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Abstract

The precision as defined in ISO5725 of a location result is quantified based on the location uncertainty (LUCY), 
a result provided by the Vallen AE-Suite software, and the so called geometric dilution of precision (GDOP). 
A premise for reasonable predictions is that the elastic wave propagates through the structure as anticipated by 
the location algorithm. In this case the precision of a location result is high if the resulting LUCY value does 
not exceed a certain bound and the computed location of the source lies in an area of low GDOP.

We reproduced the results of [Kau12], established a simple estimate for reasonable LUCY values and used the
GDOP definition of [Lee75] to predict the precision of a location result which we then verified in practical tests.

1 Outline

We consider a setup of four sensors si, i ∈ {1, . . .4} which are modelled as points in 2D:

s1 = [1 0]⊺, s2 = [0 1]⊺, s3 = [−1 0]⊺, s4 = [0 −1]⊺. Throughout the paper we assume
length units in metres unless otherwise stated.

We describe an emitter position by e and the speed of sound by c. We define the time of

emission as t0 and the arrival times at different sensors as ti, corresponding to the indices of si.
The following equation should hold in theory:

ti = t0 + c−1 ‖e− si‖2
︸ ︷︷ ︸

ri

,

where ‖.‖2 denotes the euclidean norm and ri denotes the true distance from emitter to sensor.
Please note the times ti and distances ri implicitly depend on the emitter position e.

Unfortunately in practice we find t˜i = t0 + ri/c + εi where εi denotes a measurement error in 
time domain and t0 is unavailable by nature. The tilde above the time variable denotes a 
perturbed value and will denote perturbed values in general throughout this paper. Using sensor
1 as a reference sensor we subtract the equations, thus eliminate the time of emission t0 and
further multiply by the speed of sound c. This yields

∆̃i := c(t̃i+1 − t̃1) = (ri+1 − r1)+ c(εi − ε1), i ∈ {1,2,3}. (1)

The vector ∆̃ denotes the vector of measured range differences. We define ∆:

∆i := c(ti+1 − t1) = (ri+1 − r1). (2)

as the theoretical range differences we would obtain from e without perturbation.

The measured range differences ∆̃ should be similar to those computed without perturbation
assuming the measurement errors εi are small:

∆̃ ≈ ∆(e). (3)

The regression equation (3) defines the TDOA location problem — e being unknown. 
The remaining question is:

What is considered a good measure for the residual?
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2 Introducing LUCY

In the general case we consider M sensors, that is M − 1 differences, and order the s
i by the

arrival time of the wave, i.e. the sensor which gets first hit has index number 1 etc. The residual
measure used by the Vallen AE-Suite Software is

LUCY(∆̃,∆(e)) :=

√

1

M−1
‖ ∆̃−∆(e)‖2 ≥ 0 (4)

which defines a metric. So the problem of solving (3) boils down to

loc(∆̃) := argmin
e

[

LUCY(∆̃,∆(e))
]

. (5)

This is a non-linear optimisation problem and there are various algorithms to solve it. 
The problem in AE is, as in many other applications, to solve it on-line. However in this 
work we do not need an on-line analysis and can use any algorithm that suits our needs — we 
used the ocatve function  with the true emitter as a starting position to save computation 
time during the simulations.

3 When to Get Suspicious

Let us recall equation (1) where i ∈ {1, . . . ,M−1} and M denotes the number of sensors:

∆̃i = c(t̃i+1 − t̃1) = (ri+1 − r1)+ c(εi+1 − ε1).

We assume independent and identically distributed εi ∼ N (0,σ2) for all i and thus ε is dis-

tributed multivariate like NM(0,σ2
1). σ2

1 denotes the covariance matrix of the multivariate
normal distribution which is just a scaled identity matrix. The term c(εi+1 − ε1) then also de-
scribes a random variable and ξ ∼ NM−1(0,ΣΣΣ) — ΣΣΣ again denotes the covariance matrix. It is

symmetric by nature and in our case positive definite:

ΣΣΣ = B(c2σ2
1)B⊺ = c

2σ2
BB

⊺

B =





−1 1 0 0 . . .

−1 0 1 0 . . .

...
...

. . .
. . .

. . .





BB
⊺ =







2 1 . . .

1 2
. . .

...
. . .

. . .






.

To put it in a nutshell:

∆̃ = ∆(e)+ξ . (6)

It is possible to obtain bounds for ‖ξ‖2 by integrating the density of the corresponding mul-

tivariate normal distribution and thus it is also possible to obtain bounds for LUCY. We used 
a simpler estimate which was verified in a Monte Carlo simulation for M ∈ {3...10}; note that 
e
∗ denotes the true emitter position:
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min
e
(LUCY(∆̃,∆(e))≤ LUCY(∆̃,∆(e∗))

=

√

1

M−1
‖ ∆̃−∆(e∗)‖2

=

√

1

M−1
‖∆(e∗)+ξ −∆(e∗)‖2

=

√

1

M−1
‖ξ‖2

≤ 3
√

2cσ in 99 % of the cases.

(7)

So, a good practical estimate for ‖ξ‖2 to get 99 % of the cases is
[

3
√

2(M−1)cσ
]

. The

sigma-proportions behave somewhat differently than we are used to — they are, conservative
and roughly: 65 %, 97 % and 99 %.

Let us make a practical example: say we have a standard deviation for the arrival time difference
(ε2 − ε1) of 0.81 µs. A rough estimate for σ would then be 0.57 µs and thus we expect LUCY
to be usually smaller than 0.513cm; the speed of sound refers to a PMMA-plate (0.513cm =
212 [cm/ms] ·0.00057 [ms] ·3 ·

√
2)

To the estimation of the standard deviation of arrival times we can even add a safety-factor using
the chi-square distribution. Of course there might be other problems in practice that govern the
effects of location — namely attenuation and dispersion in conjunction with the threshold.

Of course an algorithm may and will find different values for e that will yield a better minimum
for (5) than e∗ does. That is the reason why perturbations in the time of arrival are actually a
topic to talk about: they will be a source of disturbance and alter the location result. Fortunately
due to (7) we know to be sceptical if the bound of “3σ” is exceeded – the signal then most likely
suffers from other errors, e.g. different wave propagation paths, echoes or the sensors have been
triggered by different wave modes, which violates the assumption of a constant speed of sound
for each path.

4 Providing Reasonable Precision Information

Under the assumption LUCY values do not exceed a certain sanity bound it is evident to relate
the location result itself to its precision. In satellite navigation there is already an established
procedure of exploiting the geometry of the setup, i.e. the known position of the sensors and the
estimated position of the emitter, in order to predict the accuracy of a location result. The dimen-
sionless parameter is called geometric dilution of precision (GDOP), see e.g. [ZB11, BSLK04].
In this context an estimate for σ has to be known in order to give bounds — the same applies to
AE.

We computed the error magnification matrix Γ according to [Lee75] and used his derived GDOP
value. It turns out to be the trace of Γ, a scalar field if we interpret e as a parameter:

GDOP(e) =
√

tr(Γ(s1,s2,s3,s4,e)).

The GDOP solely depends on the arrangement of the sensors and the emitter position. It serves
as a measure for the magnification of location errors deriving from perturbations in the times of
arrival.

What we see in figure 1 is a GDOP plot with values above 30 cut off. The overlay consists
of four sensors drawn as white circles, three emitters drawn as white triangle and 70 location
results of perturbed data plotted as coloured cross-hairs.

e1 =

[

0
0.5

]

, e2 =

[

1
0.5

]

, e3 =

[

2
0.5

]

.
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(a) GDOP Color Plot with Emitters and Locations (b) Magnification

Figure 1: GDOP Plot – Four Sensor Array

Throughout another simulation with 1000 iterations per emitter we counted the number of loc-
ation results that fulfilled the following condition

‖ loc(∆̃)− e
∗‖2 < n · cσ GDOP(loc(∆̃)) (8)

for n = 1,2,3. Please note that we used the estimated emitter position here — the true source
is unknown in a real world application. We encountered sane numbers, i.e. a deviation of

1cσ · GDOP(loc( ˜∆)) was achieved in more than 62% of the cases, a deviation of 2cσ · GDOP(loc(∆˜ ))
in more than 93% of the cases and a deviation of 3cσ ·GDOP(loc(∆̃)) in more than 98% of the
cases. We give statistics in table 1 to 4, each simulation ran with 1000 iterations per emitter
position. We chose cσ = 2cm. It is observable that the different emitter positions behave some-
what differently. We generally don’t advise to try and locate emitters outside the convex hull of
the sensor array — this corresponds to performing locations in areas of great GDOP values. We
rounded to the last significant digit in case of ncσ ·GDOP(ei) and used floor as a conservative
value for the percentage values.

Table 1: GDOP Statistics, n=1

Emitter cσ ·GDOP(ei) in [m]
Percentage of results

fulfilling (8) for n = 1

e1 0.021 62

e2 0.052 68

e3 0.244 61

Table 2: GDOP Statistics, n=2

Emitter 2cσ ·GDOP(ei) in [m]
Percentage of results

fulfilling (8) for n = 2

e1 0.042 98

e2 0.103 97

e3 0.487 91
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Table 3: GDOP Statistics, n=3

Emitter 3cσ ·GDOP(ei) in [m]
Percentage of results

fulfilling (8) for n = 3

e1 0.062 99

e2 0.155 99

e3 0.731 98

Table 4: GDOP Statistics, LUCY Distribution

Emitter avg(LUCY) in [m]
variance

of LUCY in [m]

e1 1×10−2 5×10−5

e2 1×10−2 5×10−5

e3 1×10−2 1×10−4

5 Simulating Different Wave Mode Arrivals

In practice we often encounter the problem that the assumption of a common speed of sound
for all sensors is somewhat violated: effects like attenuation, dispersion and the sheer existence
of different plate wave modes tend to alter the measured time of arrival regarding a particular
sensor.

There are two wave modes which are particularly prominent regarding this issue: the sym-
metric wave mode of order zero (S0), which is highly dispersed and usually arrives with very
low amplitudes, and the asymmetric wave mode of order zero (A0) which usually has a much
higher amplitude. On a steel plate of 8mm thickness typical values for the speed of different
wave modes are 514cm/ms and 325cm/ms for S0 and A0 at 150 kHz, respectively. These num-

bers could vary with the plate thickness and the observed frequency1, so we used 500cm/ms
and 300cm/ms as a rule of thumb. The simulation consists of altering the measured time
of arrival according to the received wave mode of one, two, three or four sensors randomly,
i.e. multiplying the original time of arrival with 5/3 if we chose t = 0 to be the time of emis-
sion. That means in a perfect situation we assumed all sensors to receive the S0 mode in a
calculation using the speed of the S0 mode. The disturbed case consists in at least one sensor
receiving only the A0 mode in a calculation using the speed of the S0 mode.

As expected, the minimum LUCY values attainable from the optimisation problem (5) in the
disturbed case are substantially higher than the ones attainable from the sane situation using the
same σ of 2cm. We give a few numbers in table (5) based on 1000 iterations. As we can see,
the LUCY values are much higher in this case. To our big luck, because in this case the location
result usually makes no sense.

Table 5: Gaussian Noise And Wave Mode Disturbance Statistics

Emitter avg(LUCY) in [m] variance of LUCY in [m]

e1 0.21 0.012

e2 0.53 0.041

e3 0.86 0.12

6 Putting the Results to the Test

We decided to put our procedure to the test by estimating σ on a real specimen and see if we
could reproduce the phenomenon in an experiment. We did one test to particularly check for

1usually resonant sensors are used
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the GDOP phenomenon and examined another dataset gained earlier to illustrate how the use
of a LUCY bound can improve the quality of location results.

6.1 Dilution of Precision

The test object we dealt with was a decumbent, cylindric oil tank. We used a threshold of
30 dBAE. The location procedure on the lateral area of a cylinder works similar to the one
on a plate structure if certain boundary conditions are met, i.e. multiple paths are irrelevant
and the geodesics could be assumed to be the same. Furthermore the problem of echoes is
less important on a bigger structure than it is on smaller one. The oil tank could be described
as a cylinder with a radius of 0.792 m and roughly 7.5 m length. We chose the origin of our
coordinate system somewhere on side of the lateral area of the tank and positioned four sensors
in a square shape:

s
1
=

[

1.4
0.6

]

, s
2
=

[

0.2
0.6

]

, s
3
=

[

0.2
−0.6

]

, s
4
=

[

1.4
−0.6

]

.

We did pencil lead breaks (PLBs) on three spots

e
1
=

[

0.8
0

]

, e
2
=

[

0.8
−0.85

]

, e
3
=

[

0.8
1.045

]

where the geometric dilution of precision corresponds to approximately 1, 2 and 3. We determ-
ined the speed of sound c ≈ 531cm/ms, σ ≈ 0.636µs, and thus cσ ≈ 0.34cm. The cluster sizes
fit really well into the 3cσGDOP-bounds we computed earlier.

What we see in figure 2 and 3 are 30 PLBs made at e
1, e

2, and e
3. Location results with a

LUCY value higher than 1.5cm or less than four channels being hit have been filtered out —
this corresponds to the LUCY bounds we gave in section 2 of this article.

(a) Whole Picture (b) Details e1

Figure 2: PLB Emitters; Overview and e1
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(a) Details e2 (b) Details e3

Figure 3: PLB Emitters; e2 and e3

6.2 LUCY as a Filter Criterion

For comparison we would like to show another situation where spurious location results could
be filtered out. We made PLBs on the same subject — this time on one of the end caps of the
cylinder. We show two plots, one with and one without a LUCY filter applied; The PLBs were
made from the outer flange down to the center in a distance of 10 cm, that is from flange minus
10 cm to flange minus 70 cm. The cyan coloured clusters contain 10 PLBs while the magenta
coloured clusters contain 11 PLBs. As we can see almost no location results are lost within the
spots where the PLBs were made but most of the spurious events got filtered out. The applied
filter conditions are:

1. all four channels had to receive the signal and

2. LUCY ≤ 5cm, an empirical value used in laboratory conditions.

s

(a) Withour Filter (b) With Filter

Figure 4: LUCY Filtering — Comparison
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7 Conclusion

Our observations correspond well with the predicted results. LUCY is an adequate criterion to
assess the quality of location data and yields, in the process, a neat tool to estimate the preci-
sion of location results. Other bounds for LUCY, probably higher, might be used in industrial
applications as the arrival time is not as easy to determine in high noise environments.
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