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Abstract Ultrasonic imaging of material complexity is investigated theoretically and exper-

imentally using the concept of symmetry analysis based signal processing, in symbiosis with the

nonlinear elastic wave spectroscopy (NEWS). These concepts have been tested experimentally on

several complex media with an advanced electronic system. This system exploits the Time Reversal

(TR) invariance, reciprocity and coded-excitation (swept sine chirps) for an accurate extraction of

the nonlinear signature of the medium under ultrasonic monitoring. Tested both in the context of

the medical imaging of a tooth and in those of nondestructive testing (NDT) of aeronautic com-

posites, the basis of a new tomographic imaging of material complexity is described with the help

of algebraic concepts describing TR operators. Thanks to classical trigonometric and diophantine

relations, pulse inversion, and invariance properties of scaling operators, swept sine chirps could

be proposed for improvement of the extraction of higher order signature of nonlinearity in complex

medium
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1 Introduction

Since last decades, several studies have shown the interest of using symmetry based
analysis for studying complex systems[1] and enhance signal and image processing
(see for example [2] and ref. therein). In the context of Nondestructive Testing
(NDT), this idea was proposed within the speci�c area of applied nonlinear acoustics
known to improve the ultrasonic (US) characterization of materials[3]. The use of
group properties helped the improvement of well-known methods such as Nonlinear
Elastic Wave Spectroscopy (NEWS) methods which uses nonlinear acoustics[4, 5].
The theoretical �eld of nonlinear acoustics exploits this tools of symmetry analysis
and has shown its interest[6, 7]. The associate nonlinear signal processing using Lie
groups properties was described in this context[3, 8]. These theoretical approaches
produced the implementation and the improvement of NEWS methods that allow
the localization of defects or nonlinear scatterers using symmetry invariance such
as reciprocity, or more recently Time Reversal (TR) based experiments[9�11] which
gives to these methods a promising progress for NDT applications[12].

In both context of medical US imaging and industrial NDT validation, the same
objective concern an improvement of local US imaging of complex medium/structures.
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Several methods for focusing US are now used in the industry. The objective to in-
clude nonlinear analysis and its associate signal processing, needed ten years ago
a huge e�ort for using various methods such as multiscale analysis, wavelets and
advanced spectrum analysis[13]. Today all these NEWS methods follow the ad-
vices of the nonlinear signal processing community and include results of new tools
such as pulse-inversion technique[14] and coded excitations[15]. One of the practical
achievement is the industrial patents[16] that exploit, with a systemic approach,
the pulse inversion method for a local extraction of the nonlinearity produced by
contrast agents in a complex medium[17�19, and ref. therein].

2 Systemic approach of symmetry analysis

The complexity can be analyzed with a systemic approach that replace the step-by-
step linear analysis by a more globally consideration of the (whole) system[8]. In
this case, information can be extracted by consideration of intrinsic symmetries of
the system. The analysis is done with the objective to optimize the excitation of the
system in order to brake (or to maintain) some symmetry properties. The associate
signal processing is conducted using these a priori knowledge coming from intrinsic
symmetries. Practically and surprisingly, both complexi�cation of the excitation and
of the global analysis could be observed[6]. The systemic property of this approach is
due to the fact that all components of the analysis can have a contribution (partially
unknown) with its associate symmetry. For exemple, TR based NEWS methods[4,
5, 19] for nonlinear characterization of structural defects take into consideration the
fact that the system of excitation itself generate unknown but classical nonlinearity
(second order). Due to the fact that the nonlinear signature of cracks (or nonlinear
scatterers) are generally at the third order, mesoscopic and nonclassical, optimized
a priori excitations will be conduct in order to access to the information.

2.1 Theory and concepts

Most of TR based NEWS analysis uses an optimization of signal processing based on
the properties of the nonlinear response of the medium. The nonlinear signature will
be extracted using a invariance properties with respect to speci�c transformations
of excitations. For example, the pulse inversion (PI) method consist in extracting
the nonlinear signature of a scatterer with group transformations related to the
excitations[20].

Let us consider the scatterer as a second order nonlinear system (S) excited
with x(t), and where the response yNL(t) is given by yNL(t) = NL[x(t)] = N1x(t) +
N2x

2(t), with N1 and N2, respectively the linear and second order coe�cients. If
the direct excitation XE = x(t) and 180�phase shifted excitation XI = −x(t) are
applied separately to (S), one can extract N1 and N2 using the respective nonli-

near response YE(t) and YI(t) with N1 = YE(t)−YI(t)
2x(t)

, and N2 = YE(t)+YI(t)
2x2(t)

. In the
classical PI, the use of the second one leads to the measurement of second order
nonlinearity signature N2 with high amplitude pulses, where adjacent pulsed exci-
tations are applied to the nonlinear medium and imaged with the classical Doppler
instrumentation[14].



In terms of symmetry properties, excitations XE and XI can be associated to
the neutral element E and the inversion element I of the C2 group of inversion. In
fact, if we de�ne ΦAu = YE(t) − YI(t) and ΦAg = YE(t) + YI(t), one can see that
the linear signature N1 and the nonlinear signature N2 are completely isolated and
extracted due to their orthogonality properties. On the other hand, ΦAg = 2N2x

2(t)
and ΦAu = 2N1x(t) can be seen as eigen-response of the system with respect to
linear and nonlinear parts. The signatures N1 and N2 can be extracted from ΦAg

and ΦAu , assuming a normalization by the input x(t) for ΦAu and x2(t) for ΦAg . The
properties of (S) with respect to the inversion group C2 allow the separation between
the linear and the nonlinear parts. The concept of symmetrization of excitation is
then de�ned if we consider that extraction of the nonlinear signature N2 has been
obtained due to the action of the group elements E and I acting on the excitation
x(t). It is important to note that this calculation is not dependent on the spectral
content of the excitation x(t). It means that every kind of coded-excitation (swept
sine chirp-coded[21], solitonic (Fig.1) and other virtual excitation[8] could be used
for the separation of nonlinear signature.

2.2 Chirp-coded excitation

Improvement of TR based NEWS methods is conducted with coded excitation using
chirp frequency excitation[15, 22] and the concept was presented and validated in
the context of NDE imaging[18, 23]. As detailed in US patent [16], the chirp-coded
TR-NEWS method uses TR for the focusing of the broadband acoustic chirp-coded
excitation.

In order to increase the acoustic energy generated to a complex medium, chirp
excitation is associated to the correlation process in order to obtain the impulse
response of the medium. The chirp-coded coda response y(t) coming from a swept
sine chirp excitation c(t) = A sin(2πf(t)t), where f(t) = f0t/T and T the duration
of the chirp, is given by y(t) = h(t) ∗ c(t) =

∫
R h(t − t′)c(t′)dt′, where h(t) is the

impulse response of the medium. The correlation Γ(t), computed during T , is given
by

Γ(t) =

∫
T

y(t− t′)c(t′)dt′ ≃ h(t) ∗ c(t) ∗ c(−t) (1)

and is called the pseudo-impulse response. Γ(t) is also proportional to the impulse
response h(t) if Γc(t) = c(t) ∗ c(−t) = δ(t), which is approximately the case for
a chirp excitation like c(t) if the bandwidth ∆f of time varying f(t) frequency is
broadband enough. Under these hypotheses, Γ(t) ∼ h(t) can be considered to be
proportional to the impulse response of the medium and used for enhancing the TR-
NEWS focusing. If Γ(t) is time reversed and used as a new excitation, the response
yTR(t) of the medium (called chirp-coded TR-NEWS coda) is then given by

yTR(t) = Γ(−t) ∗ h(t) = Γh(t), (2)

and provides the linear autocorrelation of the system. All this theory is valid for the
linear behavior of the medium represented by its impulse response h(t). Any source
of nonlinearity in the system (S) will lead to a perturbation of this method, and
will induce additional terms, i.e. yNL(t) =

∫
R h(t

′)c(t − t′)dt′ +
∫ ∫

R h1(t
′, t′′)c(t −



t′)c(t − t′′)dt′dt′′ + ... where h(t′), h1(t
′, t′′) are linked to the Volterra kernels. In

order to evaluate this source of nonlinearity, we can use the advantage that the
linear case is invariant with respect to the change c(t) → −c(t) which describes
inversion symmetry of the point group C2 (the basis of the PI analysis described
previously). This property allows us to extract the nonlinear signature y2(t) by
substraction of responses coming from c(t) and −c(t) instead of addition in the case
of classical PI method[23].

3 The systemic TR-NEWS analysis for NDT

This is in the context of NDT that feasibility of such TR based NEWS methods has
been demonstrated. The theoretical results and their associate validations have been
conducted within an European consortium (AERONEWS), and con�rmed by other
groups for their potentiality to detect nonlinear scatterers in complex media[19],
such as landmine[9], tooth[10],... The associate signal processing uses some coded-
excitation concept (like pulse inversion, chirp-coded excitation) that allow an ac-
curate localization of information experimentally obtained by focusing algorithms
implemented in Digital Signal Processor devices[16].

3.1 Optimized excitation using virtual transducers

As shown previously, chirp-coded excitation associated with TR invariance allow
the possibility of spatio-temporal focusing of acoustic energy at the position of mea-
surement (Fig.1). The focusing time tf is de�ned at the maximum of Γc(t). An
arbitrary waveform of the temporal shape can be constructed using amplitude mod-
ulation of Γc(t) (see for example [18]) or with delays

∑
i Γ(−(t + τi)) in order to

construct optimized shapes. The main idea of the "virtual transducer" is in the
generation of a single excitation signal, which replaces many separate excitations.
This signal is created by a sum of the excitations of all the "transducers", which
are time-shifted according to "transducers" positions. The presence of side lobes
comes from the geometric symmetry of the medium intrinsically linked to its modal
properties. The "shape-coded" optimized excitation[8] is created with the linear su-
perposition of two TR pseudo-impulse responses Γ(−t) with a time delay τ0 de�ned

by y
(2)
TR = (Γ(−t) + Γ(−t + τ0)) ∗ h(t) = Γh(t) + Γh(t− τ0), giving also a optimized

excitation localized at the position of the measurement. The �rst focused pulse is
localized in time at t = tf , and the second focused spot at t = tf + τ0 if the duration
between side-lobes is smaller than τ0.

3.2 Invariance properties and swept-sine excitations

The bene�t of swept sine chirps coded excitations in TR based NEWS methods
experiments is now recognized for their theoretical properties and for their easi-
ness practical implementation. Swept sine chirps x(t) = sin(2πf0t

2/T ) used are

supposed to verify
∫ T

0
x(t)w(t) exp(−2iπνt)dt = Π∆ν0(ν), where T is the duration

of the chirp, w(t) is a speci�c ponderation function, Π∆ν0(ν) the unitary window
function in the bandwidth [−∆ν0; ∆ν0]. If we de�ne the scaling operator Om1



Figure 1: TR-NEWS schematic process with the virtual transducer concept (left). The

initial (a) excitation Tx propagates in a medium. Additional echoes (b) are coming from

interfaces. By applying reciprocity and the time reversal process to Rx1, the new excitation

Tx1(t) = Rx1(−t) produces the new response Rx1 with a spatio-temporal focusing at t = tf
and symmetric side lobes (d). The delayed TR-NEWS optimization consist in applying a

delay τ before rebroadcasting the reversed signal (e). After applying suitable ampli�cation

G, a beam focusing (g) and TR-NEWS based shape-coded (solitonic) excitation (h) is

generated experimentally

by the action of the m1-dilatation in the frequency domain (f0 7→ m1f0), and
the m1-compression in the duration domain (T 7→ T/m1), one can observe that
Om1 [x(t)] = sin(2πf0(m1t)

2/T ) = x(m1t). Taking into account this invariance
property, it can be easily veri�ed that

Om1 [Π∆ν0(ν)] =

∫ T
m1

0

x(m1t)w(m1t)e
−2iπνtdt,

=
1

m1

Π∆ν0(ν/m1), (3)

if Om1 [x(t)w(t)] = w(m1t)Om1 [x(t)], which could be easily veri�ed by numerical
simulations : the initial spectrum bandwidth [−∆ν0; ∆ν0] is dilated to [−m1∆ν0;m1∆ν0]
and the amplitude is compressed by a 1/m1 scaling factor. As a consequence, the
scaling operator Om1 preserve the total power P =

∫
(Π∆ν0(ν))

2 dν both in time



and frequency domains, ie : Om1 [P ] = Om1

[
1
T

∫ T

0
x2(t)w2(t)dt

]
= P . These invari-

ance properties of swept sine chirp will be include for extraction of the third order
nonlinear signature with multi-swept optimized excitations m(t) =

∑3
i=1 Omi

[x(t)],
where mi ∈ N. Thanks to classical trigonometric and diophantine relations, pulse
inversion, and invariance properties of scaling operator Om1 , swept sine chirps could
be proposed for improvement of the extraction of higher order signature of nonlin-
earity in complex medium.

4 Conclusion

A family of TR based NEWS methods has been proposed in the context of NDT for
local imaging of nonlinear scatterers. The associated nonlinear signal processing is
describe in the framework of symmetry analysis.
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