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Abstract

An inverse procedure is described that simultaneously estimates a pipe’s wall thickness and elastic
properties from three non-destructively measured, ultrasonic modal cut-off frequencies when given
a known outer diameter and mass density.  The procedure returns, with an uncertainty estimate, the
uniform, right circular, hollow, homogenous, isotropic pipe that matches “best” the measured cut-off
frequencies.  The theory behind the inversion procedure is outlined first.  The technique is next
illustrated using a computer-simulated example.  Then, two experimental illustrative examples,
which demonstrate the viability of the technique, are presented for a steel and an aluminum pipe.

Introduction

Material and dimensional information constitute fundamental knowledge for assessing the current
behaviour or “health” of a structure.  From a practical perspective, in situ measurements should be
used that are quick, reliable and non-destructive.  An ultrasonic based approach is one plausible
candidate.  Indeed ultrasonic body waves are employed commonly to accurately measure fine
dimensions [1].  Single or “focussed guided waves,” on the other hand, can propagate over tens of
metres so they have been used to remotely interrogate inaccessible locations [2]–[8]. Procedures
which employ guided waves are attractive because their multi-modal and dispersive behaviour can
simultaneously provide information over a range of frequencies [9].  Although the behaviour of a
single, essentially non-dispersive mode is interpreted relatively easily [3]–[4], it is difficult to
implement.  Even if excited, a single mode is likely converted to additional modes at geometrical
discontinuities [2].  These modes are generally dispersive so that the nature of a propagating wave
packet changes as it travels along a structure.  The objective here is to demonstrate a procedure
involving several guided waves which can be automated to display material and dimensional data
and can be extended, in the future, to indicate a structure’s condition.  Although the procedure could
be applied to any plate-like structure, it is illustrated by using homogeneous, isotropic pipes.  Such
pipes are employed ubiquitously in industry [10].

Defining a pipe’s unknown character from its measured response to a specified excitation is an
example of an inverse procedure.  Even an idealized computational inversion procedure, in which
errors are generally less than those arising from experimental measurements, may not produce a
unique solution [11].  Moreover, an inversion is often based upon a more computationally efficient,
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forward solver [11].  (A forward solver determines the response when both the excitation and pipe’s
character are known.) This indirect approach is adopted here as an uncertainty analysis can be also
performed straightforwardly.  The forward solver is based upon a standard Semi- Analytical Finite
Element (SAFE) formulation [12].  Therefore, the novelty lies not in the numerical technique but
in the insight gained from the presentation and physical interpretation of the results.  On the other
hand, the inherent modal decomposition produced by SAFE is crucial to understanding why simple
invariant features of a pipe’s temporal and corresponding frequency behaviour can be exploited in
the inverse solution.

An overriding concern is that a pipe’s properties should be measured as simply as possible.
Therefore, a short duration excitation is applied radially at an easily accessible external surface of
a pipe.  No effort is made to avoid dispersive wave modes, in contrast to common practice.  The
modes are received at a single off-set transducer which is linked to a computer processing capability.
Both the transmitting and receiving transducers’ dimensions are assumed to be much smaller than
the excited modes’ predominant wavelengths.  Therefore, they are idealized as acting at points.
Software incorporates a Discrete Fourier Transform (DFT) whose output is employed as input to a
curve fitting scheme for the receiving transducer’s temporal signal. The aim of this contorted
procedure is to refine the frequency values of only the predominant modal contributions in the
received response [13].  These values correspond to the pipe’s cut-off frequencies which are
common to all non-nodal locations [14].  Therefore, the choice of measurement location is relatively
unimportant.  However, the measured cut-off frequencies still have to be reconciled with their SAFE
counterparts.  This task is accomplished by taking the “true” set of pipe properties as the one for
which three measured and computed cut-off frequencies are closest.  Likely uncertainties are
estimated from a sensitivity assessment around the selected set of properties.  Agreement is shown
to be generally good with classically but more tediously performed destructive experiments and
readily available tabulated data.

Theoretical Basis

The SAFE forward solver provides the computational foundation so that it is outlined first.  Its use
in finding an inverse solution is described later.  An infinitely long pipe, half of which is illustrated
in Figure 1, is considered.  The pipe is assumed to be uniformly right circular, homogeneous,
linearly elastic and isotropic.  It has Lamé constants 8 and :, density D, a constant mean radius R,
outside radius r0 and thickness H, in addition to traction free, inner and outer surfaces.  Right hand
cylindrical and Cartesian coordinate systems (r, 2, z) and (x, y, z), respectively, are shown in
Figure 1. Their common origin is located at the geometric centre of a generic cross section of the
pipe with the z axis directed along the pipe’s longitudinal (axial) axis.

The point excitation, F t(2, z, t), is applied normally to the external surface at y = 0 in the plane
z = 0 by the transmitting transducer. (In the cylindrical coordinate system, the excitation’s
application coincides with 2 = 0.)  To circumvent numerical convergence difficulties associated with
a point application, the excitation is approximated by using a “narrow” pulse having a uniform
amplitude over a circumferential distance 2r020. This narrow pulse is represented by using a Fourier
series of “ring-like” loads having separable spatial and time, t, variations. In particular,
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where use has been made of the Fourier series for a rectangular pulse [15].  In equation (1) F0 and
p(t) are a vector and a function that describe the radial and temporal variations of the excitation,
respectively, n is the circumferential wave-number, * is the Dirac delta function, and   The
F0 is a vector of zeros except for a single element corresponding to the excitation’s specified
position and direction. Application of the Fourier transform integral to the series used in equation
(1) transforms the excitation vector from the axial, z, domain to the wave-number, k, domain. The
result is:

in which the “sifting” property of the Dirac delta function has been applied.

In the previous equations p(t) is taken commonly as the Gaussian modulated sine wave which has
a non-dimensional form (always indicated by a star superscript) of:

The constants a, h, J, and T0 are:

here.  Consequently the excitation has a 70 kHz centre frequency and more than 99% of its energy

Figure 1.  A pipe’s discretization.
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is contained within a 35 to 107 kHz bandwidth. Therefore the Fourier integral transform of , 
where T is the circular frequency, may be reasonably assumed to be contained within this finite
bandwidth. The adopted  and , where an over bar indicates a Fourier transformed
variable, are illustrated in Figure 2.

Having described the excitation, its effect on the pipe has to be considered next.  The pipe is
discretized into N layers through its thickness, where N is six in Figure 1.  The thickness of the kth

layer is Hk and it extends radially from rk to rk+1.  For simplicity, the Hk are considered to be
identical. Each layer corresponds to a one-dimensional finite element in the pipe’s radial direction
for which a quadratic interpolation function is assumed. A conventional finite element approach is
applied, layer by layer, to approximate the elastic equations of motion [12] in which the
displacements, ut(r, 2, z, t), take the form:

The N(r) contains the set of interpolation functions assembled over the entire pipe.  On the other
hand, U t(2, z, t) assimilates the corresponding array of nodal displacements in which the easily
measured radial displacement at the pipe’s external surface is principally of interest.  Like the
similarly approximated excitation F t(2, z, t), the U t(2, z, t) is assumed to be circumferentially
periodic, i.e.,

Consider, on the other hand, a single temporally harmonic component of F t(2, z, t), F(2, z, t),
having circular frequency T.  This excitation component produces the harmonic response component
U(2, z, t).  The Fourier series of these two variables take the form:

Figure 2.  Applied excitation in (a) time and (b) frequency.
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and:

Equations (7a) and (7b) are substituted into approximate equations of motion obtained from
Hamilton’s principle [12] which are transformed into the wavenumber domain by applying the
Fourier integral transform and making use of equation (2).  The result for the nth circumferential
wave-number is:

where the Ki are stiffness matrices and M is the mass matrix.  Details are given in [12].

Proceeding in a classical modal analysis fashion, equation (8) takes the form of an eigensystem in
the special case when  is the null vector.  Integer values are always ascribed to n.  Either kn or
T is assigned when the wave-number or frequency is presumed.  Then a linear or quadratic
eigensystem is produced in T2 or kn, respectively.  In the latter, more commonly encountered case,
equation (8) may be rewritten in the linear form:

where:

and 0 (I) is the null (identity) matrix.

Normal modes are found for the nth circumferential wave-number by solving the homogeneous form
of equation (9). This results in 12N+6 eigenvalues or axial wavenumbers.  A real (complex) valued
wave-number corresponds to a propagating (evanescent) wave. Moreover, half the wave-numbers
correspond to solutions for the positive z coordinates; the other half represent solutions for the
negative z coordinates.

In addition to the wave-numbers, right and left eigenvectors,  and  respectively, are
associated with the mth eigenvalue.  They are partitioned into the upper and lower halves.

(7a)

(7b)



1A defective eigensystem is one in which an eigenvalue is repeated, say integer r times, but fewer
than r unique (right) eigenvectors exist for the repeated eigenvalue [16].

(12)

(13)

(14)

that are represented by the subscripts u and l, respectively.  The pipe’s response is obtained, for the
nth circumferential wave-number and only those axial cross sections having positive z, by linearly
superimposing the admissible 6N+3 right eigenvector solutions.  Applying first the inverse Fourier
transform to this sum, and then Cauchy’s residue theorem, gives the nth circumferential mode of the
response. The result is [12]:

where,

in which bi-orthogonality relations [16] have been used. Moreover *mp is the Kronecker delta. The
linear response to a multi-frequency excitation can be found by merely superimposing the responses
caused by each individual frequency component.  Hence:

after summing all the circumferential harmonic components.

Simplifying Features

It is demonstrated in [17]–[18], by using the modal decomposition component of SAFE, that the
“peak” magnitudes of a pipe’s radial Frequency Response Function (FRF) occur at its modal cut-off
frequencies where the wave number is zero. A sharp increase there arises because the corresponding
Bnm in equations (12), (13), and (14) tends to zero as a cut-off frequency is approached, i.e., a
singularity happens in the nm mode’s FRF.  Although details are omitted here for brevity, this
feature exists because there is a repeated root at each cut-off frequency. Hence a defective1

eigensystem exists.  Consequently the corresponding left and right eigenvectors are orthogonal to
the B matrix defined in equation (10) and Bnm also becomes zero [19].  It is interesting that a cut-off
frequency can be interpreted as a juncture at which a travelling wave problem transitions to a
vibration problem because the wavelength, 2B/knm, becomes infinitely long.  Therefore the response
at a cut-off frequency may be termed “vibration”-like [14], [19].  Also note from equations (12) and
(14) that a modal response at a cut-off frequency becomes advantageously independent of an
observation point’s axial location.  Moreover, cutoff frequencies can be calculated without knowing
the corresponding eigenvectors of equation (8) with kn = 0 and  = 0.  Cut-off frequencies depend,
through the stiffness and mass matrices, on the pipe’s elastic properties, mass density, and
geometrical dimensions.  It is assumed here that the pipe’s outer diameter, D0, and mass density, D,
are readily available, which leaves the elastic properties and wall thickness to be determined.  Two
independent elastic constants are sufficient to characterize a homogeneous isotropic material.  Thus,
in dimensional terms, the Lamé constants, 8 and :, and the wall thickness, H, would sufficiently
characterize the pipe’s unknown properties.  Application of the Buckingham B theorem [20] is used,
however, to reduce the size of the (non-dimensional) search region, which makes calculations more



2Modes are labelled by using the standard convention employed in [21]. Only flexural modes are
considered here although the extension to torsional or longitudinal modes is obvious.

3These three cut-off frequencies are selected as they are the modes most easily excited with the
ultrasonic transducers used in the experimental investigations.

(15)

tractable.

For a given circumferential wave-number n and order m, the non-dimensional cut-off frequency ratio

is introduced where and  is the cut-off frequency of the F(n, m) flexural
mode2.  The  can be expressed in terms of the non-dimensional parameters (H/R) and (8/:).
Note that the desired elastic properties and wall thickness can be calculated from (H/R) , (8/:), and
Tref as well as the presumed mass density and outer diameter [18, 19].  The inequality 0<(H/R)< 2
arises physically because these lower and upper bounds relate to a pipe having no wall thickness and
a solid pipe, respectively.  On the other hand, (8/:) can be bounded reasonably as from
the standard elasticity relation  where < is Poisson’s ratio.  (If the Buckingham B theorem
had not been applied, the much more lax restrictions placed on 8 and : would have led to them
being non-negative.)  Also, the wall thickness is bounded, again on physical grounds, as 0<H<D0/2.

Graphical Relations Between the Cut-off Frequencies and Cylinder Properties

The key to making the inverse problem tractable is a succinct yet clear presentation showing the
dependence of the forward solved cut-off frequencies upon the independent (H/R) , (8/:), and Tref.
Transformations to obtain practical engineering properties, which also use where f is
frequency, are performed later.  The presentation’s construction may be envisaged by initially
considering all the :, H, D, (and thus Tref) to be unity.  Then 8 and R are each varied uniformly
within the physically viable ranges described earlier.  Forward computations to determine three
non-dimensional cut-off frequencies, say ,  and ,3 are performed within these
ranges by SAFE.  The corresponding values of (H/R) and (8/:), given Tref is simply 1 rad/s, are also
noted.

In general,

so that a particular  is identical to  at this juncture. Moreover

regardless of the value of Tref.  Then the largest of the three , , is taken as an extreme
but arbitrary 200 000 B rad/s (i.e.,  is 100kHz).  The non-dimensional cut-off frequencies for
the selected values of (H/R) and (8/:) are available so that equation (16) is used to find the

(16)

(17)



corresponding Tref or fref = Tref  /(2B).  Associated values of  and can be then
determined from their non-dimensional cut-off frequencies for the selected (H/R) and (8/:) and Tref.
Two points, corresponding to  and computed for the assumed (unity) and the
calculated values of Tref, are converted to frequencies, in kHz, and graphed.  They are joined by a
line along which (H/R) and (8/:) are each constant but Tref varies.  The line must also pass through
the graph’s origin because, physically, the and Tref are zero there.  The effects of variations
in Tref due to other values of (H/R) and (8/:) are calculated straightforwardly.  The same procedure
produces a set of similar, closely spaced lines after perturbing (H/R) and (8/:).  The resulting overall
behaviour is presented in Figure 3.

The shaded solution surface of Figure 3 (a) shows the dependence of  (or, alternatively )
upon  ( ) and ( ).  Note that at least three cut-off frequencies are required
to determine the three unknown (H/R) and (8/:) and Tref.  The surface seems to be a narrow bounded
plane whose width increases progressively with deepening shades, i.e., higher . This is
somewhat deceptive, however, because a computed inverse solution has been found empirically to
exist only on the surface, not on a planar approximation.  Previous research [13], [18] supports this

Figure 3.  Dependence of the three cut-off frequencies on (a) each other, (b) fref = Tref /2B, (c) (H/R),
and (d) (8/:).  Dashed lines (- - -) indicate the surfaces’ boundaries due to constraints on (H/R).



contention because it was determined that cut-off frequencies should be measured, ideally, within
0.01%.

The shadings of Figures 3 (b) and (c) indicate that the cut-off frequencies depend strongly upon fref
or Tref and (H/R), particularly at their highest values.  Interestingly, a quite uniform shading emerges
when these two figures are superimposed.  Therefore, the effect of similar changes in fref and (H/R)
counterbalance. On the other hand, the sizeable swathes of a given shading seen in Figure 3 (d)
suggest that the , i = 10, 11, 12, alter little with large (8/:) modifications. A comparison of
Figures 3 (c) and (d) also intimates that shadings across the shorter width of the solution surface
have similar tendencies for the (8/:) and smaller (H/R) variations.  Therefore, the effect of (8/:)
may be concealed, to some extent, by a greater one from (H/R).

Figure 4 magnifies the computed solution surface and nearby regions contained within the boxes
shown in Figure 3.  The illustrated points, which are offset slightly from the surface, correspond to
the cut-off frequencies extracted from the simulated and experimentally measured time histories
presented later.  The off-sets arise from uncertainties and errors, the overall magnitudes of which
are intimated by the off-set’s shortest distance to the computed surface.  The errors arise principally
from the temporal curve fitting procedure to find the cut-off frequencies.  Previous numerical studies
[13] suggest that all the discernible cut-off frequencies in the measurement bandwidth should be
incorporated to reduce the error.  Uncertainties, on the other hand, may originate from any
questionable assumption of SAFE like complete uniformity, no out-of-roundness, inhomogeneity,
etc.

Inversion Scheme

The transmitter is pulsed to obtain the previously described excitation and the response is measured
by the nearby receiving transducer.  Three cut-off frequencies, , are “extracted” from the

measured transient response using the temporal curve fitting procedure described in [13].  If these
cut-off frequencies are exact and the SAFE modelling is perfect, the following relations hold:

where  are the corresponding non-dimensional cut-off frequencies predicted by SAFE.

Equation (18) provides three relations in three unknowns [(H/R) and (8/:) and Tref].  The solution
of these non-linear equations provides a characterization of the pipe.  Unlike the idealized forward
simulation, experimental noise and errors can cause a measured point to lie outside the space
spanned by the SAFE computer solutions, as seen in Figure 4.  To overcome this discrepancy, the
point on the surface “nearest” the measurement is sought.  This point is located by minimizing the
objective function:

(18)

(19)



It is found by using the robust direct search method described in [22].  Projections between the
extracted and the nearest  are shown in Figure 4 for an essentially precise
numerical simulation as well as the corresponding imprecise experimental data.  Estimated
maximum possible differences between the measured and predicted cut-off frequencies are
employed to estimate the uncertainty in the recovered values of (H/R),(8/:), and Tref.  First, the
nearest found is taken to be the initial nominal solution.  This point lies, by its
construction, in the space spanned by the forward solver.  Use is now made of equation (18) to
temporarily eliminate the effects of Tref and estimate the uncertainty in (H/R) and (8/:) .  Three
ratios:

Figure 4.  Magnified version of Figure 3 near the experimental and simulated data.



(20)

(21)

can be formed.  For a given (H/R) corresponding values of (8/:), or vice-versa, may  be determined
such that:

are satisfied individually.  The values of (H/R), (8/:), and Tref obtained by minimizing equation (19)
are assumed to be sufficiently accurate to provide a reasonable starting approximation for (H/R).
The values of the  from minimizing equation (19) are substituted into equation (20) and then
into equation (21), along with the value of (H/R) corresponding to the .  The three ratios
formed in this fashion are deemed to be the nominal ratios for the Qi.  By perturbing the
within the range of uncertainly in the measured cut-off frequencies, maximum and minimum
permissible values of the Qi may be found.  These, in turn, can be substituted into equation (21).
The extreme values of (8/:), such that equation (21) is satisfied for all the extreme Qi and the (H/R)
arising from minimizing equation (19), are found.  Then the nominal value of (8/:) is then taken as
the mean of the extreme permissible values, and its uncertainty is taken as half the extreme range.
A similar procedure is adopted to estimate the permissible variation in (H/R), taking the nominal
value of (8/:) just found as the true value.  This procedure is illustrated graphically in Figure 5 for
the numerical simulation presented later.  It allows a maximum perturbation in each of the 
of 80 Hz which appears, from Table 2, to provide a reasonably conservative upper bound on the
uncertainty of the extracted cut-off frequencies.  The uncertainty in Tref is taken as the absolute value
of the difference between the initial Tref stemming from the minimization of equation (19) and the
mean value of Tref found by solving equation (16) for each of the , taking (H/R) and (8/:) as
the values found from Figure 5.  The uncertainties in (H/R), (8/:), and Tref, as well as those in D0
and D are then propagated by using standard uncertainty estimation techniques (see, for example
[23]) for each of the variables derived from the three properties calculated by using the inversion
scheme.

Illustrative Examples

Three examples are presented next that illustrate the inversion technique.  A numerical simulation,
using a priori known material properties and dimensions, is given first.  It is followed by an
experimental example in which a real pipe has similar properties.  The third example uses another
real pipe which has substantially different material properties in dimensional terms, but similar
properties in non-dimensional terms.

Numerical Simulation

An idealized 3 inch Nominal Pipe Size (NPS) [80 mm Diameter Nominal (DN)], Schedule 40,



seamless, carbon steel pipe is considered initially.  Its dimensional and material properties are
summarized in Table 1.  This particular pipe is selected because it is commercially important.  At
the end of 1997, for example, there was approximately 40 300 miles (64 900 km) of such pipe in
industrial use as energy-related pipeline in Alberta, Canada [10].  Consequently it has been studied
extensively as in, for example, [2]–[4].  The radial displacement is calculated on the pipe’s outer
surface at 2 = 0 and z* = z/H = 5.1, by using equation (14) in the manner described in [13].  The
resulting time history is presented in Figure 6 (a).  The corresponding DFT and temporal curve fit
are given in Figures 6 (d) and (c), respectively.  Table 2 compares the cut-off frequencies obtained
from the computed FRF, DFT, and temporal curve fit. The inversion procedure and uncertainty
estimations are applied to the cut-off frequencies found from the temporal curve fit.  The results are
summarized in Table 1. This table shows that the assigned and recovered material or dimensional
properties generally agree within their estimated uncertainties.

Experimental Example 1

An actual 3 inch NPS (80 mm DN), Schedule 40, seamless, carbon steel pipe was examined
experimentally next.  The radial displacement was measured on the pipe’s outer surface at 2.0 and
z* = z/H . 5.  The time history is presented in Figure 7 (a), while the corresponding DFT and
temporal curve fit are given in Figures 7 (c) and (b), respectively.  The inversion procedure and the
uncertainty estimations were applied to the cut-off frequencies obtained from a temporal curve fit.
Results from the ultrasonic measurements are summarized in Table 3.  A 7 inch (18 cm) or so length
was cut from one end of the pipe.  Plates and grips were welded onto this short sample after which
the sample was heat treated to relieve residual stresses.  Two nominally identical, three-element

Figure 5.  Graphical representation of the procedure used to assess (a) the uncertainty in (8/:) and
(b) (H/R) for a numerical simulation.



Table 1.  Comparing preassigned numerical values with those computed from inversion.

Property Assigned Value Computed Value

Mass density, D 8.906×10-3 slug/in3

(7932 kg/m3) —

Outer diameter, D0
3.496 in

(88.8 mm) —

Thickness, H 0.220 in
(5.59 mm)

0.22±0.01 in
(5.5±0.3 mm)

Mean radius, R 1.64 in
(41.6 mm)

1.638±0.004 in
(41.6±0.1 mm)

Thickness to mean radius ratio, (H/R) 0.134 0.132±0.007

Young’s modulus, E 31 460 ksi
(216.9 GPa)

32 000±4000 ksi
(220±30 GPa)

Lamé constant (shear modulus), : (G) 12 230 ksi 
(84.3 GPa)

12 000±1 000 ksi
(84±9 GPa)

Lamé constant, 8 16 410 ksi
(113.2 GPa)

21 000±15 000 ksi
(145±103 GPa)

Ratio of Lamé constants, (8/:) 1.34 1.7±1.2

Poisson’s ratio, < 0.2865 0.32±0.08

Table 2.  Cut-off frequencies obtained from the FRF, DFT, and temporal curve fit.

Mode
Cut-off Frequencies, kHz Difference Between

DFT and FRF, Hz
Difference Between

Curve Fit and FRF, HzFRF DFT Curve Fit

F(8,1) 43.197 43.332 43.184 135 -13

F(9,1) 53.113 53.331 53.041 218 -72

F(10,1) 63.554 63.307 63.568 -247 14

F(11,1) 74.427 74.969 74.421 542 -6

F(12,1) 85.652 84.965 85.667 -687 15

strain gauge rosettes were bonded to the specimen.  Then the instrumented sample was mounted in
a standard pseudo-static test frame and loaded in either “pure” tension-compression or torsion.  The
tension-compression results were used to estimate Young’s modulus, E; the torsional test gave the
shear modulus, G. These values are also reported in Table 3, along with the independently
determined mass density, outer diameter, and wall thickness.  It can be seen that E, G, and the
dimensional information found from the ultrasonic measurements correlate very well with those
obtained pseudo-statically.  However, the conventional, unlike the ultrasonic approach, calculates
8, (8/:), and < from the E and G values and standard elasticity relationships whose uncertainties,
therefore, are amplified.



Experimental Example 2

A 3 inch NPS (80 mm DN), Schedule 40, seamless, aluminum pipe was also examined
experimentally.  The radial displacement was measured on the pipe’s outer surface again at 2 .0 and
z* = z/H . 5.1.  The time history is presented in Figure 8 (a).  The DFT corresponding to this time
history is given in Figure 8 (c), with the temporal curve fit of the “steady state” portion of the time
history shown in Figure 8 (b).  The inversion procedure and uncertainty estimations were applied
to the cut-off frequencies obtained from this temporal curve fit.  Results from the ultrasonic
measurements are summarized in Table 4.  In this table, the mass density and dimensional
information were measured independently.  The elastic properties, on the other hand were calculated
from “typical” values of E and G taken from published literature.  It can be seen again that E, G, and
the dimensional information found ultrasonically correlate very well with those obtained from the
literature.  On the other hand, the 8, (8/:), and < recovered ultrasonically are somewhat lower than
those derived from the ranges of E and G typically reported for aluminum.  These discrepancies
could be due, in part, to the assumption that Poisson’s ratio is frequency independent.  Experiments

Figure 6.  Giving (a) simulated radial displacement on outer surface at 2=0, z*=z/H=5.1, (b) spectral
density of (a), (c) curve fit of “free vibration” portion within white region of (a), and (d) DFT of time
history shown before right shaded area in (a).



are being planned currently to test the frequency dependance of Poisson’s ratio.

Concluding Remarks

An inverse procedure was described that simultaneously estimates a pipe’s wall thickness and elastic
properties from three non-destructively measured, ultrasonic modal cut-off frequencies when given
a known outer diameter and mass density.  The procedure returned the uniform, right circular,
hollow, homogenous, isotropic pipe that matches “best” the measured cut-off frequencies with an
uncertainty estimate.  It was illustrated by using a computer-simulated example and two physical
experiments.  Dimensional and elastic properties generally agreed, within estimated uncertainties,
with those assigned in the simulation, measured independently, and with typical data taken from
published literature.  The uncertainty estimates, although somewhat conservative and yielding
uncertainties comparable to conventional measurements, were calculated in a somewhat ad hoc
fashion.  Plans exist to statistically investigate more formally representative probability density
functions for the extracted cut-off frequencies.

Figure 7.  Showing (a) the experimental radial displacement on outer surface at 2.0 and z*=z/H.5
for a steel pipe, (b) temporal curve fit of corresponding “free vibration” portion, and (c) DFT of time
history before first end reflection’s arrival in (a). *End reflection.



Table 3. Comparing conventionally measured values with those recovered ultrasonically for an
actual steel pipe.

Property Conventional Approach Ultrasonic Approach

Mass density, D (8.6±0.2)×10-3 slug/in3

(7700±200 kg/m3) —

Outer diameter, D0
3.496±0.004 in

(88.80±0.09 mm) —

Thickness, H 0.220±0.004 in
(5.6±0.1 mm)

0.22±0.01 in
(5.5±0.3 mm)

Mean radius, R 1.638±0.004 in
(41.6±0.1 mm)

1.638±0.008 in
(41.6±0.2 mm)

Thickness to mean radius ratio, (H/R) 0.134±0.003 0.132±0.007

Young’s modulus, E 29 300±900 ksi
(202±6 GPa)

29 600±5 400 ksi
(204±37 GPa)

Lamé constant (shear modulus), : (G) 11 500±300 ksi 
(79±2 GPa)

11 700±13 00 ksi
(81±9 GPa)

Lamé constant, 8 14 400±7 800 ksi 
(99±54 GPa)

12 900±10 300 ksi
(89±71 GPa)

Ratio of Lamé constants, (8/:) 1.3±0.7 1.1±0.9

Poisson’s ratio, < 0.28±0.07 0.2(7)±0.1

Table 4. Comparing typical values for an aluminum pipe with those measured ultrasonically.

Property Typical Values Ultrasonic Approach

Mass density, D (2.9±0.2)×10-3 slug/in3

(2600±200 kg/m3) —

Outer diameter, D0
3.49±0.01 in

(88.8±0.3 mm) —

Thickness, H 0.21±0.01 in
(5.5±0.3 mm)

0.22±0.01 in
(5.5±0.3 mm)

Mean radius, R 1.641±0.007 in
(41.7±0.2 mm)

1.64±0.01 in
(41.6±0.3 mm)

Thickness to mean radius ratio, (H/R) 0.131±0.009 0.132±0.008

Young’s modulus, E 10 000 – 10 400ksi
(69 – 72 GPa)

10 000±1 400 ksi
(69±10 GPa)

Lamé constant (shear modulus), : (G) 3 800 – 3 900 ksi 
(26 – 27 GPa)

4 000±500 ksi
(28±4 GPa)

Lamé constant, 8 4 800 – 13 000 ksi 
(33 – 87 GPa)

3 900±3 200 ksi
(27±22 GPa)

Ratio of Lamé constants, (8/:) 1.2 – 3.3 1.0±0.8

Poisson’s ratio, < 0.28 – 0.38 0.2(5)±0.1
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