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Abstract  

The knowledge of the material properties in testing situations, especially for wave propagation plays 

an important role to obtain correct diagnostic results. It is well-known that environmental and 

operational conditions (EOC) like temperature and loads have a high impact in this context.  

In the field of damage detection with acousto-ultrasonic in thin plate structures, the frequency-

dependent phase- and group velocity are the main characteristic parameters of the propagating waves, 

representing the dispersion properties of the guided waves. The proposed paper aims at the 

determination of the wave velocities without measuring the EOC like temperature or load, but 

measuring the velocities under the current conditions directly with an additional set of a reference 

sensor trio.  

To reach this goal, the continuous phase technique (CPT) is introduced. With this procedure a 

calculation of the phase difference between two measured wave burst is possible for each frequency. 

The calculated phase difference leads to the phase- and group velocity. A further advantage is the 

calculation of the structural characteristics comparable at any time and condition. The continuous 

phase technique is demonstrated using simulated and experimental data. The proper arrangement 

reference sensor set-up is discussed. 

1. Introduction  

Checking structures due to their integrity and monitor a discovered damage to prevent structural 

failure is an important topic, especially in light-weight driven industries. Another point for Structural 

Health Monitoring (SHM) is an improvement of intelligent maintenance, where the maintenance 

intervals do not take place regularly, but condition-based as needed. The availability of the structural 

health information at any time is required for this kind of maintenance. To gain this knowledge a 

measurement must be possible and comparable to an undamaged state at each time. 

Lamb waves have been used for detection and localization of defects in thin plates, as described by 

several authors like [MOL11] and [GIU07]. Lamb waves, first discovered and described by Horace 

Lamb [LAM17], are ultrasonic waves, which propagate in thin plate-like structures with parallel free 

boundaries. Characteristic for Lamb waves is the appearance in different symmetric and the 

antisymmetric modes, referring to the symmetric respectively antisymmetric motion of the plates 

particles with respect to the median plane. In contrast to sound waves in extended materials, Lamb 

waves have the characteristic to propagate with large dispersion. The dispersion leads to a “melting” 

wave burst, caused by a frequency-depending propagation velocity for the whole burst (group 

velocity, ( ) Grc f ) and each included frequency (phase velocity, ( ) Phc f ). For example, the first 

antisymmetric 
0
A -mode propagates with the shown phase velocity (Figure 2 a). The phase velocity 

can be calculated with the Rayleigh-Lamb-Equation, which mainly depends on three parameters: 

Young’s modulus, density and Poisson's ratio. Alternatively, the equation can be solved with the 

density and the Lamé-constants. 

Environmental and operational conditions and mechanical loads (EOC) have huge influence on the 

measurements results. In this case, measurements of guided waves are mainly affected by the 

temperature. Especially the wave propagation characteristics change with different temperatures, 

caused by the temperature-depend Young’s modulus, the density or the shear modulus. But not just the 
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material parameters are influenced by the temperature. The geometrical parameters behave 

proportional with the expansion coefficient, which directly affects the run-time of the wave. 

Additionally the plate thickness has a direct influence to the wave velocity [MOL11].  

To compare an undamaged and a damaged structural condition under different EOC, the wave 

propagation characteristics must be determined at any time. For this problem, the Continuous Phase 

Technique is designed, which is explained later. Methods which have been described for the same 

problem are the 2-dimensional Fast-Fourier Method [ALL91] [RUZ05], which need a high time 

resolution and a high spatial resolution to be computable. For that purpose a Laser-Doppler-

Vibrometer is used to get time and spatial data in a sufficiently high resolution. Another method, 

described by [DRA18] uses a hybrid approach, including the zero crossing method and the spectrum 

decomposition to calculate the phase velocity for discrete frequencies. For this approach the spatial 

and the time information are provided by two separated piezoelectric sensors and one actuator. A 

similar calculation is described with the continuous-wave π-point phase method [SAC78], but used for 

solids with harmonic sweep signals and broadband shear bursts. The amplitude spectrum method is 

used for ultrasonic waves for thin plates immersed in water [PIA89]. The zero-crossing of the 

amplitude in a frequency spectrum introduces the spatial component into this calculation, in which the 

frequencies introduce the time information. 

2. Continuous Phase Technique  

The main part of this paper deals with the Continuous Phase Technique (CPT), a method to improve 

the recalculation of phase velocity by using measured wave burst signals, without the knowledge of 

the material properties and the EOC. For a proper calculation of the phase velocity, data about time 

(frequency) and space (wavenumber) must be given by a measurement. With this technique the spatial 

information is introduced by the known distance between the piezoelectric sensors including the 

assumptions below and the time data are defined by the frequency. The schematic test setup of the 

measurement is shown in Figure 1.  

 

 

Figure 1: Measurement setup of the CPT, edge distances of the transducer are sufficiently large for 

experimental calculation (no superimposed reflections due to edges) 

The phase difference ( )fϕΔ  of two signals ( )1
x t  and ( )2

 x t , measured in different locations with a 

spatial distance sΔ  is calculated by 

( )
( )

2

Ph
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f f
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ϕ π

Δ
Δ =  (1) 

sensor 4 (only needed 

for experimental CPT) 

actuator 

(sensor 1) 

sensor 2 

sensor 3 

2
sΔ  

3
sΔ  

4
sΔ  



 

3 

 

with ( )Phc f   as the, in this case known, frequency-dependent phase velocity of the used Lamb waves. 

The other way to calculate the phase difference is the difference between the phases of the two signals 

(2). The phase of the oscillation is known as the quotient of the imaginary part of the Fourier 

transformed signal ( ( )X f ) and its real part.  

( ) ( ) ( )2 1
f f fϕ ϕ ϕΔ = −   (2) 

( )
( ){ }

( ){ }
arctan(

Im X f
f

Re X f
ϕ =   (3) 

But in the general case, the phase velocity is unknown, so other ways have to be examined to get this 

information. The disadvantage of the ordinary Fast-Fourier-Transformation (FFT) is its limitation of 

the calculated phase between  π± . The following assumptions have been made to use the CPT and 

handle these difficulties: 

- The phase velocity ( )Phc f  increases strictly monotonically with the frequency (seen in Figure 

2 a) 

- The specific phase difference ( )fϕΔ  increases strictly monotonically with the frequency 

(Figure 2 b), 

- The phase difference derivative is always positive, 

- The damping of the burst within the plate is very low, 

- The frequency band around the center  frequency  bounded by the first zero crossings left 

and right to the peak frequency (red circles, Figure 2 d) contains the majority of the energy, 

the crossings are calculated by  

0

 1,2 0

2
cut off

C

f
f f

N
−

= m   (4) 

 with 
 C

N  being the number of complete cycles of the burst signal [HOR12]. 

With these assumptions the CPT can be applied. In the beginning three different time signals measured 

by the three sensors (Figure 1) are needed. It is important that the spatial distance of the sensor points 

to the actuator are no multiple of each other. The CPT can be separated into three steps (Figure 3).  

The blue part is a simulation of the dispersion and generates dispersed signals. It is used for validation 

of this method in the following chapter only. It is not used within the chapter about the processing of 

experimental data. With known phase velocity (from the Rayleigh-Lamb-Equation) and spatial 

distance between the sensors and the actuator, the phase difference ( )2
 fϕΔ  and ( )3

fϕΔ  of the 

dispersed signals ( ( )2,clean
x t and ( )3,clean

x t ) can be calculated by using equation (1) and transform it into 

the time domain by inverse Fast-Fourier-Transformation. To check the robustness of the simulation 

and to proximate the signal to real experimental data, the clean time signals ( )2,3,clean
x t  is 

superimposed with a normally distributed random noise signal ( )
n
x t  with different signal to noise 

ratios (SNR) (equation (5)). 

( ) ( ) ( )2,3 2,3,clean n
x t x t x t= +  (5) 

In the green box, the phase is processed including an elimination of the saw tooth wave character, a 

stretching and a correction of the phase difference. 
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a) 

 

b) 

 

c) 

 

d) 

 
Figure 2: Characteristics of the used signals; a) the phase velocity at constant plate thickness; b) specific 

phase difference with known phase velocity, c) specific phase difference derivative, d) FFT of a Hann-

windowed cosines-signal with five cycles. The activated mode is the A0-Mode. 

 

Figure 3: Flowchart of the Continuous Phase Technique, Simulation (blue), Phase correction (green), 

Correlation (red) 
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As shown in Figure 4 b) the phase data of two signals (
1

ϕ and
2

ϕ , Figure 4 a) will be subtracted 

(equation (2)). This phase difference 
2,saw

ϕΔ  has a saw tooth character and represents the correct phase 

difference between the two signals as seen in equation (6), but with an unknown error of ( )   m f π , 

where ( )m f  is a positive integer and inherent for each frequency, previously described by [SAC78] 

with the π-point-phase technique in a similar way 

( ) ( ) ( )2 2,
  sawf f m fϕ ϕ πΔ =Δ +   (6) 

To correct the phase data, the assumption of the steady rising phase difference was applied (shown in 

Figure 4 c) to get the continuous phase difference ( )2,
 cont fϕΔ  with equation (7). Thereby the phase 

difference curve loses its saw tooth character.  

( ) ( )2 2,
  contf f kϕ ϕ πΔ = Δ +   (7) 

There is still an error in the phase difference, because of a non-compliance of the adaptions and 

incorrect phase information effected by the high SNR in lower frequencies (below the lower cut-off 

frequency
, 1

 cut offf
−

). The unknown rectification factor is now   kπ±  . The advantage of the previous step 

is that the error is equal for all frequencies in the frequency band with higher amplitude. To solve this 

problem, many possible solutions (e.g. [ ] 10..10k = − ) were suggested (Figure 4 d). Which k  is the 

correct rectification factor is shown later within the red box. In the last step of the green box the 

computed phase difference ( )2
,f kϕΔ  is stretched linearly with the known spatial distance 3

2

  
s

s

Δ

Δ
  

(equation (8)), to be comparable with the third signal ( )3
 x t , which is still dispersed but untreated. At 

last the phase 
1

ϕ   is added to the ( )3
 ,f kϕΔ  .  

( ) ( ) 3

3 2

2

 
s

f f
s

ϕ ϕ
Δ

Δ = Δ
Δ

  (8) 

( ) ( ) ( )3 1 3
f f fϕ ϕ ϕ= +Δ   (9) 

In the red box  the signals ( )3,
,

calc
x t k  and ( )3

 x t  are correlated. The signal ( )3,
 ,

calc
x t k  is calculated by 

an inverse FFT using the calculated phase ( )3,
,calc f kϕ  and the amplitude ( )1

R f  of the first 

signal ( )1
 x t . The signal ( )3,

,calc optx t k  with the highest correlation coefficient is chosen as ( )3,
 ,opt optx t k  

and provides the optimal  optk  and the optimal phase difference ( )3,
 ,opt optf kϕΔ , The phase velocity 

( )Phc f  can be calculated subsequently with the chosen 
3,opt

ϕΔ  with equation (10), derived from 

equation (1): 

( )
( )

3

3, 

2Ph

opt

s
c f f

f
π

ϕ

Δ
=

Δ
  (10) 

A commentary on the CPT must be attached. The calculated 
i

ϕΔ  is just correct for the mentioned 

frequency band between the cut-off frequencies, as shown in Figure 5 b. Even if only about 75% of the 

signal energy concentrated in this small band, the correlation of the band-filtered signal (as explained 

in the assumptions above) and a full frequency-ranged signal is 99.97 %.  
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a) b) 

c) d) 

e) f) 

Figure 4: Handling of the phase; a) measured phase of two signals (FFT; red ( )1
 x t ; blue ( )2

x t ); b) 

calculated  Δφ ; c) continuous phase; d) rectified phase difference; e) stretched phase difference; f) 

addition of stretched phase difference and start phase from undispersed signal 

3. Proof of Concept via Simulated Data  

To prove the concept of the CPT, a simulation (with set phase velocity and spatial distances) is carried 

out, as seen in the blue box, Figure 3. Additionally to the first, undispersed signal ( )1
 x t , two more 

signals were generated. The ( )1
 x t  data were determined experimentally. Thus a statement can be 

made, how the method can be used in practice, noise ( )
n
x t  is added to the time signal. The noise 

signal is generated to fulfill a ratio (Signal to Noise Ratio, SNR) to the highest absolute value of ( )1
 x t . 

The SNR lies between 0 and 50%.  
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a) b) 

 

c) d) 

 
Figure 5: Simulated CPT; a) signals with 30 % SNR; b) phase velocities (Rayleigh-calculated, CPT-

calculated and CPT-optimized, 50% SNR); c) influence of the noise seen in a FFT; d) error of optimized 

phase velocity due to noise, also shown in Table 1 

The noise has a very high influence on the time data in Figure 5 a, which can also be seen in Figure 5 

c, the FFT of a clean signal compared to a noisy one. But the influence of the noise depends on the 

frequency, or rather the amplitude of the frequencies. Data from frequency bands with low amplitude 

vanish in the noise and cannot be used for further calculation, and frequencies with higher amplitude 

remain visible in the noise. These results are also shown in Figure 5 b. To represent the useable 

frequency band, the FFT of the undispersed, clean signal, with its marked first zero crossings next to 

the center frequency (black vertical lines) is inserted in the graphic as the purple graph, which lies 

between the two black lines. The Rayleigh-Lamb-calculated phase velocity is indicated by the blue 

line. The yellow and the red plot represents the calculated (red), optimized (yellow) phase velocity. 

The error of the corrected phase velocity is very low especially near the center frequency, but 

increases with greater proximity to the zero crossings of the FFT. In these areas the noise influence 

exceeds the phase data and the phase velocity cannot be determined. In a simulation with 10.000 

repetitions the averaged relative error between the optimized and the Rayleigh-Lamb-calculated phase 

velocity increases steadily with the noise as shown in Figure 5 d, which refers to Table 1. 

A superposition of the given (blue line, Figure 5 b) and the calculated and corrected phase velocity 

(yellow line, Figure 5 b) with varying noise level is seen in Figure 6. As explained above, the area 

with correctly calculated phase velocity decreases with increasing noise. 

To prove the simulation, the statistical data is shown in Table 1. The mean value and the standard 

deviation are related to the RMS-value of the percentage deviation of the phase velocity of the 

respective simulations for given SNR to the phase velocity determined by the Rayleigh-Lamb 

equations. As can be seen in Figure 5 b, the main error results from the area, which is very susceptible 

for noise. This area increases with rinsing SNR (Figure 6). If the compared frequency band is reduced 

to the area, where the phase velocity seams correct (steadily increasing), the statistical data improves 

(Table 2), from which it is concluded that the edge frequencies hold the bulk part of the error. This 

area becomes bigger with increasing noise (Figure 6, black lines). 
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Figure 6: Superposition of the phase velocity computed by the Rayleigh-Lamb-Equation (smooth plane, 

without noise) and the calculated and corrected phase velocity (hilly plane) over different noise level 

 

Table 1: Statistical data of the simulation, deviation of the calculated/corrected phase velocity and given 

phase velocity in the chosen bandwidth 

 SNR [%] 0 5 10 15 20 30 40 50 

mean value [%] 0 0.58 1.00 1.39 1.95 3.11 4.45 5.63 

standard deviation [%] 0 0.25 0.44 0.63 0.94 1.56 2.07 2.57 
 

Table 2: Statistical data of the simulation, deviation of the calculated/corrected phase velocity and given 

phase velocity in a smaller bandwidth 

SNR [%] 0 5 10 15 20 30 40 50 

mean value [%] 0 0.027 0.056 0.081 0.11 0.17 0.21 0.27 

standard deviation [%] 0 0.007 0.012 0.017 0.026 0.035 0.050 0.069 

4. Continuous Phase Technique with Experimental Data  

In order to demonstrate the applicability of the technique in practice, the CPT has been carried out 

with experimental data. To generate the experimental data, four piezo ceramic sensors (PZT) 

( 10 , 0,5 d mm t mm= = ) were bonded to an aluminum plate (thickness  2 t mm= ), as seen in Figure 1. 

All spatial distances 
j
sΔ  between the sensors and the actuator are unique and no multiple of another 

value, as required. Otherwise, the character of the cyclic repetition of the trigonometric functions 

prevents a use of the CPT.  

Due to the characteristic of the piezoelectric sensor bonded on the plate, a phase difference can be 

generated by the piezoelectric effect or the inverse-piezoelectric effect, caused by damping or similar 

influences [SCH11], [IKE96]. All the phase differences, which are not caused by the propagating 

wave in the plate, will be each summarized to two total phase difference (
actuator

ϕΔ →  phase difference 

that occurs before wave propagation at actuator;
,  sensor j

ϕΔ → phase difference that occurs after wave 

propagation at sensors) ( 2, 3j = ). With this assumption, the phase difference ( ),sum j fϕΔ  between two 

signals can be calculated by equation (11) 
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, ,
 sum j actuator j plate sensor jsϕ ϕ ϕ ϕΔ + +Δ=Δ Δ   (11) 

with the sensor phase difference and the specific phase difference in the plate  plateϕΔ  multiplied by the 

spatial distance  
j
sΔ   between the actuator and the sensors.  

With the assumption of nearly no damping within the plate, all phase difference within the structure 

can be traced back to the spatial distance of the transducers and the phase velocity (equation (1)), as it 

was used in the simulation in the previous chapter. 

To reduce the impact of the transducers phase difference  
actuator

ϕΔ , 
,sensor j

ϕΔ  and 
,sensor k

ϕΔ  a subtraction 

between two different phase differences 
,sum j

ϕΔ  and 
,sum k

ϕΔ  ( 4k = ) is performed (12). 

, ,
 sum j sum kϕ ϕΔ −Δ =   

, ,actuator j plate sensor j actuator k plate sensor ks sϕ ϕ ϕ ϕ ϕ ϕΔ +Δ +Δ − −ΔΔΔ −ΔΔ   
(12) 

, , , , ( )sum j sum k j k plate sensor j sensor ks sϕ ϕ ϕ ϕ ϕΔ −Δ = Δ −Δ Δ +Δ −Δ    

, ,
0sensor j sensor kϕ ϕΔ −Δ ≈  	 (13) 

, ,
 

sum j sum k

plate

j ks s

ϕ ϕ
ϕ

Δ − Δ
=Δ

Δ − Δ
  (14) 

The geometric and electro-mechanical behavior of the different transducers can be assumed as nearly 

the same for our experiments so that the phase difference caused by the measurement and processing 

in transducer  and k can be eliminated (13). The fourth sensor  was installed to generate a third 

signal. This allows the specific phase difference to be calculated (14), which can be used for the 

calculation of the phase velocity. This difference calculation above (12) is mandatory and allows the 

CPT to be applied to experimental data, as this minimizes the influence of the transducers on the phase 

difference. 

The influence of the piezoelectric effect on the phase difference in 
actuator

ϕΔ  was distinguished from 

the influence of the inverse piezoelectric effect in
, ,

 sensor j kϕΔ , within these steps.  

With this assumption the CPT can be applied to the measured data as shown in Figure 7. The 

calculated phase velocity provides a similar course like the Rayleigh-Lamb calculated phase velocity. 

As can be seen in the simulation the areas near the cut-off frequencies (dashed lines) are very error-

prone caused by noise in the time data causing a deviation from the real course of the phase velocity 

graph. Further errors are due to non-compliance with the assumptions, like the neglection of the 

damping or the elimination of the phase difference in the transducers. 

To verify the method and to validate the calculated phase velocity, the group velocity is calculated for 

the used center frequency with equations (15, 16) 

 
Ph

Gr Ph

c
c c k

k

∂
= +

∂
  (15) 

with  

2

Ph

f
k

c
π=   (16) 

and compared to the envelope velocity of the burst (Table 3).  



 

10 

 

Table 3: Comparison of the group velocities 

 Calculated Envelope Rayleigh-Lamb 

Group velocity 1251 m/s 1272 m/s 1276 m/s 
 

 

Figure 7: Calculated phase velocity calculated from experimental data and using the Rayleigh-Lamb-

Equation 

5. Conclusion  

The presented method of the CPT allows a determination of the group and phase velocity in the 

selected frequency range. The simulation was verified and validated in the practical example. 

Especially in the area around the center frequency of the used burst, a determination of the velocities is 

possible with good accuracy. By separating the phase differences, which were not caused by the 

travelling wave in the plate and with a differential method, a simple conversion of the CPT to practice 

has been accomplished. As the SNR increases, the computation of phase oscillation becomes more 

difficult, but this effect occurs at frequencies with low amplitude. Frequencies with higher amplitude 

(around the middle frequency) are less or not affected. This results in predictability of the phase and 

group velocity even at high SNR. 
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