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Abstract
In this paper a deterministic thinning procedure is derived for designing an array, with side lobe control Algorithm is developed for the circular
array and the elliptical array is obtained by stretching transform. Algorithm uses Taylor synthesis procedure with zero sampling. Side lobe
control is achieved by controlling the illumination of the aperture. This illumination corresponds to the density of the elements in the sparse
array, with each element of the array having uniform amplitude.
A technique for transmit antenna nulling for large sparse phased array is described. A perturbation phase generator adds phase shifts computed,
to form wide nulls in the side lobe structure. The thinned aperture allows designing a light weight mobile system. In radar and imaging context,
these nulls may be placed on a source of clutter, a set of jammers or a set of undesirable sources in imaging.

(1)

With x = acosζ, y = acosζ and ζ and ϕ are spherical
coordinate parameters equation (1) becomes

(2)

If there are N elements equally spaced along the circle
with ζ=2πn/N, (n=1... N), see Fig. 2b, the space factor is

(3)

Similarly if there are M equally spaced rings each having
Ni elements equally spaced along the circle, the space factor
becomes:

1. Introduction

One of the limitations on the practicality of two
dimensional arrays is the electronic channel count. Simple
brute force extension of conventional systems to such large
systems is not practical. Increasing the number of
connections to the transducer elements through the coaxial
cable to the probe becomes prohibitive. There is a need for
further reduction in the number of channels needed to achieve
a practical two-dimensional array.

This paper is extension of work we have done on the
synthesis references [1], [2]. The elements are located at
selected positions on a regular grid in such a way as to
reduce the side lobe levels produced by the array. We use
deterministic space tapering as opposed to random placement
[3]. The sparse population of the grid positions reduces the
number of electronic channels needed to process the signal
to and from the transducer elements.

The array design is based on analytic solutions of
aperture integral equations. Side lobe control is achieved by
controlling the illumination of the aperture. This illumination
ultimately corresponds to the density of the elements in the
sparse array, with each element of the array having uniform
amplitude for maximum efficiency or signal-to-noise ratio.
The design goal is to produce side lobes, which are uniform
around the main beam and decay asymptotically.

2. Circular Aperture

In accordance with phased array theory, consider a
transducer elements located at x y on a closed curve, for
example, a circle. Assume that each element has unit
illumination. In the event of an incoming beam impinging on
the array from the direction (θ,φ) as shown in Fig. 1, with the
center frequency wavelength λ , the far field response is
given by:

Fig. 1 : Coordinate system for an array.
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(4)

In the limit as number of elements become large
equations (3) and (4), using integral representation of Bessel
function of first kind, can be replaced by:

(5)

(6)

And when the number of rings become large, equation
(6) can be approximated as

(7)

Where g(r) is proportional to density of elements at r.

Normalizing with  the above can be

written as:

(8)

Above equation (8) is identical to the space factor
considered by Taylor reference [4] for the circular array
synthesis, where g(r) corresponds to apodization function.
In our case the function g(r) corresponds to or proportional
to number of elements on each ring (normalized). This
analogy allows us to estimate number of elements needed for
each ring as an apodization function of Taylor computed to
achieve a certain side lobe requirements. The thinning
procedure now is straightforward. To obtained the solution
of equation for Ni we rewrite equation (8)

(9)

For the designed M-1 zeros of above we have, after
normalization

(10)

Where uk are the zeros from Taylor’s method, reference [4],
for a given number of side lobe controlled. Above linear
equations can be easily solved for Ni and assuming a certain
value of Ni i.e. set of elements on the first ring, which can
control the required thinning, we have a solution of elements
on the entire set of rings. Once Ni have been found we carry
out the second step of thinning by placing elements equally
spaced on the ring in accordance of the formula given in
equation (3,4). The results of such thinning procedure is
illustrated for the case of 35 dB side lobe control for the case
of 136 elements for the aperture of 5 in Fig. 3a and 3b, and
548 elements on the aperture of 10 are shown in figure 4a and
4b. The rings are separated by one-half. As seen, the thinning

Fig. 2 : (a) Aperture with single element located at a and ζ .
(b) equally spaced elements on a ring. (c) equally spaced
rings to form a circular aperture.

(a) (b)

(c)

Fig. 3a, b: Thinned circular aperture with 138 elements and the
corresponding space factor with 35 dB side-lobe control.
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is quite effective for the designed side lobe level. Number of
elements for a filled circular array on a triangular grid with
λ/2 spacing would approximately equal to 367 and 1459
respectively. This correspond to a thinning factor of 37%
and 38% respectively

3. Invariant principal

The analysis developed in the section on circular
aperture can be extended to elliptical array by invariant
transformation described by Lo and Hsuan [5]. Equation (1)
can be written as

(11)

where Tx = sinφcosφ and Ty=sinθsinφ. It can be seen from
equation (11) that E(θ,φ)remain invariant if

(12)

Where the unprimed and primed quantities, correspond to
the circular and elliptical geometry, respectively. Consider an
area preserving transformation from circle to ellipse:

(13)

Hence  where the

primed quantities are for elliptical array and unprimed
quantities are for circular array. Once the thinning procedure
for the circular array, outlined in above section, is
accomplished and the location of each element determined,
the elliptical array can be synthesized by the transformation
given above and the pattern can be computed by the formula:

(14)

The results of such computation are shown in Figs. 5;
corresponding to circular array of Figs. 3a, 3b and Figs. 6,
correspond to circular array of Figs. 4a, 4b. The pattern are
shown in Figs. 7.

Fig. 4a, b: Thinned circular aperture with 548 elements and the
corresponding space factor with 35 dB side-lobe control.

Fig. 5 : Thinned circular and elliptical aperture with 138
elements with 35 dB side-lobe control.
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4. Phase only nulling : Perturbation Scheme with
Minimum Norm Solution.

Consider the pattern G(Tx,Ty), Tx = sinθcosφ,
Ty = sinθsinφ, of an array with elements located at xn, yn. At
the tth iteration, the pattern can be written as

(15)

where φt(xk, yk) are the phases of the element at the tth

iteration. Let the phase perturbation be additive such that
φt+1(xk, yk) = φt(xk, yk)+φk where φk are small and hence we can
write

(16)

 (17)

With

(18)

Let the nulls be applied at Tx = Tm
x, Ty = Tm

y, m=1.,...,M..
These points are selected to either form a set of point nulls
or all selected close to each other to form wide nulls or
combination of point and wide nulls. If they are selected
close to each other they may be considered control points
and their proximity will depend on the number of elements in
the array. We set the equation (17) to zero for the set of M
points corresponding to the desired null locations:

(19)

To represent the above equations in matrix notation we
define

(20)

and

(21)

Let

(22)

Hence (19) becomes:

(23)

Fig. 6 : Thinned circular and elliptical aperture with 548
elements with 35 dB side-lobe control.

Fig. 7 : Pattern for thinned circular and elliptical aperture with
548 elements with 35 dB side-lobe control.
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(24)

In matrix form equations (23) and (24) become:

(25)

Combining the above equations we have

(26)

where

(27)

To obtain minimum norm solution, we construct a
functional with Lagrange multiplier, and obtain its stationary
value by taking its gradient

(28)

Solving the constrained equation above gives the
following value for the Lagrange’s constant:. The updated
solution is then given by:

(29)

and the phase updates are given by:

(30)

The above is the iterative expression and this iteration
can be terminated for a given convergence criteria. It should
be noted that the matrix that is inverted in equation (29) is
of small in dimension, and hence produces a fast iteration
procedure.

To illustrate the procedures with an example, consider a
548-element thinned array shown in Fig. 6. We have selected
three distinct nulls each with a set of 3 control points. As
illustrated in Fig. 8, deep nulls are formed after only a few
iterations.

5. Conclusion

In this paper we have outlined a simplified synthesis of
sparse array for radar as well as ultrasound applications.
Elliptical array is synthesized with the stretching transform
based on invariant principal. Phase-only nulling is described
using minimum norm solutions and results have been
presented for a thinned array.
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Fig. 8 : First and second iteration for the formation of nulls by
phase perturbation. Elements are the same as shown in
Fig. 6 for the circular array.


