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ABSTRACT 

With eddy current testing it is sometimes difficult to describe the a.c. magnetic field distribution in 

the material analytically. For some ideal cases as for the case of homogenous field and for pieces of 

simple form and homogenous physical properties it is often shown also in text books. When we, 
however, have to deal with the real situation the things become more complicated, since for 

calculation of the magnetic field distribution the Maxwell equations  in three dimensions are to be 

solved. There are normally six partial differential equations to be solved: three real components and 
three imaginary components of the magnetic field. For the complete description of the magnetic 

field six data are needed in any point of the space. The partial differential field equations can be 

written as a system of linear difference equations using the method of finite differences (FD) or the 
method of finite elements (FE). By means of the available software and hardware it is possible to 

solve such problem to certain precision even using the simple relaxation method. 

In the paper the calculated distribution of the magnetic field in the cross-section of a sound 
ferromagnetic bar is given together with the case of a surface and subsurface thin radial crack. 

From the corresponding graphical and dynamical presentation of the magnetic field it is possible to 

get better information about eddy currents. 

Key words: Maxwell equations, difference equations, relaxation method, presentation of graphic 
results

1.   Maxwell equations  

It is generally started with the partial differential equation [1] for the vector potential V :
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                                                dielectric constant 

                         0                      electric constant of free space 

                         t                         time 

Since the vector potential changing in time is sinusoidal with frequency f  the vector potential could 
be written in the following way: 

tieWV .                          (1) 

f2

The amplitude of the vector potential may be written as a sum of the real component ( A ) and the 
imaginary component ( *A ):

*.AiAW                                                                  (2) 

The equation ( 2 ) is substituted by the system of two equations: 
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In the case of rotational symmetry as met with the case of a cylinder placed in a circular coil only z-
component of the vector ( zA = A  ) is to be considered and the system of two equations is reduced to 
the following form: 
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where                          a                                           radius of the bar

                                    r                                           radial coordinate  
                                    z                                           longitudinal coordinate  

                                                                             azimuth coordinate  

                                   F =
2

0a                   dimensionless frequency 

Since from the definition of the magnetic potential it follows: 
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** , zr BB            imaginary components of the magnetic field density 

2.       Special case

2.1     Metal bar without a defect 

A metal bar with the circular cross-section is placed into a homogenous a.c. magnetic field oriented 
along the bar axis. The magnetic field equation has to be solved in two dimensions only and the 
choice of cylindrical coordinate system is appropriate. It is however possible to start with the 
equation for the magnetic field strength zH = H :
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Since the only field zH is oriented tangential to the surface r=a the boundary conditions can be 

written 1)( arH and 0)(* arH

The magnetic field strength can be written for the real ( H ) and the imaginary ( *H ) part separately. 
If the bar is without a defect the distribution of the magnetic field density can be found in the form 
of modified Bessel functions for the real and the imaginary component. 

2.2    Metal bar with a radial crack

If however a radial surface crack is present in the cross-section it is not possible to find the 
analytical solution to equations  9 and 10. 
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The boundary conditions given above are valid also inside the line representing the thin radial crack.  
The first solution to this problem was already found more than 30 years ago [2] using the numerical 
method of finite differences and presented for the first time at the 8th World conference of NDT in 
Cannes 1976. At this occasion a very short movie (using super 8 photo camera) was presented where 
also some idea about eddy currents could be suggested. I am still very proud of the fact that my first 
(and the last) film was presented in the big hall of the Cannes film festival where the NDT 
conference took place. 

3.      Modern mathematical tools 

By the use of the modern mathematical tools for solving of differential equations it is possible to 
present the old results in a much more user- friendly way. 
In past 30 years the development of the computer tools has been immense. At the beginning there 
were nice colored diagrams presented on conferences like today but the methods of finite 
differences and finite elements were still discussed and glorified [3]. 
The use of computers was not much user friendly. However with the nowadays tools the 
programming has changed a lot. If we take for instance some differential equation and “ask” the 
computer for the solution to this equation we get the answer pretty quickly. If the analytical solution 
does not exist the computer is asking you “should it look for a numerical solution?”. If the answer is 
“yes” you get the solution to your problem without knowing the way how to realize it. Naturally it is 
possible to get information about possible errors that are the consequence of the method being 
chosen. 

As an example here are given the graphic results of the real and the imaginary component of the 
magnetic field in the cross-section of a sound metal bar and for the case of the surface and 
subsurface crack in the cross-section. 

The frequency in the all three cases above is chosen the same and high enough that the skin effect 
could be noticed. Namely the magnetic field in the cross-section increases from the center towards 
the boundary. The situation is corresponding to the case of dimensionless frequency ( 50F ) for 
the non ferromagnetic bar ( 1).
The amplitude of the magnetic field strength at the circular boundary is supposed to be equal 1. On 
the other hand the imaginary component is at this moment equal 0 on the circular boundary. During 
the time of one period the distribution of the field in the cross-section can be viewed by means of the 
“manipulation” command. It can be also very obvious when the eddy currents have their maximum 
value and what is the direction of the electric current flow at certain moment of the period. 
The “animation” command is giving maybe some idea about temporary skin effect because using 
the program it is possible to change frequency and change even colors and observe enlarged detailed 
part of the cross-section from chosen direction. 

Due to Maxwell equations the consequence of such field distribution are eddy currents. Their 
intensity depends on the steepness of the field increase in radial direction.  From the Figs. 1 to 6 it is 
quite obvious that the density of eddy currents is more intense close to the surface of the bar what is 
the essence of the so often called skin effect. The direction of the circularly flowing eddy currents 
depends on the field gradient in the cross-section: if the field is increasing when looking from the 
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center to the circular boundary of the cross-section .The eddy currents are flowing in one direction. 
If the field would be decreasing the eddy currents would flow in the opposite direction. 

However it must be stressed that the presentation of the field by the real and the imaginary 
component is very helpful with the presentation of the real changes of the magnetic field in the 
cross-section during the one period of time. Since we have to do with the a.c. magnetic field it must 
be kept in mind that for instance in one quarter of period the field distribution is changing from the 
extreme situation presented by the real component of the field (Fig. 1) to the second extreme that is 
represented by the imaginary component (Fig. 2). The whole procedure is then repeated in the 
negative values of the field in the next quarter of the period. Finally everything is repeated again in 
the positive direction and after another half of period the initial situation is achieved again. 

These changes will be demonstrated at the oral presentation at the conference using a special 
program in my computer for all three cases.  

The aim of this presentation is to show the audience how eddy currents could be interpreted in a 
simple case like this. In some textbooks the absolute value of the magnetic field is taken as 
characteristic function of radius and this has some limited value since the situation presented by 
absolute value of the field means that there is never such field present at a definite position of the 
cross-section. It has on the other hand some meaning when the heat sources due to eddy currents are 
to be taken into account.  

There are two presentations given: 

Manipulation and animation code are giving better idea about the changing of the magnetic field and 
the corresponding changes in eddy currents.  

4. Conclusion 

In order to find better and more reliable ways for detection of cracks in metal materials it is 
necessary to have a very good vision about the magnetic fields and about eddy currents. In the 
article a simple result is shown for the case of a metallic bar placed into a homogenous alternating 
magnetic field. 

In three dimensions the demands are much more complex since the number of equations is several 
times bigger and so the process of relaxation is much longer. However the presentation of results is 
similar to this one. It has to be noticed that the 3 components of the field give three times more 
information. 

The aim of our further investigations is to evaluate the magnetic field in the vicinity not only inside 
the cross-section but also of the initial and final position of the crack outside the bar [4]. A 
secondary coil encircling the bar being placed in a primary coil does not give enough evidence about 
the possible changes in the magnetic field. Signal from the encircling secondary coil is proportional 
to the change of the magnetic flux in the whole cross-section and tells us nothing about position of 
the possible defect in the cross-section. In future changes of the magnetic field caused by defect are 
to be detected from outside the encircling coil [4] where everything is also easier accessible.  
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Fig.1: Real component of the magnetic field strength. 

Fig.2: Imaginary component of the magnetic field strength. 
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Fig. 3: Real component of the magnetic field strength 

Fig. 4: Imaginary component of the magnetic field strength. 
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Fig. 5:  Real component of the magnetic field strength 

Fig.6: Imaginary component of the magnetic field strength 
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