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Abstract  
This work demonstrates the use of nonlinear ultrasonic technique using mixing of two Lamb wave modes for the 

assessment of high cycle fatigue damage. Two Lamb wave modes are allowed to propagate through the high 

cycle fatigue damaged steel sample to generate the third type of mixing wave of sum frequencies of the two 

primary propagating modes. This generated third wave mode is dependent on the third order elastic constants of 

the fatigue damaged materials. Results obtained from conventional nonlinear ultrasonic measurement carries the 

information of nonlinearities from other extraneous sources along with the material nonlinearity; but generated 

third wave from the mixing of two primary waves is independent of the other nonlinear factors and it carries only 

the material nonlinearities. 
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1.  Introduction 
 

Nonlinear ultrasonic technique has been proved to be very sensitive to microstructural 

evolutions during plastic deformation of a material much prior to its failure [1], [2], [3]. A 

monochromatic sinusoidal wave gets distorted after interaction with the nonlinearities present 

within materials due to degradation and generates higher order harmonics. It relies on 

nonlinear Hooke’s law or nonlinear stress-strain relationship that relates with higher order 

elastic constants of the materials. The quantitative measurement of this wave distortion is 

defined by nonlinear ultrasonic parameter β =
8𝐴2𝐴12𝑘𝑥 , where A2 and A1 are the amplitudes of the 

2
nd

 order harmonic component and fundamental wave respectively; k = wave vector and x= 

propagation distance. Under cyclic loading, the nonlinearities generated in the material are 

intensified due to progressive damage which is associated with dislocation dynamics. 

Generation of dislocation sub-structures (like veins, PSBs) followed by accumulation to 

produce strain hardening, and finally to form micro-cracks from the site of extrusions on the 

material surface are the broad signatures of fatigue damage. Nonlinear interactions of these 

dislocation sub-structural changes with waves cause the generation of higher order harmonics 

during propagation of ultrasonic waves.  The major problem in nonlinear ultrasonic 

measurement is to distinguish the nonlinearities generated in materials; but this measurement 

technique includes nonlinearities from extraneous sources other than material nonlinearities. 

There are multiple possible extraneous sources that contribute nonlinearities in final received 

signals. These sources may be coupling media, instrumentations or other external factors [4].  

In this work, nonlinear ultrasonic evaluation using wave mixing has been used for assessing 

high cycle fatigue damage in steel. Evaluations have been going on to use ultrasonic wave 

mixing technique to characterize the materials conditions [5], [6], [7]. But all these studies are 

based on wave mixing using bulk ultrasonic waves; very little works have been done on wave 

mixing using long rage ultrasonic like Lamb wave [8], [9], [10], [11]. Guided wave ultrasonic 

(Lamb wave used here) is useful for long range inspection and one-sided access is sufficient 

for inspection. Although suitable signal analysis is required to analyze the received Lamb 

wave mode to extract the proper second harmonic component due to its dispersive and multi-

modal characteristics. Nonlinear ultrasonic evaluation using Lamb wave mixing has been 

used in this present work for the evaluation of high cycle fatigue damage in low carbon steel. 
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Nonlinear Lamb wave mixing parameter (β) is defined as 
4𝐴𝜔1+𝜔2 𝐴𝐵𝑘1𝑘2𝑥  , where A1+2 

is the amplitude of the generated mixing wave, A and B are the amplitudes of two 

fundamental modes of wave vectors k1 and k2 respectively, x is the propagation distance. 

 

 

2.  Selection of Lamb wave modes for mixing 
 

Fig.-1 shows the dispersion curves for 2.5 mm thick steel. The internal resonance conditions 

for mixing two fundamental waves, given by [12],  

 𝜔𝑐 𝒓 = 𝒌𝟏 ± 𝒌𝟐  ............................................................. (1) 

 𝛚 = 𝛚𝟏 ±𝛚𝟐   

where, ω is the mixing mode frequency with phase velocity c. ω1 & ω2 are two fundamental 

frequencies with wave vectors k1 & k2 respectively. r is the propagation direction of the 

generated wave. 

From eqn. (1), we can get:  𝜔𝑐  2 = 𝑘12 + 𝑘22 ± 2𝒌𝟏𝒌𝟐 ................................................ (2) 

 

or,  𝜔𝑐  2 =  𝜔1𝑐1  2 +  𝜔2𝑐2  2 ± 2 𝜔1𝑐1 𝜔2𝑐2  ........................(3) 

c1 and c2 are the phase velocities of two fundamental modes. 

As the fatigue is sensitive to surface conditions of the sample i.e. surface-phenomena, 

fundamental anti-symmetric modes are chosen due to the particle displacement at the 

surfaces.   

 

      

  
 

Figure 1. Dispersion curves for 2.5 mm thick steel plate; (a) Phase velocity, (b) Group velocity  

(encircled region has been taken to select the fundamental frequencies) 

 

As the evaluation is being made for full gage length of the sample, so both the fundamental 

waves should propagate together along the gage length to generate mixing wave which 

requires group velocity matching for both the fundamental waves. Accordingly, using eqn. 

(3), A0 mode has been selected with 1.49 MHz and 1.9 MHz fundamental frequencies for the 

generation of sum frequency component 3.39 MHz. 

 

(a) (b) 

…..  Antisymmetric mode 

 

         Symmetric mode       



 3.   Experimental 
 

Flat dog-bone specimen was made from the as received plate to study the nonlinear Lamb 

wave mixing during high cycle fatigue damage. Nonlinear ultrasonic measurement was done 

using RITEC SNAP system (RAM 5000). A broadband 2.25 MHz probe was used to trigger 

the both fundamental wave modes. Short Time Fourier Transformation (STFT) was done on 

the received time-domain mixing signal to extract the desired frequency components for time-

frequency analysis.  

High cycle fatigue was done using Electro-Magnetic Resonance (EMR) fatigue testing 

machine (Make: Zwick; Vibrophore 100) at room temperature at a frequency of 80 Hz with a 

load ratio= -1. The applied stress amplitude was taken as 144 MPa which corresponds to 

~60% of the yield stress. Nonlinear ultrasonic measurement was done at each interruption 

cycle till failure.  

Ultrasonic wave propagation was used to evaluate the dislocation density at each interruption 

cycle. According to [13], change in shear wave velocity is related to variation of dislocation 

density as ∆𝑣𝑇𝑣𝑇 ≈ − 8

5𝜋4 ∆ 𝑛𝐿3            ...................................................... (4) 

 

where, 
∆vT
vT

 is the change in shear wave velocity between two samples of a material that differ 

in dislocation density n of segment length L. Eqn. (4) does not provide absolute measurement 

of dislocation density but a dimensionless quantity (nL
3
) which provides difference in 

dislocation density between two samples. 

 

4. Results and Discussions 

 

Fig.-2 shows the variation of shear wave velocity (vT) with fatigue cycles. This velocity 

variation was used to determine the variation of ∆ nL3  using eqn. (4).  

 

 
 

Figure 2. Variation of shear wave velocity with fatigue cycles 

 

Fig.- 3 displays the variation of normalized β determined from nonlinear Lamb wave mixing 

measurement at each interruption cycle and ∆ nL3  with fatigue cycles. It shows that both the 

curves follow same trend. During high cycle fatigue of low carbon steel, there was a 



microstructural evolutions that took place in terms of dislocation multiplications, piling up of 

dislocations and formation of intrusion and extrusion that leads to micro-crack generation [1].  

 

 
 

Figure 3. Variation normalized β along with ∆nL3
 and no. of cycles & % of fatigue life 

 

Nonlinear ultrasonic parameter is related to dislocation evolution as𝛽 ∝ 𝑛𝐿4𝜎, [14] where it is 

seen that β is proportional to the dislocation density. Hence, it can be said that nonlinear 

ultrasonic using Lamb wave mixing is sensitive to sub-structural changes of the material 

during deformation. 

 

5.  Conclusions 
 

 Nonlinear ultrasonic using Lamb wave mixing was used to evaluate the high cycle 

fatigue damage in low carbon steel. 

 Dislocation density was evaluated qualitatively using ultrasonic shear wave velocity 

change.  

 Nonlinear ultrasonic parameter was evaluated from the amplitude of sum frequency 

component of two fundamental primary waves. 

 Normalized β was determined at each interrupted fatigue cycle and plotted with 

dislocation density. Both the curves followed same trend.  It was seen that 

approximately at 50% of the total fatigue life (N/Nf), normalized β along with 

dislocation density reached at maximum value.  
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