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Abstract 

In the present scenario, the need of damage inspection for composite structures has been of great importance. 

One of the nonlinear wave spectroscopy (NWS) techniques of detecting complicated defects like delamination is 

based on intensification of vibration amplitudes at the delamination location, known as local defect resonance 

(LDR) technique. In the present work, LDR frequency is determined for a circular delamination in glass fibre 

reinforced polymer (GFRP) composite by using the bicoherence analysis. First, a wave propagation study using 

chirp signal is simulated in ABAQUS explicit dynamic analysis. Subsequently, the output signal extracted from 

the receiver node of the composite model is further processed using Fast Fourier Transformation (FFT) and 

bicoherence analysis. The bicoherence plots are found to be much efficient in detection of second order 

harmonic of the LDR frequency. Finally, the LDR frequency obtained from the FFT and bicoherence plots are 

validated by performing the steady state analyses. 
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1. Introduction 
 

In the present time, nonlinear wave spectroscopy has become an outstanding tool in 

identifying different defects in a material while performing structural health monitoring. It 

helps in studying the effect of delamination and cracks on the incident waves and the 

nonlinearity arising due to the presence of defects. The higher order harmonic of the defect 

frequency can be used to detect minute defects which are barely visible to the naked eyes. The 

higher harmonics are obtained due to clapping and rubbing phenomena at the defect location 

between the two surfaces of delamination or a crack [1,2]. In case of conventional structural 

health monitoring (SHM), the defects present in a material are detected mainly due to the 

dispersing of the propagating vibration waves from the damages. This is because of the 

unevenness and disruptive surfaces in the damage region which leads to a change in the 

pattern of the vibration wave [3,4]. The conventional SHM is not so reliable for detection of 

small delaminations. The small change in the effective mass and effective stiffness of the 

material provides a little effect on incident vibration wave. This is the reason why nonlinear 

wave spectroscopy has become so widely acceptable in detection of small damages like 

delaminations and cracks [3]. 

 

The Bicoherence estimation is one of the tools used in nonlinear wave spectroscopy that helps 

in detection of damages. It is used to study the nonlinearity arising in the structure due to the 

interaction of two different frequencies. When the frequency of the incident vibration wave 

propagated to the structure interacts with the frequency of any damage present in form of 

delamination or crack, nonlinearity is arised in the structure which is found to be quadratic in 

nature. This interaction of two frequencies to form a quadratic nonlinearity is also commonly 

known as the Quadratic Phase Coupling (QPC). The QPC may lead to the generation of a 

third frequency in the bispectral analysis which may be the sum of two frequencies or the 

difference of two frequencies. There are many previous researches carried out in order to 

detect damages in structures using bicoherence analysis. Nonlinear coupled waves due to 
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QPC and the incident excitation waves were isolated so that the power achieved by QPC in 

self excited spectra is determined [5]. Bicoherence analysis is performed to detect fatigue 

cracks due to whitenoise excitation in beams. Though, it was tough to describe the 

bicoherence representation of the signal, the technique was successfully employed to detect 

the damage [6]. The methods of tricoherence and Kurtosis function based on the bicoherence 

and skewness function was studied and a technique of adding a whitenoise to the signal is 

proposed when there is a failure of normalization in narrowband signals [7]. A bispectrum 

process based on non-Gaussian regression model is found to be very convenient in 

determination of bispectral evaluations. It provides high resolution in obtaining the QPC due 

to sinusoids, as compared to other conventional evaluations [8]. Several other researchers 

have investigated the technique of bicoherence analysis in order to detect the damages in a 

structure. In the present work, bicoherence analysis is performed in order to obtain the Local 

Defect Resonance (LDR) frequency for detection of a circular delamination present in a glass 

fibre reinforced polymer (GFRP) composite. 

 

The LDR frequency of a defect can be described as the local frequency of the damage 

location due to a change in the mass and stiffness of the structure at that region. When the 

local frequency of the defect matches with the frequency of the incident vibration wave, 

resonance occurs. This leads to a drastic increase in the amplitude of vibration at the damage 

location.  Many studies were made based on the detection of LDR frequency of damages. It 

was reported that larger normalized depth of a delamination acts as a clamped boundary 

condition, while a decrease in the normalized thickness leads to simply supported condition. 

This helps in detection of variety of defects based on their geometries [9]. The free surface of 

delamination causes friction due to rubbing action at the LDR frequency. This causes a rise in 

temperature at the delamination area which can be detected by thermographic imaging [10]. 

Non-contact techniques of non destructive evaluation such as thermosonics and shearosonics 

for detection of LDR frequency can be carried out at mild sound intensities of 100dB or even 

lower [11]. Many other literatures signify the importance of LDR frequency in detection of 

damages using nonlinear wave spectroscopy. However, the detection of LDR frequencies has 

not been addressed widely. 

 

This paper addresses the issue of LDR frequency detection and presents an automated 

technique based on bicoherence analysis. Bicoherence analysis is performed in order to detect 

the LDR frequency of a circular delamination present in a glass fibre reinforced polymer 

(GFRP) composite. The paper is organized as follows: first, the concept of bicoherence 

analysis for LDR detection is described which is followed by the numerical modelling and 

analysis of the GFRP plate under consideration. Finally, the results and discussions based on 

numerical investigation are reported, followed by the conclusions. 

 

2. Bicoherence Analysis for LDR detection 
 

The local defect resonance frequency of a defect occurs mainly due to the reduction of local 

mass and stiffness as discussed previously. The LDR frequency of a delamination can be 

determined by assuming the defect to be analogous to that of a flat bottom hole (FBH) with 

diameter, a and depth, d for a plate with total thickness, T. The residual thickness of the 

delamination is considered to be the difference of total thickness of the plate, T and the depth, 

d and is called as the residual thickness of the plate, t. The effective stiffness, Ke and the 

effective mass, Me are taken into account while calculating the analytical solution of LDR 

frequency. The analytical relation for obtaining LDR frequency of any defect in form of 

delamination or FBH is given as, 
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where E signifies the modulus of elasticity, ρ signifies the mass density and ν signifies the 

Poisson’s ratio of the material. 

 

The bicoherence analysis is performed in this study to detect the second order harmonic of the 

LDR frequency. The bicoherence estimate can be classified as a normalized bispectrum which 

detects the nonlinearity due to interaction of the incident vibration wave frequency with the 

damage frequency. The bispectrum estimation consists of two different frequency indicators 

or indices x and y. The ratio of this frequency indicator to the sampling frequency is taken as 

two perpendicular axes of the bicoherence estimation plot. The bicoherence value is always 

taken perpendicular to the xy plane and between a range of 0 to 1. The power spectrum with 

time series p(t) is signified by performing the Discrete Fourier Transformation (DFT) as [12] 
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where D is the expectation operator and x is the specific frequency value. The DFT of this 

signal is known as the bispectrum which is given as, 
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Finally, the bicoherence estimation of the signal denoted by b
2
(x,y) is obtained from the 

relation as below. 
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Figure 1. The non-redundant zone of the bispectral plane also known as the primary domain [12] 

 



The bicoherence is used to detect the quadratic phase coupling (QPC) due to the nonlinearity 

arising on interaction of two frequencies. It is observed that the power spectrum contains a 

number of data which are repetitive in nature. There is much symmetry of data which is 

present in the xy plane which can be neglected during calculation of bicoherence. The 

principal domain of the bicoherence estimation is found to be triangular in shape and is shown 

in Fig. 1. The remaining portion of the bispectral content present in the xy plane is similar and 

symmetric to this principal domain. The principal domain is further divided into two regions 

P1 and P2 as shown in Fig. 1. The sum of the bicoherence in these two regions is required to 

arrange the statistical test for Gaussianity and stationarity [12]. 

 

3. Modelling and Analysis 
 

The modelling and analysis of the glass fibre reinforced composite plate is done using 

ABAQUS 6.13 software. The GFRP model comprises of four layers of glass fibre mats in 

epoxy matrix. The GFRP plate had a dimension of 180× 180× 2 mm
3
. The GFRP model 

having a delamination in the middle layer is modelled for performing the analysis. The 

geometry of delamination is considered to be circular in shape, having a diameter of 12 mm 

and a depth of 0.02 mm. The position of the delamination is kept at co-ordinates of x = 120 

mm and y = 60 mm, assuming origin to be at the left bottom corner of the plate. A schematic 

of the GFRP model with circular delamination is shown in Fig. 2. The material properties of 

the glass fibre mat and the epoxy resin is combined using the rule of mixtures for obtaining 

the overall material property of the GFRP plate [13]. The list of material properties used while 

modelling is presented in Table 1. 

 

 

Figure 2. Schematic of GFRP model with a circular delamination at the middle layer 

 

In this study, explicit dynamic analysis is performed to obtain the LDR frequency of the 

GFRP model which is then verified by performing the steady state analysis. The explicit 

dynamic analysis is carried out by using simply supported boundary condition for all the four 

edge surfaces of the GFRP model. Two different nodes are selected in the GFRP plate far 

apart from the damage location to act as the point of force transmitter and receiver. A force of 

20N is applied to the transmitter node with an amplitude corresponding to a chirp signal 

generated using the MATLAB software. The chirp signal is generated based on the LDR 

frequency calculated from the analytical relation provided in Eqn. 1. The range of chirp signal 



is provided such that the analytical LDR frequency falls inside this range. The GFRP model is 

provided with surface to surface tie constraint interaction between each layer except in the 

delamination zone. The delamination is provided with finite sliding option in order to obtain 

the LDR frequency due to rubbing or clapping phenomena of the delamination. The time 

increment and the element size for performing the explicit dynamic analysis of both the 

models are calculated using the Courant-Friedrichs-Lewy (CFL) condition [14] and are 

presented in Table 2. After the explicit dynamic analysis is performed, the output signal from 

the receiver node depicting the time versus amplitude of vibration is captured for further 

processing. This output signal is processed with Fast Fourier Transformation (FFT) and 

Bicoherence analysis in MATLAB. It is observed that the LDR frequency as well as the 

second order harmonic of the LDR frequency is obtained from both the analysis, respectively. 

In order to validate the LDR frequency obtained, a steady state analysis is performed where 

the peak corresponding to the LDR frequency is distinctly identified. 

 

Table 1. Material properties 

 

Material 
Mass density, ρ 

(in kg/m
3
) 

Modulus of elasticity, 

E (in GPa) 
Poisson’s ratio, υ 

E- Glass Fibre 2540 28.0 0.22 

Epoxy 1200 3.30 0.35 

GFRP plate 2145 10.7 0.30 

 

Table 2. Parameters used in explicit dynamic analysis of GFRP plate 

 
Time increment, ∆t Total time, t Number of increment, n Sampling frequency, fs 

5× 10
-8 

1× 10
-3 

2× 10
4 

20 MHz 

 

4. Results and Discussions 
 

This section is subdivided into three parts which describes the results based on analytical 

solution, FFT plots and bicoherence plots followed by the validation of LDR frequency using 

steady state analysis. 

 

4.1 Analytical Solution 

 

The local defect resonance frequency for delamination present in the GFRP plate is calculated 

using the analytical relation presented in Eqn. 1. The LDR frequency for the circular 

delamination is calculated to be 27.07 kHz. This analytical solution of the LDR frequency is 

used to generate a chirp signal for explicit dynamic analysis of the GFRP model. A chirp 

signal with sweep range of 20 kHz to 60 kHz is used in case of GFRP plate with circular 

delamination for performing the explicit dynamic analysis. 

 

4.2 Fast Fourier Transform (FFT) and Bicoherence Estimation 

 

The output signal captured after explicit dynamic analysis from the receiver node away from 

the delamination position is processed through FFT and Bicoherence analysis through 

MATLAB software. The codes used for Bicoherence analysis in detection of the second order 

harmonic of the LDR frequency was built in-house.  The FFT plot as well as the Bicoherence 

estimate plot for the GFRP specimen with circular delamination is shown in Fig. 3. The 

maximum amplitude of vibration in the FFT plot corresponding to the LDR frequency is 



found to be at 24.4 kHz as shown in Fig. 3(a). Another peak corresponding to the second 

harmonic of the LDR frequency, i.e. 49.4 kHz is also marked in the FFT plot. The peaks other 

than these are related to the natural frequencies of the GFRP plate which is validated using 

steady state analysis in the later part of this article. The Bicoherence estimate plot shows two 

frequencies f1 and f2 which interacts with each other leading to quadratic non-linearity. 

Generally, it is observed that one of these frequencies is the second order harmonic of the 

LDR frequency. The second order harmonic of the LDR, 2fLDR is obtained at f1= 53.72 kHz of 

the Bicoherence estimation plot as shown in Fig. 3(b). Here, the frequency values 

corresponding to the highest peak on the f1 - f2 plane is shown while the other smaller peaks 

are neglected. 
 

  
(a) (b) 

Figure 3. GFRP with single delamination: (a) FFT plot showing the LDR frequency and its second harmonic, 

and (b) Bicoherence estimation plot showing the second harmonic of the LDR frequency 

 

Table 3. LDR frequency obtained from various approaches 

 
Analytical solution FFT plot Bicoherence estimation Steady state analysis 

fLDR = 27.07 kHz
 

fLDR = 24.4 kHz
 2fLDR = 53.72 kHz 

fLDR = 26.86 kHz
 fLDR = 24.8 kHz 

 

4.3 Validation using Steady State Analysis 
 

The LDR frequency obtained from the FFT plot and the Bicoherence estimation is validated 

using the steady state analysis. The plot of steady state analysis is shown in Fig. 4(a). The 

LDR frequency for the GFRP specimen with circular delamination is found to be at 24.8 kHz 

which is very close to the LDR frequency obtained from FFT and Bicoherence plot. The peak 

corresponding to this LDR frequency signifies that there is a drastic rise in the amplitude of 

vibration at the delamination location while the rest of the model is having much lower 

amplitudes. The corresponding mode shape of the GFRP plate at LDR frequency is shown in 

Fig. 4(b). The other peaks at 20.4 kHz, 21 kHz and 22 kHz that are observed in the steady 

state analysis correspond to the different natural frequencies of the GFRP plate. The summary 

of the results obtained for the LDR frequency of the circular delamination from different 

approaches is illustrated in Table 3. Thus, the LDR frequency obtained for the GFRP model is 



validated and it is noted that the Bicoherence estimation is a reliable tool for detection of LDR 

frequencies in structural health monitoring of composites. 

 

 

 

(a) (b) 
Figure 4. (a) Steady state analysis plot showing the LDR frequency for a circular delamination in GFRP plate, (b) 

corresponding mode shape at LDR frequency 

 

5. Conclusions 
 

The study discussed the technique of Bicoherence estimation in detection of local defect 

resonance (LDR) frequency for delamination detection in composites. An analytical relation 

is used to roughly estimate the LDR frequency which is then used to generate a chirp signal 

with a frequency sweep range comprising of the analytical solution of LDR frequency. The 

chirp signal is applied to the transmitter node of the GFRP specimen in order to perform an 

explicit dynamic analysis. The output signal captured from the receiver node of the GFRP 

plate is then processed through FFT and Bicoherence analysis. The LDR frequency and the 

second harmonic of the LDR frequency is obtained from the FFT and Bicoherence estimation 

plot, respectively. The LDR frequency obtained is then confirmed by performing the steady 

state analysis. Thus, the study has been validated and it is concluded that the Bicoherence 

estimation technique can be used for detection of LDR frequency during the structural health 

monitoring of composites. It is also observed that the LDR frequency of a composite can be 

detected by capturing the output signal from any point on the structure, even far away from 

the damage location. 

 

References 

 

1. F Ciampa, S Pickering, G Scarselli and M Meo, ‘Nonlinear imaging of damage in 

 composite structures using sparse ultrasonic sensor arrays’, Struct. Control Health 

 Monitor, Vol 24, pp 1-13, 2016. 

2. M Meo and G Zumpano, ‘Nonlinear elastic wave spectroscopy identification of impact 

 damage on sandwich plate’, Compos. Struct., Vol 71, pp 469-474, 2005. 



3. F Ciampa, G Scarselli and M Meo, ‘On the generation of nonlinear damage resonance 

 intermodulation for elastic wave spectroscopy’, J. Acoust. Soc. Am., Vol 141, pp 2364-

 2374, 2017. 

4. W J N D Lima and M F Hamilton, ‘Finite-amplitude waves in isotropic elastic plates’, 

 J. Sound Vib., Vol 265, pp 819-839, 2003. 

5. Y C Kim and E J Powers, ‘Digital bispectral analysis and its applications to nonlinear 

 wave interactions’, IEEE trans. plas. sci., Vol 7, No 2, pp 120-131, 1979. 

6. A Rivola and P R White, ‘Bispectral Analysis of the Bilinear Oscillator with 

 application to the detection of fatigue cracks’, J. Sound Vib., Vol 216, No 5, pp 

 778-809, 1998. 

7. W B Collis, P R White and J K Hammond, ‘Higher-order spectra: The bispectrum and 

 trispectrum’, Mech. Sys. Sig. Process., Vol 12, No 3, pp 264-283, 1998. 

8. M R Raghuveer and C L Nikias, ‘Bispectrum Estimation: A parametric approach’, 

 IEEE trans. acou. speech sig. process., Vol 4, pp 869-891, 1985. 

9. I Solodov, J Bai and G Busse, ‘Resonant ultrasound spectroscopy of defects: case 

 study of flat-bottomed holes’, J. Appl. Phys., Vol 113, pp 1-7, 2013. 

10. I Solodov, J Bai, S Bekgulyan and G Busse, ‘A local defect resonance to enhance 

 acoustic  wave-defect interaction in ultrasonic nondestructive evaluation’, Appl. Phys. 

 Lett., Vol 99, pp 1-3, 2011. 

11. I Solodov, M Rahammer, N Gulnizkij and M Kreutzbruck, ‘Noncontact sonic NDE and 

 defect  imaging via local defect resonance’, J. Nondestruct. Eval., Vol 35, No 48, pp 

 1-8, 2016. 

12. J W A Fackrell, P R White, J K Hammond and R J Pinnington, ‘The interpretation of 

 the bispectra of Vibration Signals-I Theory’, Mech. Sys. Sig. Process., Vol 9, No 3, pp 

 146-155, 1995. 

13. G R Liu, ‘A step-by-step method of rule-of-mixture of fiber- and particle- reinforced 

 composite materials’, Comp. Struct., Vol 40, No 3-4, pp 313-322, 1998. 

14. R Courant, K Friedrichs and H Lewy, ‘On the partial difference equations of 

 mathematical physics’, IBM J.  Res. Dev., Vol 11, No 2, pp 215-234, 1967. 


