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ABSTRACT 

     Recent bridge failures in North America have raised concerns about the age and health of 
much of Canada’s infrastructure, and brought to light the need for accurate structural damage 
detection methods.  In order to prevent the occurrence of catastrophic failures, it is imperative to 
develop damage detection techniques that are simple, robust, and capable of accurately 
characterizing the extent and location of existing damage in a structure.  The most common 
methods of structural health monitoring include visual inspection and sounding.  These 
techniques are highly subjective and dependent on the skill level of the test operator; 
additionally, they are only capable of detecting damage on or near the surface of the structure.  
Other methods utilize the material properties of a structure, such as ultrasonic wave attenuation 
and electrical conductivity.  While these properties are relatively constant in homogeneous 
materials, they vary widely in concrete and are unable to accurately locate any internal damages 
existing in a RC-structure.   

     Recent interest has been shown the direct use of the direct measurement of the structural 
response under service loading to characterize the health of a structure, with a specific interest 
being shown in the use of a structure’s dynamic response.  However, it has been shown that 
unless any existing damage is located at a point of high stress or has severely compromised the 
integrity of a structure, the change in the measured dynamic response is negligible and damages 
may go undetected.  In the present paper, we propose a methodology of assessing the health of a 
structure which uses static responses that can be measured by non-contact techniques such as 
Digital Image Correlation. To illustrate the methodology, the static response of a reinforced 
concrete beam subjected to four-point bending is measured using two-dimensional digital image 
correlation, and used as input for an inverse analysis to identify the flexural stiffness of the 
member.  The proposed methodology is revealed to be simple and efficient as the data 
acquisition can be performed quickly, and the inverse analysis is capable of detecting damage 
accurately.  
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INTRODUCTION 

     Reinforced concrete is one of the most common building materials in existence today, mainly 
due to its economic feasibility and its wide availability throughout the world.  It is durable and 
versatile, and will require substantially less maintenance during its life than other building 
materials.  Throughout its time in service, a reinforced concrete structure may be subjected to 
freeze-thaw cycles, extreme loading events and harsh chemical de-icing agents, which can lead to 
the occurrence of material degradation and the loss of structural integrity over time.   In order to 
ensure that a structure remains safe throughout its entire service life, inspections must be 
performed on a regular basis so that signs of deterioration can be detected and repaired before the 
problem becomes too severe and public safety becomes endangered. 

     The most common inspection technique for civil infrastructure is visual inspection, which 
consists of looking at a structure and locating external signs of damage, like cracking.  However, 
this technique is highly subjective and dependent on the skill level of the test operator; 
additionally, it is difficult to quantify the actual amount of deterioration existing in a structure 
simply through the observation of superficial flaws [1].  Techniques like ultrasonics or ground 
penetrating radar attempt to locate internal damage in a structural member by utilizing the 
specific material properties (ie. wave velocity, wave attenuation) of that structure to interpret the 
data collected during an inspection.  The issue with applying these techniques to reinforced 
concrete is that since the material properties of concrete vary considerably in a structure, it is 
difficult to locate specific areas of deterioration unless destructive testing is performed to 
calibrate the collected test data [2, 3].  Since reinforced concrete structures must meet both 
strength and serviceability requirements to be considered safe, serviceability can be monitored by 
measuring the displacement that occurs during static load testing and checking to ensure the 
measured deformation is within specified code limits [4, 5].   

     While there are many methods available for monitoring the health of reinforced concrete 
structures, it is easy to see that it would be necessary to use more than one technique in order to 
fully characterize the integrity of a structure.  However, the use of multiple techniques for the 
inspection of a single structure is impractical and economically infeasible. In order to improve 
current health monitoring procedures, it is desirable that a technique be developed which can 
assess both the strength and serviceability of a reinforced concrete structure in an efficient, cost-
effective manner, so that the safety of existing infrastructure can be ensured.  With the 
advancement of computing capabilities in the recent past, research into the use of static test data 
for the determination of the mechanical properties of materials has emerged, focusing mainly on 
the characterization of composite materials subjected to multi-axial loading  [6, 7, 8].  Extending 
the principles of this research to apply to applications in civil infrastructure, it is theoretically 
possible to use only static test data to determine the strength of a structural member.   

     In the following paper, the development of an inverse analysis technique for the determination 
of the flexural stiffness of a structural member subjected to lateral in-plane loading will be 
presented.  Validation of the proposed inverse analysis technique will then be performed with 
two four-point bending examples – the first being the numerical simulation of a steel I-beam 
having an induced stiffness reduction along the inner span length, and the second being the 
experimental study of a reinforced concrete beam with its vertical displacement profile obtained 
through digital image correlation (DIC).    
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FLEXURAL STIFFNESS IDENTIFICATION IN SIMPLY-SUPPORT ED BEAMS 

     In order to present the inverse analysis technique for the identification of the flexural stiffness 
distribution profile of structural members subjected to lateral in-plane loading, it is important to 
review the classical beam theory that is used for analyzing statically determinate structures.  
Thus, this section is divided into two parts: the first details the direct structural analysis problem, 
and the second presents the method of obtaining the flexural stiffness of a beam through inverse 
analysis. 

The Direct Problem 
    Considering a simply supported beam subjected to lateral in-plane loading, the transverse 

deflection, , of the member at point  can be determined by solving the equilibrium equation 

(1), denoting the flexural stiffness,  and the applied loads, .   

                   (1)     

The direct problem consist on solving the differential equation for , , using as input the 

applied load, ,  and the stiffness distribution .     
It is also possible to express Equation (1) as a system of two coupled equations (2a) and (2b), 

where M(x) is the bending moment developed within the beam. 

 

 
  (2a) 

 

 
           (2b) 

     For the case of statically determinate simply supported beam, it is possible to solve Equation 
(2a) independently of Equation (2b) by using the boundary conditions of v(0)=0, M(0)=0, 
v(L)=0, and M(L)=0. 

The Inverse Problem 

     When the applied loads and the displacements of a member are known, (from direct 
measurements) and the flexural stiffness is not, the problem becomes solving Equation (1) for 
EI(x).  One way to formulate the inverse problem to obtain EI(x) is to express the equilibrium 
equation of the beam as an integral equation.  Equation (2a) can be converted to an integral 
equation, shown in Equation (3) [9, 10]  

 

 

(3) 

where G(x,s) is the Green function associated with Equation (2a). For the case of four point 
bending beam, G(x,s) is  given below in Equations (4a) through (4c).    
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     (4a) 

 

 
 

(4b) 

 

 
 

           

(4c) 

     For a reinforced concrete beam, it is known that applied loads which exceed the cracking load 
of the member induce damage in the concrete, reducing the flexural stiffness, EI(x), of the cross-
section.  Therefore, the flexural stiffness of the member can be written as shown in Equation (5): 

 
 

(5) 

where x is the position along the length of the beam, and EIo is the reference stiffness of the 
beam, taken to be the stiffness of the undamaged cross-section.   

     The function d(x) falls between 0 and 1, and encapsulates the variation of the actual stiffness 
of the beam from the reference stiffness value, and can be considered the damage function.  From 
Equation (4), it can be seen that when d(x)=0, there would be no damage detected at position x, 
while if d(x)=1, a complete plastic hinge in the beam would have been identified. 

     Substituting Equation (4) into Equation (3) results in Equation (5), known as the Fredholm 
integral of the first kind [11, 12]: 
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(5) 

     Since the values of M(x), v(x) and EIo are known, and Equation (5) must be solved for d(x) in 
order to identify the bending stiffness distribution of the beam.  To numerically solve Equation 
(5), it is necessary to discretize the problem into a linear algebraic equation through the use of the 
quadrature method, as shown in Equation (6): 

 

 

(6) 

where  is the function whose integral needs to be evaluated,  is the quadrature error, and 

 are the quadrature weights. Evaluating Equation (6) using the mid-point rule, 
and neglecting the error term leads to a linear system given by (7): 

 
 (7) 

If we force the collocation requirement, matrix we have: [A]=[aij] where aij=wjG(xi,sj), [χ]=[χj] 

is given by ,  and [b] is the vector of measured displacements along the length of 

the beam, bi=v(xj).   

     It is known that inverse problems written as a Fredholm integral of the first kind are ill-posed, 
and discretization does not eliminate the intrinsic ill-posedness of such problems [13].  Thus, the 
solution of the discrete form of the problem is formulated as a minimization in regularized form, 
as shown in Equation (8): 

 
 

(8) 

where the first term of the minimized functional  can be associated to the least mean 

square solution of the discrete linear system of Equation (6).  The added term, , is the 
classical Tikhonov regularization known as the penalty functional, which imposes the regularity 

of the curvature of the beam.  The parameter, , is a scalar that weights the regularized terms in 
the equation against the least mean square terms.  This parameter controls the goodness-of-fit of 

the solution, i.e. how close the solution  predicts the given deflection data, . 
     Using the conjugate gradient algorithm, the solution of Equation (6) can be obtained, and the 
flexural stiffness of the member can be determined.  For a more detailed explanation of the 
development of the inverse analysis procedure, please see [14]. 

CASE STUDY 1: NUMERICAL SIMULATION 

     To assess the accuracy of the above-outlined algorithm for reconstructing the flexural stiffness 
profile of a structural member, a numerical simulation was performed for a steel I-beam 
subjected to four-point bending and having a constant 76% stiffness reduction imposed along the 
inner span length, as shown in Figure 1.  The beam was simply-supported,  in length, and 
subjected to two  concentrated loads applied at third points of the span length.   



 

 
2011 CANSMART CINDE IZFP 

     The solution of the damaged beam was obtained by finite element analysis.  For analysis, each 
beam was discretized into 96 elements, each having a length of , resulting in 97 
displacement measurements.  In order to better simulate real experimental data, the analysis was 
performed for three cases: case (1) with no noise applied to the input displacement data, case (2) 
with a  level of noise applied to the input data, and case (3) with a  noise level applied to 
the input data.   

 
Fig. 1 – Diagram illustrating imposed stiffness reduction along the inner span length of steel I-

beam used for numerical validation of inverse analysis procedure 
      

  
The identified flexural stiffness distribution profiles for the three analyses are displayed in 

Figure 2, along with the actual flexural stiffness distribution of the I-beam.  The identified 
flexural stiffness values for the inner span region for all three simulations fell within 2% of the 
actual flexural stiffness distribution of the beam, and the length of the identified stiffness 
reduction was within 6% of the length of the imposed stiffness reduction.   

 

Fig 2 – Inverse analysis identified flexural stiffness distribution for numerical simulation 
 of steel I-beam 

     It can be seen that the symmetry of the identified solution decreases as the imposed noise 
level increases; however, except for the case of 5% noise level, the identified stiffness of the 
outer span lengths is within 10% of its actual stiffness. 
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     From the example presented above, it can be concluded that the inverse analysis technique 
presented in the previous section worked well for identifying a constant stiffness reduction 
imposed along the inner span length of a steel I-beam subjected to four-point loading.  The 
technique will now be utilized for the analysis of a reinforced concrete beam subjected to static 
load testing during a laboratory experiment. 

CASE STUDY 2: EXPERIMENTAL VALIDATION 

     An experimental study was performed on a reinforced concrete beam with a length of 2.4 m, 
and having cross-sectional dimensions of 250 mm W x 350 mm H.  The beam was reinforced with 
3-15M steel reinforcing bars in tension, 2 10-M bars in compression, and 10M stirrups placed at 
150 mm o.c. for shear reinforcement.  The load was applied by a single hydraulic jack centered 
on a loading apparatus in order to simulate symmetric loading conditions, and images of the test 
specimen were obtained at 20 kN load steps by a digital  camera in order to obtain displacement 
data through the use of a digital image correlation (DIC) measurement technique [14].  
Displacement measurements at three locations were also obtained by linear potentiometers 
placed at the quarter-points of the span. An illustration of the completed test set-up is shown in 
Figure (3), and an image of the test specimen is shown in Figure (4). 

 
Fig 3 – Illustration of the completed test set-up for the experimental study, showing location of 

applied loads and potentiometers 

 
Fig 4 – Image of reinforced concrete beam tested for validation of inverse analysis procedure 
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The measurements obtained by the potentiometers were used for validation of the 
measurements obtained through DIC, and throughout the duration of the test it was seen that the 
two measurement techniques were in good agreement.  For this reason, the vertical displacement 
profiles of the test specimen obtained from the DIC measurement study were used as input into 
the inverse analysis program.   

     The analytical and experimental load-deflection curves are shown in Figure 5.  The analytical 
cuve was calculated using the Branson equation for the effective moment of inertia, Ie, of a 
reinforced concrete cross-section.  It can be seen that the displacements calculated using the 
Branson equation underestimate the occurring deflections for loads higher than 80 kN.  This 
result is consistent with [15] who reported that the Branson equation over-estimates the stiffness 
of a lightly-reinforced concrete cross-section, resulting in an under-prediction of the occurring 
deflections.   

 
Fig 5 - Analytical and experimental load-deflection curves for the reinforced-concrete test 

specimen 

     From Figure 4, it can be seen that the entire length of the beam was not captured in the digital 
images of the test; therefore, only the inner span length of the test specimen was investigated 
using the inverse analysis procedure.  The results of the analysis for five load levels are shown 
below in Figure 6.  It can be seen that a constant stiffness value was detected for the entire length 
of the mid-span of the test specimen, which is known to be true for sections of a span length 
subjected to a constant load level. 

     A comparison of the inverse analysis-identified flexural stiffness values and those calculated 
using the Branson equation is shown in Figure 7.  It can be seen that the results of the inverse 
analysis compare well with the load-deflection curve presented in Figure 5 – the inverse analysis 
procedure identifies stiffness values similar to the Branson equation for lower load levels, and 
values less than the Branson equation for higher load levels.  
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Fig 6 - Identified flexural stiffness for inner span length of reinforced concrete test specimen 

 
Fig 7 - Comparison of the flexural stiffness values identified using the Branson equation and 

using inverse analysis 

CONCLUSIONS AND RECOMMENDATIONS 

     The use of static inverse analysis for the determination of the strength of a flexural member 
has proven successful for the two case studies included in this paper.  In the numerical 
simulation, it was shown that a constant stiffness reduction imposed along the mid-span of a steel 
I-beam was detectable through inverse analysis, and the experimental study presented results of 
the inverse analysis performed for the inner span length of a reinforced concrete test specimen.   

     The use of static test data for the determination of the strength of a structural member can 
provide the opportunity for monitoring infrastructure in a fast and efficient manner, and the 
research provided in this paper provides the reader with the ability to see the possibility of 
applying this technique for real-world structures.  It is recommended that the presented inverse 
analysis procedure be used for more complex test specimens and structural configurations in the 
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future in order to assess the capability of the proposed technique for dealing with more advanced 
structures.  
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