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ABSTRACT 
 

Structural Health Monitoring (SHM) provides a more economical alternative to the 
conventional Non-Destructive Evaluation (NDE) techniques. Guided Waves (GW) propagation is 
one of the most intensively investigated techniques in active SHM. A key feature for evaluating 
damages using guided waves is the proper interpretation of the transmitted and scattered 
waveforms from defects, which requires information about the waveforms in a healthy structure 
(benchmark waveforms). Numerical modeling could be used to provide such a benchmark 
waveform, since such an application requires geometrical flexibility, to be able to produce 
benchmark waveforms specifically tailored for each inspected case. This requirement limits the 
choices of numerical methods to be used to the Finite Element Method (FEM). The main challenge 
for FEM in GW is the prohibitive computational requirements, since at least 20 grid points are 
required for 0.1 % numerical dispersion error. Moreover, the high frequencies normally used limit 
the time step for integration to very small values. In the present work, we present a more efficient 
variant of the FEM, the Spectral Element Method (SEM) in the time domain, which offers a 
computational advantage, as well as affordable higher accuracy than the conventional FEM. We 
present two cases for complex structures coupled with piezoceramic actuators/sensors. The 
propagation of GW in both cases has been simulated using ANSYS as a representative of the FEM, 
and compared with the result that was obtained using the developed SEM solver (written in 
FORTRAN). The pre and post-processing for the SEM solver was done using FEMAP. A 
comparison between the computational requirements for both as well as the accuracy is presented 
and shows a higher efficiency for the SEM method. 
 
Keywords: spectral element method, ultrasonic guided waves, structural health monitoring, finite 
element method.  
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INTRODUCTION 

 
The major challenge for the modeling of wave propagation problems at the typical 

frequencies of the Non-Destructive Evaluation (NDE) and Structural Health Monitoring (SHM) 
is the huge computational demands. This is mainly due to the wide frequency range needed for 
an accurate simulation of a wave propagation problem. While this could be tolerated in low 
frequency case, for the typical frequencies used in the NDE/SHM it poses a huge computational 
burden.  
 

For the specific case of the Guided Waves (GW) propagation, there is the added 
complication of the mode multiplicity which translates into different requirements on the mesh 
refinement since different modes have different resolution wavelengths which puts an upper 
bound on the mesh size (i.e. the maximum element size is limited by the minimum resolvable 
wavelength).  
 

Another difficulty associated with the GW propagation for defect detection is the need to 
distinguish the physical dispersion effects from the numerical mesh dependent numerical 
dispersion, leading to a stricter limit on the mesh refinement. Several remedies to this challenges 
have been proposed, mainly concentrating on the modifying the time integration procedure. The 
present work exploits a higher order variant of the Finite Element Method (FEM) that possesses 
certain advantages over the conventional FEM with respect to simulating a GW propagation 
problem.  
 

THE SPECTRAL ELEMENT METHOD 

 
The spectral element (SE) is a variant of the higher order polynomial finite element 

method (p/FEM), which was first proposed by Patera in a seminal work in 1984 [1]. The 
motivation which led to its development was to combine the advantages of the pseudospectral 
method (PSM), namely the accuracy and rapid convergence, with the geometrical flexibility of 
the FEM. The name was deduced from the fact that the SEM has the same exponential 
convergence behavior as the PSM when the order of interpolating polynomials tends to infinity. 
Originally, Patera [1] used Chebychev polynomials to define the basis functions. Later on, the 
SEM was further developed in computational fluid dynamics by Maday & Patera [2] who 
introduced another family of basis functions based on Legendre polynomials, which leads to a 
diagonal mass matrix when used in combination with the Gauss-Lobatto-Legendre quadrature.  
 

Priolo & Seriani [3] were the first to use the SEM for simulation of wave propagation 
using Chebychev polynomials, in the context of computational seismology. In their work they 
discussed the accuracy of SEM compared to FEM and the analytical solution for one-
dimensional wave equation. In the following years they extended the Chebychev SEM to 2- and 
3-D simulations for different geological applications [4, 5]. 
 
 In the late 1990’s Komatitsch [6] and Komatitsch & Vilotte [7] developed the SEM with 
Lagrange polynomials based on Legendre nodes for large scale 3-D elastodynamic modeling. 
This work demonstrated the huge computational advantage of the diagonal mass matrix when 
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coupled with explicit time integration scheme and effective parallel implementation. This led to a 
wide adoption of the spectral element method in computational seismology.  
 

More recently its advantages have drawn the attention of several research groups in the 
SHM/NDE community [8, 9, 10, 11, 12, 13]. 

 
Fig. 1: The first 6 Lagrange polynomials based on Legendre quadrature nodes comprising the 

basis functions for the spectral element approximation and two dimensional (tensor product) of 
the Lagrange-Legendre polynomials for 3 by 6 element. 

 
The spectral element starts from the variational formulation of the problem and solves it 

based on the same discretization principle of the finite element.  The variational form of a two 
dimensional elastodynamic problem for an element e (representing a subdomain of the 
problem eΩ ) takes the following form, whereeN is the shape functions matrix, and eB is the 
derivative matrix [14]: 

 T

e

e e e ed
Ω

= Ω∫K B D Β  (1) 

where eK is the element stiffness matrix, similarly the element mass matrix is expressed as: 

 T

e

e e e edρ
Ω

= Ω∫M N N  (2) 
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 The major difference in the formulation is that the basis function matrix eN is the tensor 
product of the Lagrange polynomials depicted in Fig. 1, for the element in ith row and jth column 

Nij i jl l= , where il is the ith Lagrange polynomial of the order P, defined as: 

 
0
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In Legendre spectral element, the interpolation nodes jξ  are the N + 1 Legendre-Gauss-Lobatto 

(LGL) points (i.e. the roots of 2(1 ) ( )qξ ξ′− ), where ( )q ξ′ is the 1st derivative of Legendre 
polynomial of degree P. 
 

The second difference is that the element integration is subparametric, meaning that the 
Jacobian of the element is based on the four corner nodes of the element. The sub-parametric 
element is not necessarily required isoparametric formulations could also be used for 
complicated geometries, but is the sub-parametric used here for convenience and ease of 
implementation.  

 
The solution could be done by global assembly through the assembly operator: 

 

 
1
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leading to the assembled matrix equation: 
 U + U + U = M C K F&& &  (6) 
whereC is the Rayleigh damping matrix, U is the displacement degrees of freedom and dot 
denotes time derivative. 
  
 +α β=C M K  (7) 
 

The time integration used in the present work is explicit second order integration 
(leapfrog). The coupling with the electric degrees of freedom of the piezoelectric actuator is done 
via strong coupling as detailed in [12] 
 

The use of such higher order element coupled with the Gauss-Lobatto-Legendre integration 
scheme gives three distinct advantages of the SE over conventional FE method with respect to 
wave propagation problems: 

1. The minimum number of nodes required to limit the numerical dispersion to 0.1 % for 
spectral element is 5 nodes per minimum wavelength while for FE it is 20 nodes. This 
difference in equivalent element sizes for the same wavelength is depicted in Fig. 2. 

2. The mass matrix is diagonal by construction in the Legendre spectral element, which 
reduced the computational work load by eliminating the inversion of the mass matrix.  

3. Even though the time step in the explicit scheme is limited by the Courant-Fredrich-Levy 
(CFL) condition, for SE the CFL number is limited for moderately distorted mesh 
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to ≤  0.5, while for the FE it could be higher. The larger element size could lead to a 
larger stable time step.  

 
Fig. 2: The difference in the element size for SE (left) and FE (right) for the same wavelength, to 

achieve a 0.1% numerical dispersion. For FE, the total degrees of freedom (DOF) is 199 (for 
QUAD9 element), as the equivalent SE DOFs is 36 (for 3x6 element). 

 
SPECTRAL ELEMENT SOLVER 

 
Figure 3 depicts the workflow of the spectral element solver, the FEM (mesh, materials, element 
formulations, loads and boundary conditions (BC)) are prepared in FEMAP. A special plugin 
fully integrated with FEMAP was developed for spectral element post-processing utilizing the 
visual basic application programming interface (API). The main task of the plugin is to provide a 
user interface ( 
Fig. 4) to the spectral element parameters, as well as adding the piezoelectric related FE objects 
(materials, electric boundary conditions, loads) to FEMAP, as it is not provided by the program. 
That needs to be set before running the analysis, such as setting the degrees of polynomials to be 
used in each direction (for structured meshes), controlling the different time integration 
algorithms implemented in the code (assembly based explicit schemes or element by element 
integration). 
 

The second task is to generate the SE mesh, and to expand the FE boundary conditions 
and the loads on the edge nodes of the spectral element, and provides an optional check for the 
resolution (5 nodes/minimum wavelength), and time step stability over the mesh. 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3: A diagram illustrating the work flow of the spectral element solver. 
 

 
FE preprocessor 

(Quad Only) 
 
 
 
 

FE postprocessor 
 
 

SE Solver 
(In-house 

FORTRAN 
code) 

input 
NEUTRAL FILE 

output SE Postprocessing (Plugin) 
• Higher order interpolation 
• Extraction of internal 

DOFs 

SE Preprocessing (Plugin) 
• Order of Polynomials 
• Expanding BCs, and loads 
• SE generation 

 FEMAP 



 

 
2011 CANSMART CINDE IZFP 

 
 

Fig. 4: SE Plugin for spectral element preprocessing in FEMAP. 
 

The solver was written in FORTRAN 2003. The solver were built using Intel FORTRAN 
compiler, under Windows with a 2.26 double core processor, and 4 GB RAM. Both cores were 
used in both ANSYS, and SEM solver (through the auto-parallelization of the compiler).   
 

RESULTS 

 
The simulated 2D structure shown in Fig. 5 consists of an aluminum plate (0.9 m long and 1 mm 
thick), with an adhesively bonded square L shape stiffener (1.6 mm thick). A piezoelectric 
element (5 mm diameter and 0.5 mm thick) is perfectly bonded to the surface of the plate and 
acts as actuator. The simulation parameters are listed in Table 1. 
 

 

 
Fig. 5: The FE mesh of the aluminum plate with L shaped stiffener, instrumented with a PZT 

element as actuator.  

126.5 
mm 

126.5 
mm 
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The PZT excitation was assumed to be uniformly distributed on all the electrode line (in 

2D), and the excitation signal was 5.5 sinusoidal modulated signal. Two cases are presented here, 
the first case was for an excitation frequency of 200 kHz, and the second case was 450 kHz. The 
distance between the actuator and the stiffener (center to center) was 10 cm. A sensor was 
perfectly bonded symmetrically on the other side of the stiffener with identical dimensions and 
material properties as the actuator. 
 

Fig. 6 shows the simulated response as calculated at the sensor. The calculation in SEM 
was done via weak coupling and the voltage was calculated at each time step, via solving the 
piezoelectric direct effect equations. The results of the FE and SE are similar, although ANSYS 
implementation of the electric degrees of freedom is done through strong coupling for the sensor. 
This excellent agreement between the two methods (FE and SE) could justify the use of the weak 
coupling of sensor at least for simple geometries such as surface patches.  
 
 

Table 1: Material properties used in the simulation. 
Component Property Value 
Plate (Al 6066-T6) E            (GPa) 68.94 
 ν  0.33 

ρ            (kg/m3) 2712 

Stiffener (Al 2024) E             (GPa) 37.10 
 ν  0.33 

ρ            (kg/m3) 2768 

Piezoelectric d31         (10-12 C/N) -180 
 d33         (10-12 C/N) 400 
 d15         (10-12 C/N) 550 
 

11 / oε ε    (F/m) 1650 

 
22 / oε ε    (F/m) 1650 

 
33 / oε ε    (F/m) 1750 

 C11       (1010 N/m2) 6.21 
 C12       (1010 N/m2) 1.58 
 C13       (1010 N/m2) 2.56 
 C33       (1010 N/m2) 4.83 
 C55       (1010 N/m2) 2.56 
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Fig. 6: The simulated response for the first case of 200 kHz excitation (left) and the second case 

of 450 kHz (right), for both the FE results and the SE results. 
 

In order to illustrate the interaction with the stiffener, the vertical Y component of the SE 
simulation of the particle velocity is plotted at three locations for 200 kHz (Fig. 7) and 450 kHz 
(Fig. 8): the middle point between the actuator and L stiffener, the center of the stiffener, and the 
middle point between the stiffener and the sensor. The trend of interaction at the two frequencies 
is similar, with noticeably larger amplitude of the signal at 450 kHz excitation frequency as 
compared with 200 kHz. This could be attributed to the weak wave interaction with the stiffener 
at 200 kHz, since the wavelength is much larger than the width of the stiffener, while at 450 kHz, 
a higher energy level is imparted into the stiffener. 

  
Fig. 7: The simulation results of the Y component of the particle velocity, at three different 

locations with respect to the stiffener, the case of 200 kHz excitation. 
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Fig. 8: The simulation results of the Y component of the particle velocity, at three different 

locations with respect to the stiffener, the case of 450 kHz excitation. 
 

The CPU time, and the used resources in terms of the mesh size for both ANSYS and the 
SEM code is shown in Table 2 for the two different frequencies that were used in the present 
study. A reduction in time in the order of 50 % was achieved, without loss of accuracy. 
 

Table 2: Elements number and CPU time for FEM (ANSYS) and SEM code. 
 SEM FEM 

Frequency (kHz) 200 450 200 450 
Number of Elements 845 1520 9123 45132 

CPU Time (min) 14 32 32 54 
 

CONCLUSIONS 

 
The results of FEM simulation using commercial software (ANSYS) was performed as a 

verification of the correctness of the proposed method, and as a demonstration of the 
computational efficiency achievable by the SEM. As a variant of the p/FEM, the SEM inherits 
the geometrical flexibility of the FEM, while offering extra advantages: 

• More accurate and computationally efficient than the FEM with respect to modeling GW 
propagation in relatively complex thin walled structures, especially at high frequencies.  

• Versatile optimizations for different kinds of structures, for example the proposed 
element is optimized for thin walled sections (3 nodes in the thickness direction and 6 in 
the longitudinal direction).  
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