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Abstract. Recently a flat Veselago lens for elastic Lamb waves displaying negative refraction and focusing has 
been demonstrated experimentally for the first time [1]. In the present paper we discuss this phenomenon ana-
lytically and numerically by using the 3-D Elastodynamic Finite Integration Technique (EFIT). We study refrac-
tion of Lamb waves at a plane interface consisting of an abrupt thickness change between two different plate 
regions. While one region supports a backward-propagating (negative group velocity) mode the other plate re-
gion supports a forward-propagating (positive group velocity) mode at exactly the same frequency and wave 
number. We demonstrate negative refraction and focusing numerically and compare it with the experimental 
results from [1]. We further discuss if and how a flat Lamb wave lens could be used for novel imaging applica-
tions in non-destructive evaluation. The experimental results from [1] and our numerical results confirm that 
guided ultrasonic waves provide a powerful test bed for negative-index physics. In contrast to complex metama-
terials the described system is mechanically simple and thus, seems to be well suited for practical applications. 
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1. INTRODUCTION 

The concept of negative refraction in metamaterials in conjunction with flat “superlenses” is 
well known from electromagnetic wave theory and is often discussed nowadays (e.g. [2, 3]). 
It is less known that similar phenomena can also be found in acoustic metamaterials like pho-
nonic crystals for instance [4]. However, these materials are usually difficult to manufacture 
and a simple linear scaling from one frequency range to another is often impossible. Due to 
these reasons successful applications of negative refraction of ultrasonic waves are very rare. 
 Recently negative refraction and focusing of ultrasonic Lamb waves has been demon-
strated for the first time [1, 5]. The most surprising fact here is that this phenomenon is ob-
served in a very simple and well understood mechanical system without any need for exotic 
metamaterials. The basic theory of this behaviour is described in the following. 

2. BASIC PRINCIPLES OF ULTRASONIC LAMB WAVES 

In specimens with a thickness significantly larger than the wavelength the well-known bulk 
and surface waves like P wave, S wave, Rayleigh wave, head wave, etc. are capable of propa-
gation. In linear isotropic and homogeneous systems all these waves are free of dispersion and 
are characterized by a fixed corresponding phase velocity. 

If the thickness of the specimen is reduced so that it becomes comparable or smaller 
than the wavelength the situation changes significantly. In such a plate only Lamb waves and 
shear-horizontal waves are capable of propagation. The solutions of the Rayleigh-Lamb equa-
tion (e.g. [6]), the so called Lamb waves, are dispersive in general and show a rather complex 
behaviour as demonstrated in Fig.1 for a 1.5 mm thick Aluminum plate.  
 



  
 
Figure 1. Phase velocity as a function of frequency for the various wave modes in a 1.5 mm thick Aluminum 
plate. The modes are separated into symmetric (S) and antisymmetric (A) wave modes. The only mode without 
any dispersion is the lowest order shear-horizontal (SH) wave. The higher-order SH modes (not shown here) are 
also dispersive.  
 
From the multitude of different wave modes in Fig.1 the first-order symmetric mode (S1) is 
of special interest since its branch shows a retrograde behaviour near the corresponding cut-
off frequency. But before we study this phenomenon in more detail we will recapitulate con-
ventional positive refraction theory and its limitations and will show why negative refraction 
offers the possibility for flat lens imaging.  
 

3. POSITIVE AND NEGATIVE REFRACTION 

We consider a plane interface between two different acoustic media characterised by the 
phase velocities cph

1 and cph
2 (see Fig. 2). If we place an acoustic point source in medium 1 a 

single acoustic ray from the source will hit the interface under an incidence angle α. At the 
interface the ray is refracted under the refraction angle β according to Snell’s law. 
 If the two phase velocities on both sides of the interface are equal, no refraction is 
observed, i.e. β = α (Fig. 2, case I). If cph

1 < cph
2 the refraction angle is larger than the inci-

dence angle, β > α, and the ultrasonic beam is further spread (Fig. 2, case II). Even in the case 
cph

1 > cph
2 when the refraction angle becomes smaller than the incidence angle, β < α, the re-

fraction angle remains positive and the beam will still diverge in medium 2 (Fig. 2, case III). 
 In conventional systems there seems to be no way to realize a negative refraction an-
gle. Nevertheless, physical wave theory states that such a negative refraction can be reached 
under special circumstances, i.e. if the group velocities on both sides of the interface, cgr

1 and 
cgr

2, show opposite signs [7]. In this special case and if let’s say cph
1 = cph

2, the refraction an-
gle β would be equal to –α and thus, a point source in medium 1 would be imaged to an im-
age point in medium 2 (Fig. 2, case IV). 



 

 

 

 

  
 
Figure 2. Positive (I-III) and negative refraction (IV) at an interface. 
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4. NEGATIVE GROUP VELOCITY OF LAMB WAVES IN A PLATE 

We now come back to the dispersion diagram of an Aluminum plate and consider the case 
where the bulk wave speeds amount to cP = 6420 m/s and cS =  3040 m/s, respectively, identi-
cal to the values used in [1]. Fig. 3 shows phase and group velocities of the first three sym-
metric Lamb modes in the kT h range between 5.0 and 8.5. kT indicates the wave number of 
the transverse (or shear) wave, i.e. kT = ω/cS, and h the thickness of the plate. 
 

 
 
Figure 3. Phase and group velocitiy of the first three symmetric Lamb modes in an Aluminum plate as a func-
tion of kT h.  
 
From Fig. 3 it can be seen that the cut-off frequency point of the S1 mode is at the same time 
the starting point of a retrograde mode with positive slope (marked in red). This mode exhib-
its a negative group velocity in the range between kT h = 5.87 and kT h = 6.28. This backward 
propagating mode is named S2b which is surprising at first view since it does not seem to be 
connected to the S2 branch. However, a detailed mathematical analysis reveals that the S2b 
mode is connected to S2 through a small imaginary loop in ω(k) space [8]. 
 The range of negative group velocities of the S2b mode is bounded by two zero group 
velocity points for which the slope of the phase velocity goes to infinity. This relation be-
tween zero group velocity and slope of phase velocity can also be found for the S2 mode. 
 Although in the present case the S2b mode is relevant it should be mentioned that all 
propagating Lamb modes, with the exception of the three lowest modes A0, S0, and A1, ex-
hibit backward wave propagation over some range of Poisson’s ratio ν [9].        



5. VESELAGO FLAT LENS CONCEPT 

Based on the findings from chapter 4 we can now try to design a flat lens according to the 
original idea of Veselago for electromagnetic systems [10]. For this purpose we consider a 
specific point on the S2 branch at kT h1 = 7.622 for instance (see Fig. 4, top picture). Here we 
find a phase velocity of cph

1 = 16669 m/s and a group velocity of cgr
1 = 10685 m/s for the S2 

mode (Fig. 4, bottom picture). From the kT h1 point in Fig. 4 (top) we draw a horizontal line to 
the left until we cross the S2b branch. At this point, kT h2 = 5.927, we find a backward propa-
gating wave mode with the same phase velocity, cph

2 = cph
1, but with a negative group veloc-

ity of cgr
2 = -2563 m/s (Fig. 4, bottom).  

 
 

 
 

 
 
Figure 4. Determination of an S2 mode (at kT h1) and an S2b mode (at kT h2) with the same phase velocity (top) 
but with oppositely signed group velocities (bottom). 
 



The shift in the dispersion diagram from kT h1 to kT h2 can be either reached by decreasing the 
frequency accordingly (while keeping the plate thickness constant) or by reducing the plate 
thickness from h2 to h1 while keeping the frequency constant. The latter case directly leads to 
a system with an abrupt thickness change between two different plate regions as shown in 
Fig. 5. While one region supports a backward-propagating (negative group velocity) mode the 
other plate region supports a forward-propagating (positive group velocity) mode at the same 
frequency and wave number. 
 

 
 

Figure 5. Flat lens concept for ultrasonic Lamb waves consisting of a linear thickness change between two 
different plate regions. While the region on the left supports a negative group velocity or backward mode the 
region on the right supports a positive group velocity or forward mode at the same frequency and with the same 
wave number.   
 
For an operating frequency of 28 MHz (identical to the value used in [1]) the theoretical 
thicknesses of the two plate regions are h1 = 131.7 µm and h2 = 102.42 µm, respectively. 
However, due to the linearity of the system a simple linear up- and downscaling of frequency 
and thickness can be performed without changing the underlying physics. For instance the 
results described in the following could also be obtained at 2.8 MHz using a plate system with 
thicknesses of 1.318 mm and 1.0242 mm, respectively. 

6. NUMERICAL RESULTS 

In order to demonstrate negative refraction and focusing in the flat lens shown in Fig. 5 a 
three-dimensional ultrasound model based on the Elastodynamic Finite Integration Technique 
(EFIT, [11]) was used. In this model a 28 MHz quasi-monochromatic point source was placed 
in the center of the stress-free boundary lying in the yz-plane of the coordinate system shown 
in Fig. 5. The distance to the thickness change was 2 mm. The overall lateral dimensions of 
the model were 7 mm in x and 5 mm in y direction. The thickness in the two plate regions 
was chosen according to the theoretical values described in chapter 5. 
 In order to ensure numerical stability and to avoid numerical dispersion, mesh size and 
time step of the EFIT algorithm were adapted according to the minimum and maximum phase 
velocity of the model at 28 MHz. While the maximum wave speed is given by the S2 and S2b 
modes (cph = 16669 m/s) the minimum phase velocity is determined by the A0 mode in the 
thin part of the plate (cph = 2735 m/s). From these values a model with approximately six mil-
lion grid cells and 54 million unknowns was constructed and used for the simulations. 



In the present case the main problem in visualising negative refraction lies in the fact 
that at the given frequency of 28 MHz not only the S2 and S2b mode, respectively, but also 
the other basic wave modes like A0, A1, S0 and S1 are excited. These low-order modes are 
dominant and therefore mask the presence of the relevant S2/S2b mode.  

However, the latter can be isolated from the other modes based on wave number. For 
this purpose the numerical raw data was low-passed filtered with a cut off wave number of k 
= 16 mm-1. This procedure leaves only the S2/S2b modes whose wave numbers lie below the 
filter cut off [1]. Fig. 6 shows such a filtered image. It displays a snapshot of the absolute 
value of the particle velocity vector obtained at a certain time after start of sinusoidal excita-
tion. It can clearly be seen that the circular wave fronts originating from the quasi-
monochromatic point source at x = 0, y = 2.5 mm undergo negative refraction at the thickness 
change located at x = 2 mm. The point source is focused to an image point at x = 4 mm. The 
width of the focal spot is in the range of 0.6 mm, similar to the wavelength of the S2b mode at 
28 MHz.   
 

 
 

Figure 6. Negative refraction and focusing as numerically calculated with EFIT. The time snapshot shows the 
absolute value of the surface velocity vector, showing only the low spatial frequency modes resulting from 
applying a low-pass filter with a cut off wave number of 16 mm−1. The quasi-monochromatic point source is 
located at x = 0, the thickness change of the plate is at x = 2 mm.  
 
To the best of our knowledge the 3D EFIT model described above represents the first numeri-
cal model of negative Lamb wave refraction and offers the possibility to further optimize the 
performance of the flat lens design. For this purpose we are currently investigating different 
transition zones between the thin and the thick part of the plate as shown in Fig. 7. Although 
these investigations are not yet completed it seems that the S2/S2b mode is quite insensitive 
to the details of the thickness step. This is most likely caused by the fact that the wavelength 
of the S2/S2b mode (λ = 595.336 µm) is significantly larger than the thickness of the two 
plate regions and also larger than the width of the transition zone. 
 Nevertheless it seems to be beneficial to search for possibilities to optimize the effec-
tive impedance mismatch between the two plate regions since the aperture of the lens seems 
to be limited to approx. 3.5 mm so far [1].  This goal could be reached either by other geomet-
rical transitions or by using intermediate layers. 



 
 

Figure 7. Possible geometrical transitions between the two different plate regions. Current investigations try to 
identify the best solution for an optimal transmission of the S2/S2b mode. 

7. EXPERIMENTAL RESULTS 

The original paper in which the negative Lamb wave refraction was presented is [1]. In this 
work a contact-free laser ultrasonic set-up was used to experimentally demonstrate the effect 
of flat lens focusing. The problem of separation of the S2/S2b mode from the other modes is 
also discussed in detail. As a result negative refraction could be demonstrated for the in-phase 
and quadrature components of the normal surface displacement. However, it was found that 
focal point and excitation point don’t occur at equidistant points from the interface in contrast 
to the numerical results in Fig. 6. This mismatch is most likely caused by an inaccuracy in the 
thickness of the plate regions resulting from the wet etching procedure used for manufactur-
ing. In this case the phase velocities (or wavelengths) on both sides of the plate don’t match 
perfectly leading to a slight difference between incidence and refraction angle (compare Fig. 
2, case IV). In future investigations our numerical EFIT model could help to clarify this point. 

8. POSSIBLE APPLICATIONS 

The phenomenon described above offers the possibility to manufacture a flat Lamb wave lens 
that could be used in non-destructive testing in order to image surface and subsurface features 
of the sample under test. Two obvious lens designs are shown in Fig. 8 and 9. In Fig. 8 the 
basic plate unit from Fig. 5 is used, while in Fig. 9 two plate units are combined to a symmet-
ric lens with thin parts on both ends. 
 Due to the flatness of the new lens it can operate as a near-field lens with the distance 
between lens and sample being significantly smaller than the wavelength. With such a near-
field concept it could be possible to image sub-wavelengths features of the sample by using 
the hidden information from the evanescent wave field along the sample surface. 

This evanescent wave field could be excited by a phased array transducer placed on 
the top surface of the lens or alternatively by an additional surface wave transducer coupled to 
the sample surface. In the latter case the phased array transducer would only detect the scat-
tered waves from the sample surface in a passive mode. 
 



 
 

Figure 8. Flat lens design #1 using the basic plate unit from Fig. 5.  
 

 
 

Figure 9. Flat lens design #2 using two symmetrically arranged plate units.   
 

9. CONCLUSIONS AND OUTLOOK 

The plate system presented here represents a surprisingly simple mechanical system which 
exhibits negative group velocity behavior in a certain frequency band. By using this phe-
nomenon a flat lens approach (according to Veselago) for acoustic Lamb waves can be real-
ized. While one side of the plate supports a forward propagating (positive group velocity) 



mode the other side supports a backward propagating (negative group velocity) mode at the 
same wavelength and wave number. Negative refraction and focusing has been shown by both 
numerical simulation and experimental measurements (in [1]). Our 3D EFIT model seems to 
be the first numerical model of negative Lamb wave refraction and can be used for optimiza-
tion of flat lens systems. Due to the relative simplicity of the system and the well-understood 
behavior of ultrasonic Lamb waves the approach offers high potential for practical applica-
tions, e.g. for the development of near-field lenses for ultrasonic microscopy. However, it is 
still unclear if the flat Lamb wave lens is able to image sub-wavelength features of the sample 
under test. This must be proven by further numerical and experimental investigations. 
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