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Abstract 
 
 A new spectral matrix method for detecting the arrivals of linearly or elliptically polarized 
waves was developed and applied to reflection imaging of the earth’s crust and upper mantle. In 
this method, parameter values representing the confidence levels of the detection of the arrivals 
of linearly or elliptically polarized waves are used to image the reflectors. This paper describes 
the theory for the detection of polarized waves and discusses their detectability in relation to a 
synthetic three-component signal. The dependence of detectability on time-window length and 
on the center frequency of the analysis was quantitatively evaluated for this signal. Next, earth-
quake data for events around Sendai, Japan with magnitudes ranging from 2.0 to 5.6 were ana-
lyzed and the reflectors imaged by a migration technique based on the confidence levels of polar-
ized wave arrival detection. By assuming P-P and S-S reflections, reflectors due to characteristic 
changes in the mantle were identified at depths of 350–500 km, demonstrating the feasibility of 
using a spectral matrix to detect polarized waves and to image the earth’s crust and upper mantle.    
  
Keywords: Spectral matrix, reflection survey, repeating similar earthquake 
 
1. Introduction 
 

Estimation of the structure of the earth’s crust and upper mantle such as the region of phase 
change is important for revealing the evolution of the lithosphere. In this regard, laboratory ex-
periments have clarified the phase changes of rock in relation to temperature in the upper mantle, 
and theoretical and seismic tomography studies have addressed the stagnant slab in the mantle 
[e.g. 1 - 4]. The measurement method used to explore the earth’s crust and mantle is a critical 
aspect of such studies, and the development of various reliable imaging methods based on differ-
ent principles is important for verifying and understanding the detailed structure of the earth. A 
reflection survey, which uses reflection waves for imaging structures, is a powerful method for 
identifying acoustic anomalies and boundaries, and various techniques to measure reflectors and 
process the collected data have been developed [e.g. 5]. The detection of reflection waves, how-
ever, can be difficult because of their relatively low energy and because of ambient noise.  It is 
easier to detect reflection waves by using three-component seismic measurements rather than 
one-component signals because a three-component seismic signal makes it possible to evaluate 
three-dimensional (3-D) polarization, allowing the discrimination of wave modes such as P-wave, 
S-wave, and Rayleigh wave modes  [6 - 11].  Polarized seismic waves contain information about 
the earth’s crust and upper mantle, and characterization of the polarization is a key subject in 
seismology and geophysical exploration, where reflected and converted seismic waves are used 
to evaluate subsurface structures.  

 
A method using a three-component signal for the detection of reflections has been applied to 

induced micro-earthquakes/AE in geothermal fields. In such studies, linearly polarized coherent 
waves are detected in coda waves by principal component analysis of the spectral matrix. The 
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parameter representing the linearity of the polarization is migrated by the diffraction stack migra-
tion technique, and the feasibility of the method for extracting reflectors such as fractures has 
been demonstrated [12 - 14].  This result implies that a similar analysis applied to polarized 
seismic waves might be useful in reflection surveys, even without the use of many observation 
points or artificial seismic sources. Moriya et al. [15, 16] and Moriya [17] proposed a method to 
detect the arrivals of polarized waves and to calculate the statistical confidence of the arrival de-
tection. They evaluated the linearity and ellipticity of the polarization by spectral matrix analysis 
and examined the feasibility of the method to analyze both synthetic and earthquake signals. 

 
Recently, many seismic observatories have been established, and seismic networks of three-

component seismic detectors with broad-band frequency characteristics have been used for seis-
mic observations, allowing the representation of the 3-D particle motion of seismic waves by the 
locus of the three-component signal. Unknown structures in the earth’s crust might be detectable 
by these networks if the different polarization states and arrival times of polarized seismic waves 
can be identified.  The detection of reflected waves as waveform data is a fundamental tech-
nique that is a key to successful reflection imaging. This paper describes a statistical method for 
detecting the arrival times of polarized seismic waves in a three-component seismic signal. The 
application of the method to earthquake data follows in order to image reflectors in the earth’s 
crust and upper mantle and to demonstrate the feasibility of the method for estimating subsurface 
structure. 

 
2. Statistical Detection of Polarized Seismic Waves Using Spectral Matrix Analysis 
 

The particle motion of seismic waves represents the polarization and the analysis of polariza-
tion makes it possible to detect the arrival time of waves. The arrivals of linearly or elliptically 
polarized waves can be detected using spectral matrix analysis [17]. A statistical parameter that 
represents the confidence level for the detection of the arriving wave for the migration is intro-
duced here. The spectral matrix is defined as a function of time and frequency as follows: 

, (1) 

where (a = x,y,z) are the power spectra;   are the cross-
spectra. These are calculated using time series from a finite time window of the three-component 
signal; tf  is a representative time corresponding to the center of the time window; and fk denotes 
the frequency [17].  The linearity and ellipticity of the polarization can be evaluated using the 
eigenvalues (λi) of the spectral matrix. We introduce two parameters to characterize the particle 
motion of the waves as follows [18 - 20]:  

, (2) 

and 
, (3) 

where  are the eigenvalues, and  and 
 are parameters that characterize the linearity and ellipticity, respectively.  We in-

troduce a method that uses two moving time windows and has the ability to distinguish the arri-
val times of different coherent waves that closely overlap in time but have different frequency 
contents. To judge the arrivals of polarized waves statistically, we define the following function: 
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 (4) 
where (mode = Linear or Elliptical) and 

, (5) 

. (6) 

 

The subscript “mode” represents the polarization type, either “Linear” or “Elliptical”, refer-
ring to linear or elliptical polarization, respectively.   and  are the 
mean values of  for  samples taken from  over a representa-
tive time  and with a frequency , where  is the boundary time between the two moving 
time windows used for calculating the spectral matrices, m is the number of sample frequencies, 
and n is the number of discrete sample times used to calculate the mean values [21].  

 is the value before time  and  is the value after time (Fig. 1).  
The parameter  has an approximately normal distribution because  
and  are transformed by Fisher’s transformation into equations (5) and (6).  

 and  show the degree of polarization before and after a representa-
tive time , and a statistical test can be introduced to judge whether the difference between 

 and  is significant or not.  When a polarized wave with frequency 
 arrives at time , the difference between  and  becomes larger 

and  has a peak.  Significance levels are commonly used in statistical tests to deter-
mine whether to reject or accept the null hypothesis. The significance level  is defined as fol-
lows:  

, (7) 

where  has a standard normal distribution in which the random variable  has the values of 
.  When the following inequality is satisfied,  

 

 
Fig. 1. Concept of mean values in the time–frequency domain.  and 

 are the mean values of  for  samples taken from 
 over a representative time  and frequency , where  is the boundary time be-

tween two moving time windows used for calculating the spectral matrices. 
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, (8) 
the hypothesis that a wave with linear or elliptical polarization has arrived is accepted, and the 
arrival of a polarized wave is estimated to have a significance level α. For instance, when z(α) is 
1.96, then the arrival of a wave is detected with a significance level of 95%.  In practice, the val-
ue of  indicates wave arrival and the confidence level of the detection.  

 
3. Evaluation of the Method using Synthetic Waves 
 
 Previously, we evaluated the detectability using a synthetic wave signal consisting of sinus-
oidal waves and random noise and showed that the arrival times of linearly and elliptically polar-
ized signals can be detected within 10 sampling points at a signal-to-noise ratio (S/N) of –7 dB 
[17]. In this study, we evaluated the dependence of detectability on the time-window length used 
in the analysis, and its dependence on frequency, before applying the method to earthquake data.  
It is known that the results of a polarization analysis are affected by the time-window length used 
for the calculation of a co-variance matrix. In this study, the co-variance matrix is replaced by a 
spectral matrix in order to analyze polarization in the time and frequency domains. Thus, the 
evaluation of time-window length dependence is important because the time-window length in-
fluences the reliability of the spectral estimation, and also affects the linearity and ellipticity 
evaluated using the eigenvalues of the spectral matrix. 
 
 A synthetic three-component signal was produced by an attenuated tone-burst sinusoidal 
wave and a computer-generated random number. The synthetic three-component signal com-
prised three linearly polarized waves (at 20, 70, and 120 s) and one elliptically polarized wave (at 
170 s), each one a sinusoidal wave with a frequency of 5 Hz, assuming a sampling frequency of 
100 Hz, where the S/Ns of the three linearly polarized waves and the one elliptically polarized 
wave were 25.0, 6.3, 1.6, and 1.8 dB, respectively. S/N was defined in the time domain as the 
ratio of the root mean square of the sinusoidal wave to that of the noise. This synthetic wave was 
divided into three components by multiplying by the directional cosine after assuming an arrival 
direction. The principal direction of polarization (that is, the assumed arrival direction) was 
N30°E and φ = 60° for the first sinusoidal wave and N40°E and φ = 70° for the other three si-
nusoidal waves, where φ = 0 is horizontal.  Figure 2 shows the synthetic three-component signal 
and  and  as a function of the time-window length used in the analysis, 
where the time-window length varies from 0.5 to 3 s. The given frequency of the sinusoidal wave 
was 5 Hz and its period was 0.2 s; thus, the time-window length varies from 2.5 to 15 periods of 
the given sinusoidal wave. The center of frequency used for the calculation was 5 Hz, with m 
and n set to 3 and 10, respectively. The data length of the fast Fourier transform (FFT) was 1024 
sampling points in all cases; therefore, the frequency resolution for the spectral estimation was 
constant at 0.098 Hz. Peaks appear at 20, 70, 120, and 170 s, and the onset of the sinusoidal 
wave can be detected at all time-window lengths, although the half-width of the peaks becomes 
broader as the time-window length becomes longer. Thus, as shown in Figs. 2(b) and 2(c), the 
arrival of the polarized wave can be detected using the parameters  and 

 even when the time-window length for the analysis is changed. This result sug-
gests that the dependence of arrival detectability on time-window length can be neglected when 
the time window used in the analysis covers several periods of the targeted wave. Therefore, the 
time window should be long enough to encompass several periods of the polarized wave compo- 
nents. In this method, the polarized waves are analyzed in the time and frequency domains. The 
advantage of performing the analysis in the frequency domain is that the frequency range for the 
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Fig. 2. (a) Synthetic three-component signal, (b)  and (c) , where the 
time window length for analysis is changed.   
 
detection of the polarized waves can be selected in relation to the spectral content and also tore-
duce the influence of noise. It is important, however, to choose a suitable frequency for the de-
tection of the targeted polarized waves. Therefore, we evaluated the dependence of detectability 
on the frequency selected for the analysis. Figure 3 shows the synthetic three-component signal 
and  and   as a function of the center frequency, which varies from 5 to 
30 Hz. The frequency resolution of the estimated spectrum is 0.98 Hz because the time-window 
length for the FFT is 10.24 s (1024 sample points), and the parameter m, which represents the 
frequency range for calculating the mean value of  and , is given as 3. 
Thus, the frequency width is 0.6 Hz, centered on the center frequency. For instance, the frequen-
cy range for the analysis is 5 ± 0.3 Hz when the center frequency is 5 Hz. The onset of the sinus-
oidal wave can be detected when the center frequency is 5 Hz (Figs. 3(b) and 3(c)). However, the 
peaks are small or absent when the center frequency used in the analysis does not correspond to 
the frequency component of the signal. This result suggests that a frequency range, in which the 
center frequency is close to the dominant frequency of the polarized wave, should be chosen so 
that the polarized waves can be distinguished from noise in the frequency domain.  Therefore, 
the method can be used to detect the polarized wave component with low S/N if a suitable center 
frequency is chosen for calculation of the parameter , but it is necessary to evaluate 
the spectral content of the signal to determine the center frequency to be used in the analysis. 
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Fig. 3. (a) Synthetic three-component signal, (b) ,  (c)  and (d) pow-
er spectrum, where the parameters  and (c)  as a function of the cen-
ter frequency is changed from 5 Hz to 30 Hz.    
 
4.  Application to the Imaging of Subsurface Structures by using Earthquakes 
 
 The earthquake events used for the analysis were collected at 31 stations by the Hi-net sys-
tem of the National Research Institute for Earth Science and Disaster Prevention (NIED) of Ja-
pan and observatories of the Japan Meteorological Agency (JMA) and Tohoku University (Fig. 
4). Six earthquakes with high S/N were selected from waveforms collected between 1 December 
2003 and 29 February 2008.  
  
 Their magnitudes ranged from 2.0 to 5.6, their source locations were distributed from longi-
tude 140.365E to 142.435E and latitude 37.828N to 38.776N, and their depths were from 27 to 
128 km. Figure 5 shows the source locations of the earthquakes studied. The P-wave velocity Vp 
was given as 7.0 km/s, and Vp/Vs was assumed to be 1.7. Although the migration velocity is 
sensitive to the imaging depth of the reflectors, we did not attempt to model the velocity struc-
ture.   

),( rqLinear ftZ ),( rqElliptical ftZ
),( rqLinear ftZ ),( rqElliptical ftZ



 35  

 
Fig. 4. (a) Earthquake observatories used for the analysis.  The map shows the northeastern part 
of Japan, and the broken lines denote the cross sections used in the reflection imaging. (b) Source 
locations of used earthquakes, where closed circles represent the source location and the larger 
size means the larger magnitude.  The symbols ○, □ and ★ represent the observation points.   
 

The calculation of  was carried out after estimation of the spectrum to determine 
the center frequency for the analysis; we chose 5 Hz as the center frequency because the power 
spectral density ranged from 2.5 to 15 Hz and because using a relatively low frequency compo-
nent in the analysis has the advantage of extracting reflection waves with lower attenuation. The 
time-window length was set at 1.0 s because the lowest frequency component of the signal was 
2.5 Hz and the time-window length should be larger than one period of the frequency component 
to satisfy the marginal conditions for spectral estimation.  

 
The imaging was carried out as follows. First, virtual reflection points were assumed every 1 

km within a range of 50 km in both the E-W and N-S directions and between 0 and 700 km depth. 
The theoretical arrival time of each reflected wave originating from P- and S-waves reflected 
from a virtual reflection point was calculated, and the calculated value of parameter  at 
the time corresponding to the theoretical arrival time of the reflections was assigned to that virtu-
al reflection point. The same operation was performed for data for all six earthquakes from all of 
the earthquake observatories, and the values were accumulated at each reflection point. Finally, 
the ensemble averages of the parameter values were calculated at each virtual reflection point.  
 
 This process is based on the same concept as the Kirchhoff migration method, which draws a 
reflection-time surface by using the amplitude of waves or reflection coefficients. In this study, 
the amplitude was replaced by the parameters , which represent the confidence lev-
els of the polarized wave arrival. The average of  at each virtual reflection point was 
calculated to show the imaging result as the mean value of the confidence levels, because the 
value of  indicates the confidence level for the acceptance of the hypothesis that a 
polarized seismic wave has arrived. Therefore, the mean value of  at each virtual re-
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flection point can be regarded as the likelihood that the wave has been reflected at that point. De-
termination of the confidence level is thus useful for evaluating the validity of the reflectors im-
plied in the result. For instance, a mean value of 1.65 for  at a virtual reflection point 
can be statistically interpreted to mean that the confidence level of the hypothesis that the reflec-
tor exists at that point is 90%. 
 
5. Results and Discussion 
 
 Figure 5 shows a three-component signal and the calculated parameters for detecting linearly 
and elliptically polarized waves at a confidence level of 90% ( = 1.65). In Fig. 6(a), 
waves with large amplitude can be identified in the coda wave, but it is impossible to judge visu-
ally whether these waves represent the polarized waves. Therefore, we applied the method de-
scribed here to this waveform data and chose the center frequency and the time-window length 
for calculation of  by considering the power spectral density of the waveform (Fig. 
6(d)), which shows that the frequency component is dominant from 2.5 to 15 Hz. Thus, the cen-
ter frequency for the analysis was set at 5 Hz and m and n to 3 and 10, because the center fre-
quency should include the dominant frequency component of the waves and because the use of a 
lower frequency favors the detection of reflection waves owing to less attenuation during the 
wave propagation. The length of the moving time window was set to 3.0 s (300 points of discrete 
time-series data) because several periods of the frequency component of 5 Hz are included in 
that time window. The Fourier transform was calculated using the FFT algorithm, which requires 
less calculation time than other spectral estimation methods. Several peaks could be identified 
(Fig. 5(b) and 5(c)) after the arrival of the P- and S-waves. The hypothesis that polarized waves 
have arrived at a particular time gains confidence as the parameter  becomes larger. 
Here, we examine reflection imaging using the arrivals of linearly and elliptically polarized 
waves, under the assumption that these polarized components originated from P-P and S-S re-
flection waves, respectively.  Reflection images were determined by the method described above, 
and images were calculated by assuming P to P reflections and S to S reflections at the cross sec-
tions set every 20 km from –60 to +80 km in the N-S direction as shown in Fig. 4 (Figs. 6 and 7). 
The ensemble average of the parameters  has a value below around 0.45, and the 
confidence level corresponds to 17% if we consider that value as α in equation (7). The reason 
for the low mean value of the parameters is that the polarized waves were detected with a low 
S/N. The basic principles underlying the method described in this paper allow the contrast in the 
images (Figs. 6 and 7) to be interpreted as indicating differences in reflectivity. In the P-P reflec-
tion imaging, several zones of higher confidence levels can be seen within the depth range from 
350 to 700 km (Fig. 6, indicated by red bands). Seismic wave velocities are thought to change 
rapidly at around 400–1000 km depth owing to phase transitions in the mantle, and discontinui-
ties at depths of 410 and 660 km in the transitional region are well known. Seismic tomography 
studies have also suggested that subducting slabs of lithosphere tend to become stagnant in the 
transition zone [2, 22]. Therefore, the red and yellow bands from 350 to 700 km depth in Fig. 6 
are likely to indicate acoustic impedance changes associated with characteristic changes in the 
mantle.  On the other hand, the region of higher confidence levels from 100 to 150 km results 
from virtual images formed by the detection of S-waves when linearly polarized waves were 
searched for in the P-wave coda portion, because the S-wave arrival is also detected by the anal-
ysis using the parameter in equation (2) (Fig. 5(b)).  In the S-S reflection imaging (Fig. 7), a zone 
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Fig. 5. Example of waveforms from observation N.SNDH (indicated by the symbol ★ in Fig. 4) 
and parameters for the detection of linearly and elliptically polarized waves. The three-
component signals (U-D, E-W, N-S) and the parameters for linear and elliptical polarization are 
shown. The sampling frequency of the waveform was 100 Hz.  
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of higher confidence can be seen at around 350 km in depth (indicated by the blue arrow). This 
zone is also seen in Fig. 6, and is a common reflector of linearly and elliptically polarized waves. 
Many zones of higher confidence can be seen at depths shallower than around 150 km, suggest-
ing that the boundary between the lithosphere and the asthenosphere is approximately at that 
depth. Depths below 500 km could not be imaged owing to the limited recording duration of the 
event data.   The results suggest that the proposed method can delineate reflectors and that, from 
an acoustic point of view, the method is useful for revealing metamorphic conditions and struc-
tures in the plate convergence region in the upper mantle. 
 
6. Conclusion 
 

We proposed a statistical method for detecting the arrival of polarized seismic waves in 
three-component seismic observations and applied the method to a reflection survey using local 
earthquake data to image the earth’s crust and upper mantle. Analysis of the spectral matrix in 
the time and frequency domains identified linearly and elliptically polarized waves. Imaging per-
formed by using a statistical parameter that reflects the confidence level of the arrival of polar-
ized waves succeeded in delineating reflectors, which are represented as discontinuities in acous-
tic impedance. Thus, this method is feasible for detecting polarized waves in a three-component 
seismic signal. 

 
Advantages of the method are that wave polarization is evaluated by using three-component 

signals in the time and frequency domains and that the polarized waves can thus be detected with 
low S/N, allowing linear and elliptical polarization to be distinguished, whereas it is difficult to 
identify the reflected waves by direct use of the waveform because of its very low amplitude. 
With this new method it will be possible to detect polarized waves and also to image the earth’s 
crust and upper mantle. 
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Fig. 6. Reflection imaging using linearly polarized waves assuming P-P reflection waves. Differ-
ent cross sections of the image are shown.  The origin of the coordinate system is the observation 
N.SNDH (indicated by the symbol ★ in Fig.4). The images are aligned from north to south. 
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Fig. 7.  Reflection imaging using elliptically polarized waves assuming S-S reflection waves. 
Different cross sections of the image are shown. 
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