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ABSTRACT 
 
The new higher order spectral techniques, the normalized cross-covariances of complex spectral 
components, are proposed for monitoring structure and machinery non-linearity and signal non-
Gaussianity and estimating the harmonic phase coupling of signals from structures and 
machines. Normalization of the proposed techniques is also developed. It is shown by simulation 
that the proposed techniques provide effectiveness gain for detection of non-linearity in 
comparison with the HOS. 
 
 
1. Introduction 
 
For monitoring of a structure and a machinery non-linearity and non-Gaussianity of signals from 
a structure and a machinery due to damage and estimating the harmonic phase coupling of 
signals from a structure and machinery, an input excitation (e. g. vibration excitation, acoustical 
excitation, etc.) excites the resonance oscillations of a structure or a machinery in question and 
resonance oscillations are processed by the higher order spectra (HOS) [1]. This approach has 
been widely investigated for stationary and non-stationary signals [1-13]. 
For diagnosing structure/machinery nonlinearity, we propose to use the normalised cross-
covariances of order n between n complex spectral components. The physical sense of this 
proposition is that if complex spectral components have appeared due to nonlinearity (damage), 
these components have non-zero cross covariances.  
It can be easily shown that the widely used normalized HOS: i.e. the bicoherence and the 
skewness for the HOS of order 3 and the kurtosis and the tricoherence for the HOS of order 4, do 
not present the exact normalized cross-covariances between three and four complex spectral 
components respectively. It also can be shown that in the general case, the normalised HOS of 
order n also do not present the exact normalized cross-covariances between n complex spectral 
components. 
Therefore, the normalised cross- covariances between three, four and n complex spectral 
components cannot be estimated by these traditional normalized HOS. 
Thus, the main novelty of this paper is the proposed new higher order spectral techniques that 
are the normalized cross-covariances between n complex spectral components.  
The purposes of this paper are to:  
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• propose the new higher order spectral techniques for structure and machinery health 
monitoring: the normalized cross-covariances of n complex spectral components  • compare by simulation the proposed techniques with the normalized HOS  

 
 
2. The new higher order spectral cross-covariances  
The novel condition monitoring techniques are proposed here: the higher order spectral 
techniques, the normalized cross-covariance of n complex spectral components. For estimating 
the proposed techniques, the following steps should be undertaken: the time domain signal 
should be divided into overlapping segments by the internal time window, m=1...M, M defines 
the total number of overlapping segments in the signals. 
The generic expression of the proposed cross-covariances of order n based on the Fourier 
transform is as follows: 
 ����(�1,�2, … , ��−1) =

1�∑ �� ∏ ������ − �������−1�=1 � ∙ [��(��Σ) − ��(��Σ)]∗���=1  (1) 

 
where )( jm fX  is the Fourier transform at frequency jf  at segment duration mt∆  of a signal, 

1,1 −= nj , Σnf  is the accumulated frequency, ∑−=Σ =
1

1

n

j
jn ff ,  ∗  is a symbol of the complex 

conjugate, ������ is the mean value of variable �����. 
 
The proposed cross-covariances (1) are complex valued, estimated by the Fourier transforms of a 
signal at n frequencies and depend on (n-1) frequencies. Only in the particular case of the zero-
mean complex spectral components, the functions (1) for order n, 3 and 4 are the classical un-
normalized HOS of order n, the classical bispectrum and the classical trispectrum respectively. 
In the general case of the non-zero-mean complex spectral components, the proposed functions 
of order 3 and 4 are not the bispctrum and the trispectrum. The physical significance of the 
proposed functions is that they provide a measure of cross-covariances between n complex 
spectral components.  
It is known from the classical statistical analysis that the cross-covariances should be normalised 
in order to avoid the misleading interpretation.  
The standard normalization of the cross-covariances is employed here as follows for order n, 3 
and 4 respectively: 
 �(�1, �2, … , ��−1) =

����(�1,�2,…,��−1)��∏ �����������−1�=1 ������(��Σ)� (2) 

����(�1,�2) =
1�∑ {��(�1)−��(�1)}∙{��(�2)−��(�2)}∙{��(�1+�2)−��(�1+�2)}∗��=1 ����[�(�1)] ���[�(�2)] ���[�(�1+�2)]

 (3) ����(�1, �2, �3) =
1�∑ {��(�1)−��(�1)}∙{��(�2)−��(�2)}∙{��(�3)−��(�3)}∙{��(�1+�2+�3)−��(�1+�2+�3)}∗��=1 ����[�(�1)] ���[�(�2)] ���[�(�3)] ���[�(�1+�2+�3)]

 (4) 
where var is the symbol of the variance. 
 
In the general case of order n, the proposed normalised cross-covariances (2) differ from the 
traditional normalised HOS of order n. It can be also seen from expressions (3-4), that for orders 
3 and 4, the normalised triple and fourth covariances differs from the traditional normalized 
HOS, the bicoherence and skewness and the tricoherence and kurtosis respectively. This 
difference remains even for the zero-mean spectral components. 
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The normalisations of the proposed cross-covariances allow avoidance of the misleading 
interpretation of the proposed techniques (1) due to variations of the power spectral density of a 
signal.  
The proposed techniques can be also used for non-stationary signals by employing the 
appropriate time-frequency transforms (e. g. the chirp-Wigner transform [14], the short time 
chirp-Fourier transform [15] etc.). This can be done by substituting the appropriate time-
frequency transforms for the Fourier transform in equations (1-4).  
To demonstrate that the proposed techniques can effectively detect structure non-linearity due to 
damage and to compare them with the traditional HOS, a simulation test with linear and non-
linear (bilinear) structures was performed.  
 
An input random cosine excitation with constant amplitude, random initial phase and linearly 
changed instantaneous frequency in time (i. e. the chirp signal) has been passed via the following 
nonlinear (bilinear) system:  
 ( )

( )
2

2

2 cos ,   0,

2 cos ,   0,

S

C

x hx x A t x

x hx x A t x

ω
ω

 + + = Ω ≥ + + = Ω <

 

 

    (5) 

where 
X

x
m

= , X  is the displacement, 
m

c
h

2
= , h  is damping; ,   S C

S C

k k

m m
ω ω= = , m  and 

c  are the mass and damping coefficient respectively, Sk  and Ck  are the stiffness for positive 

displacement and stiffness for negative displacement respectively, 1
A

A
m

= , 1A  is the constant 

amplitude of the input signal, ( ) ( )∫=Ω dttt ω , ( )tΩ  is the instantaneous phase, ( )tω  is the 

linearly changed angular frequency.  

The initial phase of the each simulated signal has been taken randomly and is uniformly 

distributed in the range [0; 2π ]. 

The output signal of the bilinear structure is transient, with variable instantaneous frequency; 
therefore, the normalised spectral cross-covariance of order 3 based on the chirp-Fourier 
transform [15] is employed for non-linearity detection.  
The non-stationary random cosine vibration excitation excited the resonance oscillations of a 
structure. 300 signals from the linear structure and 300 signals from the bilinear structure were 
tested for non-linearity detection. The resonance frequencies of the linear and bilinear structures 
are 14.1 Hz and 13.9 Hz respectively, the chirp rate is 0.15Hz/s, the stiffness ratio is 0.05. 
The proposed normalised cross-covariances of order 3 and the bicoherence based on the chirp-
Fourier transform of the structure resonance oscillations have been employed for detecting 
additional level of structure nonlinearity. The cross-covariances and the bicoherence at the 
fundamental and second harmonics have been employed.  
The following parameters have been used for estimating the cross-covariances and the 
bicoherence: the frequency resolution is 3.7Hz (i.e. segment size is 0.27s), duration of signals is 
5s, segment overlapping is 60%, the internal time domain window is the Hamming window, the 
sampling frequency is 3600Hz.  
The Fisher criteria [16] for detection effectiveness are 373 and 260 for the proposed technique 
and the bicoherence. It is known [16] that features with higher values of the Fisher criterion 
provide better detection effectiveness. 
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Thus, the proposed technique provides effectiveness gain 1.43 times in comparison with the 
HOS and, therefore, is more effective for non-linearity detection.  
 
 
3. Conclusions 
 
1. The new higher order spectral techniques, the normalized cross-covariances of n complex 
spectral components, are proposed for monitoring structure and machinery non-linearity and 
signal non-Gaussianity and estimating the harmonic phase coupling of signals from structures 
and machines. Normalization of the proposed techniques is also developed. 
2. The proposed techniques differ from the classical higher order spectral techniques. The 
proposed un-normalised spectral cross-covariances coincide with the classical un-normalised 
higher order spectra only for the particular case of the zero mean spectral components. The 
normalised spectral cross-covariances differ from the classical higher order spectral techniques 
even for the particular case of the zero mean spectral components. 
3. It is shown by simulation that the proposed techniques provide effectiveness gain 1.43 times 
for detection of non-linearity in comparison with the HOS. 
4. The proposed techniques could be extended for monitoring of structure and machinery non-
linearity and signal non-Gaussianity due to damage and estimating the harmonic phase coupling 
of signals from structures and machines for non-stationary signals by employing the appropriate 
time-frequency transforms in equations (1-4). 
 
The proposed techniques could be used in mechanical and electrical engineering, 
telecommunication, underwater acoustics, etc.  
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