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Abstract
A standard tool to determine the dynamic Young and shear moduli for refractory
materials is based on measuring the free resonance frequencies of a bar of rectangular
section. This measurement can be performed either by response to an impulse, or
using a periodic excitation of slowly varying frequency. One of the great advantages
of this resonance technique is its simplicity: it does not require more hardware than a
PC with a standard sound card and an inexpensive microphone if a suitable selection
of the dimensions of the measured specimen is made. On the other hand, this test
method can be easily implemented to test samples at different temperatures. In this
work we present the results obtained applying this technique to the determination of
the shear and compressional sound wave velocities for steel samples. We compare the
obtained values with measurements performed on the same samples in an ultrasonic
immersion tank and with numerical solutions for the corresponding eigenvalue /
eigenfunction problems for the linear elasticity equations. The numerical analysis,
based on a pseudo-spectral collocation method, provides a fast interpretation of the
measured frequencies (whether it is a flexural or a torsional mode, etc.), and allows
to choose the specimen dimensions in such a way that there are no overlapping
resonances at the frequencies of interest.
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Introduction

The determination of the elastic properties of materials (and of the intimately related
elastic wave speeds) is very important for different applications such as characterization of materials, nondestructive evaluation, fracture mechanics, thermoelastic
stresses and load deflection calculation, etc. The impulse excitation of vibration
(IEV) is a well known tool to determine the dynamic Young and shear modulus of
elastic materials. In this work an implementation of this technique using a simple
experimental setup applied to the determination of the shear and compressional

acoustic wave velocities of steel samples is shown. Besides, the obtained resonant
frequencies are compared to those obtained from the numerical solutions of the linear
elasticity equation, in order to help the classification of the experimental frequencies, and provide an interpretation to the results. Finally, the obtained acoustic
wave speeds are compared against standard ultrasonic techniques.
1.1

Background

The vibration modes of a rectangular bar can be classified (at least at low frequency)
as flexural, torsional and longitudinal modes. The flexural modes can be subclassified between out-of-plane flexural modes (lower frequency) and in-plane-flexural
modes (higher frequency). To calculate the dynamic Young modulus of a rectangular bar of length L, width b, thickness t and mass m vibrating at its fundamental
out-of-plane flexural frequency ff we can use the asymptotic approximation(1)(2)
given by:
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where ν is the Poisson ratio defined in terms of the dynamic Young modulus and
the shear modulus (G) by:
E
ν=
− 1.
(3)
2G
Thus, the right hand side of equation 1 also involves the unknown Young modulus.
If the sample dimensions are chosen such that (L/t) ≥ 20 the correction factor T1
can be simplified to :
 2
t
,
(4)
T1 = 1.000 + 6.585
L
which is independent on the Poisson ratio. Otherwise, if the Poisson ratio is not
known, an iterative process must be used to solve equation 1.
If the bar is vibrating at its fundamental torsional mode of frequency ft the
dynamic shear modulus can be computed according to:
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where B is given by:
B=

(b/t) + (t/b)
,
4 (t/b) − 2.52 (t/b)2 + 0.21 (t/b)6
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and A is an empirical correction factor dependent on the width-to-thickness ratio:
A=

0.5062 − 0.8776(b/t) + 0.3504(b/t)2 − 0.0078(b/t)3
.
12.03(b/t) + 9.892(b/t)2

(7)

This correction factor can be omitted unless accuracies better than 2% are desired.
To calculate the compressional and shear velocities from the dynamic moduli the
following relations hold:
s
s
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G
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.
(8)
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ρ(3 − (E/G))
ρ
One further simplification can be achieved in equations 1, 5 and 8 if the fact that
the dynamic Young and shear modulus have a factor proportional to the density of
the material is taken into account. If we define:
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equations 8 are rewritten as:
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√
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It is now obvious from equations 9 and 10 that the acoustic wave velocities do not
explicitly depend on the density of the sample. This is important because it implies
that the uncertainties in the determination of the sample mass do not enter into the
error of the computed result.

2

Experimental setup

The great advantage of this experimental setup is its simplicity. It just requires a microphone connected to the soundcard of a computer to record the natural frequencies
of vibration of a rectangular sample. We used an inexpensive standard microphone
for speech recording and a 96Khz 24bit sound card (even though a 44.1Khz, 16 bit
can be used too in our case).
The theory exposed above requires that all the boundaries of the sample should
be free. In order to experimentally approximate this condition the sample was
held by thin threads positioned as close as possible to the nodes of each resonance
mode. This way of holding the test specimen was validated by moving the threads
to different positions along the sample. The observed variation in the resonant
frequency of each mode was smaller than 0.1%. The experimental setup is shown in
figure 1.
The dimensions of the sample were chosen in such a way that the fundamental
out-of-plane flexural and torsional frequencies (ff and ft ) were inside the microphone
and soundcard bandwidths (approximately 2KHz for the fundamental flexural frequency and 7KHz for the fundamental torsional frequency), the interesting resonant
modes had no overlapping frequencies, and the samples could be extracted easily
from the raw material of interest (steel pipes in our case).
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Figure 1: Experimental setup.

3

Measurement procedure

The measurements were made by gently hitting the piece with a small exciter. We
use a plastic stick with a small sphere of steel on one end. The diameter of the sphere
should be small enough to avoid that the normal modes of the sphere interfere with
the ones of the sample. Larger spheres tend to excite lower frequency modes, while
smaller ones excite best high frequency modes. The way the piece is hit determine
the different vibrational modes that are excited. In figure 2 a sketch is presented of
the positions that primarily excite different vibrational modes. Hitting the sample

Figure 2: Geometrical positions where the bar can be hit to excite different vibrational modes: (1) to excite the fundamental out-of-plane flexural
mode, (2) to excite the fundamental torsional mode and (3) to excite the
fundamental in-plane flexural mode
in position 1 will excites the first out-of-plane flexural mode, while if we hit the
sample in position 2 the first torsional mode is excited. On the other hand, if we
hit the sample in position 3 we observe the in-plane fundamental flexural mode. As
it is impossible to excite one single mode with this method, if we hit the bar in any
position a lot of modes are observed with different amplitudes. In figure 3 the Fast
Fourier Transform of the acoustic signal recorded after hits at positions 1, 2 and 3
are shown for a given steel sample. In order of increasing frequency the first mode
observed is the out-of-plane flexural mode ffout
≈ 2172Hz that is excited by all the
0
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Figure 3: Measured resonant frequencies for hits of the bar in the positions given in figure 2.
hits (even though the higher amplitude is for hit 1 as expected). The next one is
the first harmonic of the latter ffout
≈ 5924Hz. The following peak corresponds to
1
the fundamental torsional mode ft0 ≈ 7389Hz that is excited only by hit 2. The
next peak corresponds to the fundamental in-plane flexural mode ffin0 ≈ 7859Hz, and
from the experimental point of view it can be easily confused with the fundamental
torsional mode unless care is paid to the point where the sample is hit.
In order to provide a univocal interpretation of these frequencies, a computer
program was developed that solves the elasticity equations and provides (given the
elastic moduli, or the acoustic wave speeds), the resonant frequencies and their
corresponding resonance modes (see next section).
The remaining peaks that can be observed in figure 3 are higher order harmonics
of the mentioned modes. We are not going to make use of them in this work to
determine the acoustics wave velocities, although they can be useful if an improved
model that contemplates higher modes were available. In all of the samples we used
at least eight modes were easily observed with our experimental setup.

4

Numerical simulations

The expressions quoted above for the resonant frequencies contain an empirical
correction factor whose origin is not clear. Also, it is important to be able to identify
the oscillation mode corresponding to each observed frequency. For instance, this
allows designing the test samples in such a way that the frequencies that must be
measured are well separated from each other.
In the following we sketch the mathematical model and the numerical approach,
and discuss some of the numerical results.
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4.1

Mathematical model

The material is assumed to be linear, isotropic, and homogeneous. For small displacements, it must obey the linear elasticity equation:
∂2u
,
(11)
∂t2
inside the domain, where λ and µ are the Lamé constants, ρ the density, and
u(x, y, z, t) the displacement. In the following the domain is assumed to be a rectangular bar Ω = [−L/2, L/2] × [−b/2, b/2] × [−t/2, t/2].
The right boundary conditions to complement this equation in our case are those
of zero stress (free surface):
τk,l ηk = 0,
(12)
µ∆u + (λ + µ)∇(∇ · u) = ρ

where η is the normal to the surface, and the stress τ is given in terms of the strain
e by the relation:
τi,j = λek,k δi,j + 2µei,j .
(13)
As usual, δi,j represents the Kronecker tensor. Finally, the strains are expressed in
terms of the displacements by:


1 ∂ui ∂uj
+
.
(14)
ei,j =
2 ∂xj
∂xi
The resonant modes are given by solutions of equation 11 with boundary conditions
12, and a time dependence of the form exp(iωt). Replacing this ansatz in 11 yields
the eigenvalue/eigenvector problem for the linear elasticity operator:
Find u(x, y, z) and ω ∈ R>0 such that
µ∆u + (λ + µ)∇(∇ · u) = −ρω 2 u,

(15)

for all (x, y, z) ∈ Ω, and satisfying the boundary conditions 12.
As the domain geometry is very simple, the solutions were approximated using a
pseudo-spectral collocation method.(3) In this approach the solution is represented
using polinomial interpolation in the Cartesian product of the Tchebychef points in
each variable, maintaining as degrees of freedom the values of the displacement at
each mesh point. The equation is enforced at each mesh point for the operator applied to the interpolated solution. As the boundary conditions do not have the form
of an eigenvalue problem, they are used to eliminate the unknowns corresponding
to points in the boundary of Ω. In this way, an eigenvalue problem is obtained for
the unknowns corresponding to the interior mesh points.
The meshes needed to approximate the first eigenvalues to a relative precision
of about 10−3 are of 14 × 14 × 14 nodes. These dimensions lead to the solution of
eigenvalue problems for matrices of about 5000 × 5000. Problems of this size can be
easily solved using Matlab, provided enough RAM is available, either by means of
the full matrix algorithms, or using Lanczos type algorithms to obtain only a few
eigenvalues and eigenvectors of large sparse matrices.
As an example, we present in figure 4 the four computed lowest frequency eigenmodes, for a steel brick of the geometry of the samples above. The color coding
represents the absolute value of the displacement (in arbitrary units). The nodal
lines are represented in blue (which corresponds to zero displacement).
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a)

b)

c)

d)

Figure 4: Four lowest frequency resonance modes for a steel sample of 100 ×
16 × 4 mm3 . a) first out of plane flexural mode, b) second out of plane flexural
mode, c) first torsional mode, d) first in plane flexural mode.
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Results and discussion

Six bars made of different types of steel, with nominal dimensions of 100x16x4 mm3 ,
were studied at room temperature using the IEV method. Figures 5 and 6 show the
measured compressional and shear wave velocities, respectively, for each sample.
A close inspection reveals an inverse behaviour; i.e. when the shear velocity
increases the compressional velocity decreases. This behaviour is probably a simple
consequence of the form of equations 5 and 8. While the shear wave velocity is
linear with the fundamental torsional frequency, the compressional velocity has a
more complex dependence. In steel (G ≈ 80 GPa and E ≈ 200 GPa), and for fixed
Young modulus, the compressional velocity decreases with the shear modulus; i.e.
decreases with the fundamental torsional frequency. The error bars are computed
from the estimated errors in the lengths and frequencies, by means of a standard
error propagation.
To validate the method we measured the compressional wave velocities by the
ultrasonic pulse-echo technique (UT)(4) . We used an immersion 10Mhz, 1/8” diameter transducer. The time of flight for longitudinal waves was measured in differents
points of each sample. In figure 7 a comparison of the results of the measured compressional velocity against those obtained with the impulse technique is presented.
The error bars of the compressional velocity measured by UT are smaller than
those measured with the impulse excitation method. With the exception of sample
one, the mesured values with both techniques coincide within the error bars of each
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Figure 5: Measured compressional wave velocities using the Impulse excitation of vibration (IEV).

Figure 6: Measured shear wave velocities using the Impulse excitation of
vibration (IEV).
one. The difference for sample 1 is about 2%, and deserves further investigation. In
both methods the error bars are mostly due to the uncertainty on the thickness of
the sample, which is assumed to be known up to a 20 µm error. It is important to
notice that this value enters in the computed speed error in a much stronger way for
the impulse excitation technique than for the ultrasonic measurement. Using thicker
samples, when allowed by the source of the sample material, would contribute to
diminish the associated errors.

6

Conclusions

The impulse excitation technique proved to be quite simple and inexpensive, requiring only minimal hardware. It allows the measurement of both longitudinal and
transversal wave speeds, using samples of the material of a very simple geometry
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Figure 7: Measured compressional wave velocities with both methods:
Ultrasonic pulse-echo technique (UT) and Impulse excitation of vibration
(IEV).
and very easily machined. The achieved accuracies for the sample geometry chosen
in this work are estimated to be of the order of 1%.
The obtained results for longitudinal waves, as compared to the more accurate
ultrasonic technique, coincide for all the investigated steel samples with the exception of one, which deserves further study.
There is some inverse correlation between the obtained longitudinal and transversal wave speeds, that suggests that it could be an artifact of the measurement technique. This issue will be investigated more thoroughly.
The numerical solution of the elasticity equations provides a way to interpret
the results, and serves to verify the analytic approximations used for the lowest
frequency resonant modes.

References
(1) Standard Test method for Dynamic Young’s Modulus, Shear Modulus, and
Poisson’s Ratio by Impulse Excitation of Vibration. ASTM E1876-01.
(2) Standard Test method for Dynamic Young’s Modulus, Shear Modulus, and
Poisson’s Ratio by Sonic Resonance. ASTM E1875-00.
(3) L. Trefethen. Spectral methods in Matlab. SIAM, 2000.
(4) A.S. Birks, R.E. Green, technical editors. Nondestructive testing handbook,
Vol. 7 Ultrasonic testing. ASNT, 1991.

IV Conferencia Panamericana de END

Buenos Aires - Octubre 2007

9

