters, the velocities at different frequencies are different and thus the Rayleigh 
wave has to be dispersive. Hence it is possible to use Rayleigh waves for depth profiling 
(9).  
Inhomogeneity of elastic parameters normal to the surface of the substrate can be 
introduced by non-homogeneous stress fields (9). The influence of stress on ultrasound 
propagation can only be explained by the introduction of non-linearity. In the case of a 
stress field, the deformation energy per unit volume is, for an isotropic solid,  

                                Φ � = + � − � + + � − � � + � ,                    (1) 

with Jk: invariants of the Lagrangian strain tensor, , : the second-order (linear) elastic 
constants and m, n, l: the third order (non-linear) Murnaghan constants (10). Thus, the 
degree to which any ultrasound wave is influenced by stress is determined by the material-
dependant non-linear constants m, n and l. However, the above equation requires a 
homogeneous stress field in an isotropic solid.  
For stress gradients in isotropic solids, there are perturbation solutions. One of the 
solutions that was used in this study was developed by Ditri and Hongerholt (11). They 
arrived at a formula for the phase shift �� � = � − �  for Rayleigh waves 
propagating perpendicularly (in 3-direction) to the stress field:  

                       �� � = − �0�� ∫ ��⊥ , ,∞ � � , � � � �                            (2) 

with L0: propagation distance, : angular frequency, 11(a): stress distribution, and P,  
and Fi(a2,) expressions derived by Ditri and Hongerholt (12). Eq. 2 depends on the 
Murnaghan constants, but also on the thickness-stress distribution. The integral in Eq. 2 
can be solved numerically.  
As grinding causes a stress field with preferred direction, it is the cause of angular 
dispersion of surface acoustic waves. The influence of stress fields and texture on 
Rayleigh surface waves was investigated by several authors (6) (13). The equations 
derived from these authors basically take the form of  

                                 
Δ��0 ≈ ⋅ � + � + ⋅ � − � ⋅ cos �  ,                      (3) 

with 
Δ��0 : relative change in phase velocity, k1, k2: material-dependant constants, 1, 2: 

stress in directions 1 and 2 (grinding and transverse directions). Eq. 3 indicates that a 
stress field causes an offset which depends on the magnitude of the stress field and a 
material constant k1. Additionally angular dispersion of the Rayleigh waves is introduced 
through the second term. It has a periodicity of 2, which may be confounded with the 
corresponding anisotropy term caused by the texture coefficient w420, but is distinct from 
the periodicity of texture coefficient w440 (14).  
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3.  Experiment 
3.1 Laser-Ultrasound measurement system 
 
The LUS measurement system that was used throughout this study is based on laser-
excitation and laser-detection of Rayleigh waves. Laser-Excitation took place in the 
thermoelastic regime, where no ablation or melting of the surface occurs and is therefore 
non-destructing. A pulsed Nd: YAG laser with a pulse duration of 1 ns and pulse energy 
of maximum 1 mJ was used for the excitation of Rayleigh waves. It was focused to a line 
on top of the sample so that diffraction of the Rayleigh waves could be neglected (15) 
(16). 
The ultrasound waves were detected with a Two-Wave-Mixing Interferometer (TWMI) 
with a GaAs photorefractive crystal. It is insensitive to speckles and vibrational noise, so 
that it is suitable for industrial applications. The interferometer that was developed is very 
similar to the TWMI reported by Carrion et al. (17), except that no fibre-delivery is used 
and the signal beam is focussed on the same side of the specimen together with the 
excitation laser beam. Additionally, a balanced detection scheme is used in order to 
suppress laser noise (18).  
In order to calculate dispersion curves from the time-domain measurements of pulsed 
laser-excited Rayleigh waves, the phase spectral analysis method is used (19). Surface 
wave pulses are measured at two different positions along the centre of the excitation line. 
The two positions are adjusted with a high precision linear stage by moving the excitation 
beam. The measured pulses are then bandpass-filtered, windowed in the time-domain and 
then Fourier-transformed. From the Fourier-transformations the phase difference ΔΦ is 
to be calculated and the phase velocity �ℎ  results from the formula  

                                                       �ℎ = ��⋅Δ�ΔΦ  ,                                                             (4) 

where Δ� is the difference in pathlength and � is the frequency. 
 
3.2 Applied Stress 
 
Changes in phase velocity due to applied or residual stress are only small and detection 
of stress with ultrasound is often subject to significant relative measurement error (6). 
Therefore, the question arises weather stress-induced changes of the Rayleigh wave phase 
velocity can be reliably determined with the measurement setup presented in chapter 3.1. 
For this purpose a first experiment was designed in which non-uniform stresses were 
applied to a slab in a defined way with a 3-point bending setup. The bending test 
introduces a unidirectional stress field in bending direction. The stress varies linearly in 
thickness direction with its positive maximum (tensile) at the surface of the specimen 
where the LUS measurements take place and its negative maximum (compressive) at the 
bottom. Strain-gauges were applied to the top and bottom of the slab in order to measure 
the positive and negative maximum elongations �. From these measurements the stresses 
can be determined approximately according to � = ⋅ �. Measurements were carried out 
on an aluminum slab with Young’s Modulus approximately = 7  ��. With this 
assumption and the measured applied elongations surface stresses in the range between 
21 MPa and 84 MPa were calculated. The thickness of the slab is 10 mm. The phase 
velocities of Rayleigh waves were measured perpendicular to the bending stress field. 
This has the advantage that no curvature is introduced in direction of the measurement. 
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Any curvature would have to be considered in the change of pathlength that is used for 
Eq. 4.  

 
Figure 1. a) Dispersion curves calculated with the Ditri-formula for typical values of aluminum b) 

measured dispersion curves for bending test of the 10 mm aluminum bar. 

As the resulting stress field is inhomogeneous in thickness direction, the Rayleigh waves 
will be dispersive (4). Hence the expected dispersion is first simulated using the formula 
provided by Ditri (11), Eq. 2 introduced in chapter 2. Results of the simulations are shown 
in Fig. 1a. For the simulation typical second- and third order values of the elastic constants 
of aluminum were used (20). From the results of the simulations it can be seen that the 
Rayleigh waves are strongly dispersive in a low frequency regime below 5 MHz, whereas 
frequencies above are only dispersive by a small degree. The relative changes in velocity 
are only minute and smaller than 0.15 % for stresses below 100 MPa. 
In Fig. 1b dispersion curves from measurements under different bending stresses are 
shown. The surface stress level �  is calculated from the elongations measured with strain 
gauges. Phase velocities are clearly increasing due to higher stress levels as was predicted 
from the simulations. However, different stress levels are crossing at higher frequencies 
and some stress levels are not clearly distinguishable. Moreover, the relative change in 
phase velocity is about . ⋅ −  at a surface stress level of 84 MPa, which is almost 
three times the predicted value from the simulations. This could be explained by a change 
of the nonlinear parameters due to texture and pre-existing stresses in the aluminum slab 
(21). However, these measurements show that different stress levels can be separated with 
the measurement system presented in chapter 3.1. 
 
3.3 Residual Stress 
 
Other than externally applied stress fields, residual stress fields are inherent stresses of a 
sample that do not vanish without undertaking special measures like annealing or 
vibratory stress relief. Prominently, residual stresses occurs after abusive grinding (1). 
Grinding is unlikely to cause texture in 100Cr6-steel, but texture might be considered a 
possible source of influence on the data presented here (1).  
In order to investigate the influence of grinding on the propagation of Rayleigh waves, 
LUS measurements on steel specimens that were gently grinded are compared to 
measurements on abusively grinded steel specimens. Afterwards, the specimens were 
annealed and measured again. Because of the annealing process, residual stresses should 
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decrease. From here on, abusively grinded specimens are called “AG1” or “AG2” and 
gently grinded specimens “GG1” or “GG2”.  
First, the frequency-dispersions of AG and GG specimens are compared. Typical results 
are shown in Fig. 2. First, it is noticeable that there is an offset between AG and GG 
specimens, which would point to the first term in Eq. 3. Second, attenuation was much 
higher on AG surfaces, which is why the dispersion curves on GG specimens could be 
analysed in a wider bandwidth. Third, the frequency-dispersion on AG samples is greater 
until a frequency of approximately 10 MHz, after which the phase velocity is roughly 
constant.  

 
Figure 2. Typical dispersion curves of gently and abusively grinded specimens. 

Next, we compare the angular dispersions of AG and GG specimens. For this purpose, 
the samples were mounted on top of a rotation stage. An angle of 0 ° indicates 
measurements approximately perpendicular to the grinding direction. As can be seen in 
Fig. 3, deviations of the phase velocities are greater in AG specimens. Moreover, the 
phase of the periodicity is different, indicating a change of sign in the stress-term. The 
measured data was fitted with Eq. 3 (“best fit” in Fig. 3), where an additional 4-term 
was added in order to take account for texture variations. Since neither material 
parameters nor the actual stress states were known, the factor ⋅ � − �  was assigned 
to a variable A. This variable should be an indicator of the amount of stress in the sample. 
It is − . ⋅ −  for AG1, − ⋅ −  for AG2, + . ⋅ −  for GG1 and + .9 ⋅ −  
for GG2 and thus greater for AG samples than for GG samples. 

 
Figure 3. Angular dispersion of Rayleigh waves in differently grinded specimens. 
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For AG samples only low frequencies around 10 MHz could be analysed because of the 
high attenuation on these samples, whereas on the GG samples higher frequencies of 
around 35 MHz could be analysed. Additionally, the sample “AG1” was annealed at 
600 °C for 2 hours and oven-cooled to room temperature. The angular dispersion on the 
annealed sample was analysed for low frequencies (mean value of phase velocities from 
10 MHz – 13 MHz) and for high-frequencies (mean value of phase velocities from 
35 MHz – 45 MHz). The variable A is in this case − . ⋅ −  for high frequencies and − . ⋅ −  for low frequencies, as opposed to − . ⋅ −  before annealing, indicating 
a clear reduction due to the annealing process. The variable A is therefore clearly 
dependant on the stress level. 
 
4.  Conclusions 
 
In this paper it was shown that with a Laser-Ultrasonic measurement system stress in 
polycrystalline metals can be analysed. The non-destructive, non-contact Laser-
Ultrasonic measurement system is based on the excitation and detection of Rayleigh 
waves and accurate enough in order to detect stress levels well below 100 MPa. The 
measurement method was demonstrated to be suitable for the characterization of stress 
states in grinded steel samples. It was found that clear differences between gently and 
abusively grinded specimens can be determined and stress-relief annealing leads to a 
decrease in the stress-parameter A. In future work, calibration measurements should take 
part on more well-defined samples (e.g. no texture, no pre-stresses) in order to verify the 
theoretical models. After that, additional effects can be incorporated in the simulations 
and verified by measurements. Simultaneously, a compact, rugged and fast measurement 
system will be developed.  
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