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Abstract 
 

The purpose of this study is to investigate whether the entropy of acoustic emissions (AE), 
generated both by cumulated damage and damage growth, can be used for the condition monitor-
ing of carbon fiber reinforced polymers (CFRP) subjected to multi-axial cyclic loading. The av-
erage evolution of four entropies is studied; two in the time domain and two in the frequency 
domain.  The AE used for studying the average evolution is acquired during fatigue testing of 75 
nominally identical CFRP prosthetic feet.  The results show that the evolutions of the two en-
tropies estimated in the time domain correlate well with the evolution of the AE hit count.  One 
of time domain entropies is computationally simpler than the AE hit count procedure and uses 
the whole AE signal.  Further research is needed to answer if it is a better alternative to conven-
tional AE hit counting. 
 
Introduction 
 

During the progressive degradation process of a cyclically loaded CFRP composite material 
various damage mechanisms are introduced in the material [1, 2].  In each cycle, AE is emitted 
from both damage progression and from cumulated damage, i.e. rubbing of delaminated surfaces.  
As a result multiple AE transients, with varying amplitude, duration, and frequencies, can be si-
multaneously emitted from the numerous AE sources within the material.  Depending on both 
the damage mechanisms and loading, AE from cumulated damage is either separable transients 
or inseparable, e.g. due to high degree of overlapping.  Throughout the cyclic life the number of 
AE signals increases with increasing cumulated damage.  The energy of the AE also increases 
and for some composites the energy also varies within a cycle. 

 
Features extracted from the AE signal have been used for detection of damage, i.e. delamina-

tion, matrix cracking, debonding, fiber cracking, and fiber pull-out [3-7].  AE from cumulated 
damage has mainly been regarded as unwanted and many attempts have been made to filter it 
out, e.g. by thresholding the AE features [8], coupling the AE to the load [5], limiting the analy-
sis to a part of the loading cycle [9, 10], and frequency analysis [11].  The AE waves in the mate-
rial will reflect and undergo attenuation before being picked up by the AE sensor.  The attenua-
tion is due to geometric spreading, dispersion, internal friction and scattering.  The values of AE 
features from cumulated damage usually fall in the same range as the ones from damage growth 
[5, 13] and it can be very difficult to distinguish between the two types.  Because important AE 
events can get buried in the AE signals generated by friction and the rubbing of crack surfaces 
[11, 12] attempts have been made to filter out AE events from these damage mechanisms [5, 10, 
13]. Awerbuch and Ghaffari concluded that frictional AE should not be eliminated as it may pro-
vide important information about the condition of a composite [10].  They argued that damage 
detection could be made easier by using frictional AE, since damage growth, i.e. a material 
change, produces AE only once, but the resulting rubbing of damage surfaces generates AE 
many times. 
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It is reasonable to assume that both environmental and measurement noise can be kept rela-
tively constant during monitoring.  Hence, an increase in the randomness of the AE measure-
ments will mainly be due to increased AE activity, from either cumulated damage or damage 
growth.  In this study, it is investigated whether the randomness can be used for condition moni-
toring, i.e. if it can be used to provide early failure warning.  For estimating the randomness of 
the AE measurements a fundamental concept in Information Theory is used; that is, the entropy. 
 
Entropy and its Estimation 
 

The information entropy was introduced by C. E. Shannon in 1948 [14].  In his paper Shan-
non developed a method of measuring the randomness of a signal, or its uncertainty.  The ran-
domness is information encoded in the signal and the entropy increases with more information.  
Shannon recognized that the form of the measure was the same as the entropy in statistical me-
chanics and, for this reason, he called his measure ’entropy’.  Shannon’s formula for the entropy 
is 

 
(1)

 
The signal’s values are denoted by x and are considered to be discrete random variables.  The 

possible signal values are denoted by λ, and Pr(x = l) is the probability mass function (PMF) of 
X.  Consequently, the entropy is a function of the signal’s probability mass function, but not the 
values themselves.  Without any constraints, the maximum entropy is attained when all values 
are equally probable, i.e. when the signal is white noise.  The entropy is the minimum weighted 
average number of units, per value, required to encode the signal.  The unit of measurement de-
pends on the choice of the logarithm base, i.e. by choosing 2, 10, or e as the base the units will be 
bits, hartleys, or nats, respectively.  The base can be changed by using the law of logarithm, i.e.  
 

   (2) 
 

In practice, computing the entropy can be challenging because the underlying distribution is 
often unknown, for instance the AE signal measured during cyclic testing of CFRP.  Conse-
quently, the entropy needs to be estimated.  This can be done by estimating the probability mass 
function using statistical methods or by estimating the entropy directly using data compression 
[15,16].  A normalized histogram of the random variable can be used to estimate the probability 
mass function.  By using a histogram to estimate probabilities, the entropy is estimated with re-
spect to a model that assumes that the frequencies of the signal’s values are constant within the 
signal segment.  The histogram can be normalized to sum to one by  

  
(3)
 

where k is the number of bins and mi is the number of observed signal values that fall in bin i.  
The normalized values of the histograms represent the proportion, or probability, of the corre-
sponding signal’s values.  In the frequency domain, the frequency can be considered to be the 
random variable and the normalized spectrum to be the probability mass function.  The spectrum 
is normalized by 

  
(4) 

where Xi is the magnitude of the ith frequency component of the spectrum, e.g. the amplitude if 
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an amplitude spectrum is used.  Based on this probability mass function, entropy can be com-
puted using Shannon’s formula.  By considering the spectral amplitude to be the random vari-
able, a different entropy can also be defined and computed using Shannon’s formula; the prob-
ability mass function of the amplitude intensities can be estimated using a histogram.  When the 
probabilities are based on discrete Fourier transform, or histograms, the entropy is estimated with 
respect to a static model.  These two entropies will be referred to as the frequency entropy and 
the spectrum entropy, respectively. 
 

The Shannon entropy is properly defined as the minimum entropy over all possible models, 
i.e. it is an entropy computed using Shannon’s formula and the correct probability mass function.  
In other words, it is the theoretical upper limit on lossless data compression that can be achieved 
for a given signal [15, 16].  Consequently, the entropy can be used to evaluate compression algo-
rithms to determine whether there is room for improvement.  Conversely, compression algo-
rithms can be used to estimate the entropy of data.  The compressed data can be written to a file 
and the file size then converted from bytes to nats using: 

  
(5)

 
 

Where File_Size, the size of the compressed file in bytes, is multiplied by 8 to convert to bits.  
Equation 2 is used to change from bits (base 2 logarithm) to nats (base e logarithm).  The results 
are then averaged over all values (samples) by dividing the results with length_of_signal.  If the 
header of the compressed file is included in the file, then the entropy estimate will be higher.  If 
the AE signal length is kept constant then the error due to the header will be approximately same 
for all computations. 

 
Among the best lossless compression approaches are those based on a scheme known as pre-

diction by partial matching (PPM).  The PPM compression scheme is divided into two steps: 
modeling, from which the scheme takes its name, and coding.  Arithmetic coding is used to code 
the output of the modeler.  Arithmetic coding is a highly effective technique, which can code 
data close to its entropy with respect to the model [16].  The PPM modeler works with the data in 
a symbol-wise manner and its output is a set of conditional probabilities for the symbols.  The 
probabilities of the symbols are estimated adaptively and used to predict the next unseen symbol.  
For predicting the modeler uses finite context models of k symbols, which immediately precede 
the one to be predicted.  The number k is also referred to as the model order and is specified by 
the user before the data compression is initiated. 

 
During the modeling for each symbol, the modeler begins by looking up how many times the 

current context of length lc = k has occurred before.  If the context has been observed before, fol-
lowed by the symbol, the symbol can be coded using a probability of nc/n, where nc is equal to 
the number of times the context has been observed followed by the symbol and n is the number 
of times the context has been observed.  If the context hasn’t been encountered before, or it has 
only been followed by different symbols, an escape character is passed to the modeler.  When the 
modeler receives the escape character it switches to a context that is one symbol shorter, i.e. to a 
context of length lc = k - 1.  Again, if the current context has not been observed before, or has 
only been followed by different symbols, another escape character is passed to the modeler and it 
starts to look for contexts, which are one symbol shorter.  This can be repeated until the context 
length becomes lc = -1 symbols.  When this occurs, all symbols from the alphabet are considered 
equally probable.  Equi-probability is undesirable since it does not provide an accurate model; 
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however, it poses no problem for accurate coding.  The arithmetic coder is able to proceed even 
though the model is inaccurate; however, a higher number of bits may be required to encode the 
data.  Intuitively, better compression is achieved with more accurate modeling.  Fortunately, the 
context of lc = -1 symbols is only considered at most once for each symbol, and as the modeling 
proceeds the data statistics improve and lower values of lc become less and less frequent.  Every 
time an escape character is sent (i.e. whenever the modeler is unable to code a symbol) the prob-
ability of observing a novel symbol, when presented with the current context, is updated.  By as-
signing a probability to the escape character the modeling can be improved.  For a detailed de-
scription of the PPM scheme and examples, the reader is referred to Text Compression [15] and 
Managing Gigabytes: Compressing and Indexing Documents and Images [16]. 
 

Different variants of the PPM compression scheme have been introduced in order to improve 
the PPM compression and to speed up calculations.  One variant suggested by Howard [17] is 
referred to as method D, or PPMD, and estimates the conditional probability of observing a par-
ticular symbol given a specific context to be (2nc - 1)=(2n), where nc is the number of times 
which the modeler has seen the symbol being preceded by the context and n is the total number 
of symbols preceded by the current context.  The escape probabilities are estimated by nu=(2n), 
where nu is the number of unique symbols preceded by the current context and n has the same 
meaning as before. 

 
Another variant was introduced by Dmitry Shkarin in Improving the Efficiency of the PPM 

Algorithm [18] (in Russian) under the name PPM with information inheritance, or PPMII.  
Shkarin presented the PPMII a year later in English [19].  The PPMI uses an additional model in 
order to get better estimation of the escape probabilities.  In order to overcome the lack of statis-
tical information when estimating the escape probabilities of long contexts, the PPMII allows the 
longer contexts to inherit statistics from shorter contexts.  The inheritance reduces the computa-
tional cost compared with other approaches to this problem [19].  Starting with a code from Nel-
son [20], Shkarin implemented his improvements, and several other variations, and made them 
available in the public domain under the name PPM by Dmitry (PPMd). 
 
Experimental Procedure 
 

The test specimens used in this study are nominally identical prosthetic feet called Vari-Flex.  
The Vari-Flex is made by Össur hf.  A total number of 75 Vari-Flex feet were tested.  The cyclic 
testing was performed in an ISO 10328 Foot/Limb test machine at Össur’s testing facilities.  In 
the test, a foot is placed in the test machine where two actuators apply a load to the foot using a 
90° phased sinusoidal constant amplitude loading at 1.0 Hz.  One actuator loads the forefoot and 
the other loads the heel.  The tests were accelerated by increasing the maximum loading by 50% 
and placing a 2° plastic wedge between the heel and the toe components.  The wedge is used by 
amputees in order to stiffen the foot.  The increased load and the use of the wedge result in con-
siderably shorter fatigue tests.  Frequently the damage mechanics change depending on the stress 
level, however, both preparatory tests and the fatigue test results show that the damage mecha-
nisms leading to final failure are the same as observed under normal fatigue testing conditions. 

 
All feet were tested until failure.  The failure was defined by a 10% displacement criterion.  

The failure criterion is a heuristic criterion used in-house at Össur.  It defines a failure when a 
10% change in the displacement of either actuator, with respect to initial value, is observed.  
Throughout each test, the AE data was acquired for one full fatigue cycle every 5 minutes.  For a 
more detailed description of the experimental procedure the reader is referred to references [21- 
23]. 
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Results 
 

Two entropies are estimated in the time domain, one using Shannon’s formula and the other 
using data compression.  In order to apply Shannon’s formula the probability mass function of 
the signal’s values from each measurement is estimated from a normalized histogram using 216 
bins.  In other words, the number of bins is set equal to the number of quantized discrete values 
from the 16-bit A/D converter used for AE acquisition.  In order to estimate the entropy using 
data compression, the signed 16-bit integer data is written to a file in ASCII form with no spaces 
in between.  The file is then compressed using variant H of the PPMd algorithm (PPMdH), as 
implemented in an open source software program called 7-Zip.  The resulting file size is then 
converted from bytes to nats (see Eq. 5).  The model order is determined manually.  The best 
compression results are obtained using model order k = 5, or when the maximum context length 
is equal to the maximum number of digits used (omitting the sign).  In the remaining part of this 
paper, the entropy computed using Shannon’s formula in the time domain will be referred to as 
the signal’s entropy, and the entropy estimated using the PPMdH compression scheme will be 
referred to as the PPMdH entropy. 

 
In the frequency domain Shannon’s formula for the entropy is used to estimate both the fre-

quency and the spectrum entropies.  In order to compute the frequency entropy, the probability 
mass function of the frequencies is estimated by first transforming the signed 16-bit integer data 
to the frequency domain and then normalizing the one-sided amplitude spectrum to sum to one.  
Because of the normalization there is no need to convert the data values to volts.  The transfor-
mation is made by applying a 221-point discrete Fourier transform (DFT).  The number of DFT 
points is set to the next power of two higher than the length of the data series, for faster computa-
tion.  This is done by zero-padding the data to make its length a power of two.  The computations 
can also be made faster by using fewer points.  If fewer points are used, the resolution of the 
spectrum decreases and less information is provided.  Consequently, the entropy also decreases.  
If more points are used, the number of frequency bins increases, as does the entropy.  This re-
quires zero-padding.  Zero-padding the data before applying the DFT results in a frequency in-
terpolation, which means that the added frequency bins will not contain any new information.  
As a result, the entropy increase will only be a function of the number of added bins and is the 
same for all measurements. 

 
In order to compute the spectrum entropy, the probability mass function of the spectral am-

plitudes is estimated from a histogram of the amplitude intensities.  Amplitudes below the high-
est amplitude in the one-sided amplitude spectrum of all measurements are quantized with 16 
bits.  A 216-bin histogram is used to estimate the probability mass function of the quantized am-
plitudes. 

 
Entropy as a Condition Signature 

For evaluating whether the entropies can be used to provide early failure warnings and to 
compare them against other AE features, the approach in reference [24] is used.  The probability 
distribution, of the entropy values at each percentage point is estimated by first computing the 
entropy from all measurements, for each foot tested, and then generating a histogram of the en-
tropy values at the given percentage point of lifetime.  The lifetime of each foot is normalized to 
100% according to the 10% displacement failure criterion.  All figures in this section have a grey 
area that represents all values that lie within one standard deviation from the mean.  Also super-
imposed on the figures are histograms that show the distributions of the corresponding entropy at 
50% and 95% of the normalized fatigue life.  Figures 1a and 1b show, respectively, the average 
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evolution of the AE hit count and the signal’s energy for all feet tested.  These two figures were 
presented in reference [24]. 

 

 

 

 
(a) The average evolution of the AE hit count 

rate.  
 (b) The average evolution of the signal en-

ergy.  

 

 

 
(c) The evolution curve for the signal’s entropy.  (d) The evolution curve for the PPMdH en-

tropy. 

 

 

 
(e) The evolution curve for the frequency en-

tropy. 
 (f) The evolution curve for the spectrum en-

tropy. 
Fig. 1.  The average evolution of the AE hit count rate, energy and four entropies computed from 
the AE segments.  The grey area represents all values that lie within one standard deviation from 
the mean. 

 
The average evolution of the four entropies for all the feet is shown in Figs. 1c-1f.  As one 

can observe, the curves are relatively flat from approximately 20% to 95% of the normalized 
lifetime, and the standard deviation is high.  The curves are therefore not suitable for issuing 
early failure alerts.  This is verified by the almost perfect overlap of the histograms of the en-
tropy values at 50% and 95% of the lifetime.   
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It is interesting to note that, of the two entropies computed in the time domain, the PPMdH 
entropy (shown in Fig. 1d) is lower than the signal’s entropy (shown in Fig. 1c).  In order to ap-
ply Shannon’s formula, the probability mass function of the signal’s values is estimated using a 
histogram of the signal’s values.  This estimates the entropy of the signal with respect to a static 
model.  This is by no means the best model for the data – as can be observed; the PPDdH com-
pression scheme produces a better model.  Nonetheless, the evolution curve for the PPMdH en-
tropy shows no additional information. 

 
Table 1 presents the median Pearson and Spearman correlation coefficients estimated be-

tween the AE hit count, the energy and the four entropies.  Each coefficient is estimated by first 
computing the corresponding coefficient between the curves from each fatigue test and then 
computing the median of the coefficients obtained from all feet. 

 
Table 1. The median Pearson (left) and Spearman (right) correlation coefficients between the AE 
hit count, the energy, and the four entropies. 

 AE hit  
count 

Energy 
[dB] 

Signal’s  
entropy 

PPMdH  
entropy 

Freq.  
entropy 

Spectrum  
entropy 

AE Hit Count 1 0.63 / 0.58 0.93 / 0.89 0.92 / 0.89 -0.24 /-0.19 0.71 / 0.65 
Energy[dB]  1 0.74 / 0.72 0.73 / 0.70 -0.44 /-0.52 0.92 / 0.91 
Signal’s Entropy   1 0.99 / 0.99 -0.28 /-0.31 0.79 / 0.79 
PPMdH Entropy    1 -0.24 /-0.29 0.78 / 0.79 
Freq. Entropy     1 -0.23 /-0.20 
Spectrum Entropy      1 
 

The results presented in the table show that the evolution of the two entropies estimated in 
the time domain, i.e. the signal’s entropy and the PPMdH entropy, correlate well with the evolu-
tion of the AE hit count.  Furthermore, the calculations also show that there is a significant corre-
lation between the energy and the spectrum entropy.  Since the energy requires less computation 
and its interpretation is more intuitive the spectrum entropy does not seem to offer any advan-
tage.  The frequency entropy measures the flatness of the spectrum.  It can be used to detect the 
presence of broadband events that may not be detected from the evolution of the energy.  Conse-
quently, the frequency entropy can possibly be used to supplement the energy feature. 
 
Summary 
 

In this study the AE hit count, energy and the entropies were extracted from the AE signals 
without applying any special filters to filter out any AE, e.g. from cumulative damage.  The pur-
pose of the study was to investigate whether the entropies could be used for condition monitoring 
of CFRP subjected to multi-axial cyclic loading, i.e. for providing early failure warning. 

 
The results show that the entropies studied here cannot be used with the proposed approach 

for issuing early failure alerts.  This is because they have relatively flat evolution curves from 
20% to 95% of the normalized lifetime. 

 
The results also showed that the trending results obtained using both the signal’s entropy and 

the PPMdH entropy (file compression) are nearly the same as those obtained using a STFT based 
AE hit counting.  This suggests that the signal’s entropy might be a better alternative to the AE 
hit count for monitoring AE activity because it requires less computational effort, no filtering 
(the number of hits is reduced by thresholding) and the only tuning required is the choice of the 
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histogram’s bin size.  These results suggest that further work should be done to compare the sig-
nal’s entropy against AE hit counts that based on conventional thresholding. 
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