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ABSTRACT 

Composite laminates are increasingly used in the aerospace and civil engineering fields for their high strength and low density. 

Detecting cracks occurring in composite lamimates is of considerable significance for the safety of the structures. Mode shapes 

can be utilized for damage localization as they contain structural spatial information. Relying on mode shapes, this study 

proposes a concept of multi-resolution modal Teager-Kaiser energy for crack detection in composite laminates under noisy 

environments, which features both robustness against noise and sensitivity to cracks. Wavelet transform and Teager-Kaiser 

energy operator are employed to formulated this concept. The capability of the concept is theoretically proved by analytical 

mode shapes of a Timoshenko beams with general boundary conditions. The applicability of the concept is validated on a carbon 

fiber reinforced polymer laminate that bears three cracks, whose mode shapes are precisely acquired via non-contact 

measurement using a scanning laser vibrometer. The experimental results show that multi-resolution modal Teager-Kaiser 

energy is capable of designating the presence and location of cracks in composite laminates under noisy environments.  

 

KEYWORDS: composite laminate, crack detection, mode shape, wavelet transform, Teager-Kaiser energy operator, laser 
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1. INTRODUCTION  

Composite laminates are increasingly utilized in aerospace and civil engineering for their high strength and low density. During 

the long-term operation of composite laminates, such as aircraft wings and wind turbine blades, cracks can occur on surfaces, 

jeopardizing the safety of the structures. Thus, detecting cracks in composite laminates is of considerable significance.  

Commonly, physical properties such as strain, electrical resistance, and eddy current, can be utilized to identify cracks in CFRP 

laminates; changes in those physical properties can designate the presence and location of cracks. In contrast, dynamic 

characters, such as mode shapes, have weaker capability to identify cracks in composite laminates because they are less sensitive 

to cracks than the aforementioned physical properties [1]. To tackle this deficiency, dynamic quantities such as modal curvature 

and modal strain energy were developed from the mode shape. Pandey et al. [2] proposed the modal curvature, which is the 

second-order derivative of a mode shape, to represent the crack-caused loss in bending stiffness, whereby cracks in beams can be 

identified by the change in the modal curvature. The modal curvature method has been further developed by many researchers in 

the last two decades. The strain energy method is another method developed from mode shapes. Cracks can cause changes in 

modal strain energy, and in turn they can be identified by such changes [3]; recently, modern signal processing methods such as 

wavelet transform (WT) [4] and fractal dimension (FD) [5] have been applied to mode shapes for crack identification by 

characterizing the crack-caused singularities therein. Recent attention to crack identification methods relying on mode shape has 

focused on the robustness of the methods to environmental noise interference. To precisely localize cracks, very small spatial 

sampling intervals matching the width of a crack are required, whereby noise components inevitably involved in densely 

sampled mode shapes can cause intense noise interference, masking actual crack-caused changes. Hence, developing noise-

robust methods relying on mode shapes with the aim of precisely identifying cracks in composite laminates is the current 

research interest. Relying on the mode shape, this study proposes a concept of multi-resolution modal Teager-Kaiser energy 

(MRM-TKE) for crack detection in composite laminates, which features both robustness against noise and sensitivity to cracks.  

The rest of this paper is organized as follows. Section 2 formulates the concept of the MRM-TKE, whose capability is 

theoretically proved by analytical mode shapes of a Timoshenko beams with general boundary conditions. Section 3 

experimentally validates the concept on a carbon fiber reinforced polymer (CFRP) laminate that bears three cracks, whose mode 
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shapes are precisely acquired via non-contact measurement using a scanning laser vibrometer. Section 4 presents the conclusions 

of this study. 

2. FORMULATION OF CONCEPT 

Analytical mode shapes of a Timoshenko beam with general boundary conditions can be expressed as [6]: 

 

 � � = �ℎ �+ �� ℎ �+ � �+ �� �, (1) 

where , , , and  are unknowns to be solved with boundary conditions taking into consideration.  and  are 

frequency parameters increasing with square root of natural frequencies. Eq. (1) can be further written as [7] 

 

 � � = −�1� + −�1 �−� + � �+ �� �, (2) 

where � is the beam length. � �  in Eq. (1) can be divided into two terms, namely the decaying term and the steady-state term: 

 

 �� � = −�1� + −�1 �−� , (3a) 

 

 �� � = � �+ �� �. (3b) 

The value of the decaying term �� �  decays exponentially from the boundaries at � =  and � = �. The distance from 

boundaries to the locations where �� �  approximates zero is defined as the boundary-effect interval, denoted as . As per Eq. 

(3a), the higher the mode order is, the larger  is, and then the smaller the boundary-effect intervals are. Outside the boundary-

effect intervals, �� �  dominates the high-order mode shape component, while �� �  contributes little to it. Hence, such high-

order mode shape components (� ∈ [ , � − ]) can be approximately represented by �� : 

 

 � � ≈ �� � = � � � + , (4) 

where � = √ + ,  tanβ = − / . The discrete form of the normalized � �  in Eq. (4) can be written as 

 

 �[�] ≈ ��[�] = � � � + , (5) 

where = / �, with � being the spatial sampling frequency. 

The Teager-Kaiser Energy (TKE) of a discrete mode shape �[�], namely the modal Teager-Kaiser Energy (M-TKE), denoted 

as , can be calculated by TKE operator [8]: 

 

 �[�] = � [�] − �[� − ]�[� + ]. (6) 

The TKE operator can be expressed as 

 

 [�] = [�] − [� − ] [� + ], (7) 

where  denotes the TKE operator that can calculate the point-wise energy of a discrete signal g. According to Eq. (5) with the 

trigonometric identities, �[�]  approximates a constant of � ��  for an intact beam. 

When cracks occur in beams, the M-TKE can be sensitive to crack-caused slight changes in mode shapes owing to the sensitivity 

of the TKE operator to slight changes in a signal [8], whereby cracks can clearly be identified by such changes.  

However, noise components are inevitably involved in measured mode shapes, and Kaiser has proved that the TKE operator is 

very prone to noise interference [8]; therefore, the vulnerability of the M-TKE to noise interference can hamper its applicability 

in identifying cracks under noisy environments.  

To overcome this deficiency, the M-TKE is ameliorated by the multi-resolution analysis (MRA) [9], whereby the M-TKE is 

enhanced with stronger robustness against noise. In accordance with the theory of the MRA using wavelet transform, a measured 

mode shape �[�] can be decomposed into the first to the m-th level: 

 

 �[�] = ��[�] + ∑ �[�]��= , (8) 

where ��[�] is the approximation of  �[�] at level  m, and �[�] is the detail of �[�] at level  j. By discarding the details that 

contain noise components and retaining approximation that contains damage features at a satisficing level, the noise robustness 

of the M-TKE is enhanced. Using the TKE operator, the concept of MRM-TKE can be formulated by the approximation ��[�]: 
 

 � �[�] = ��[�] − ��[� − ]��[� + ]. (9) 

Cracks can cause singular peaks in the MRM-TKE � �[�]  in crack locations, whereby presence and locations of cracks can 

be designated.  
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The MRM-TKE method is a non-baseline method, requiring no structural baseline information such as temperature, materials, 

geometry, and boundary conditions. The only requirement for the MRM-TKE method is that high-order modes are needed for 

small boundary-effect intervals. 

3. PROOF OF CONCEPT 

A CFRP laminate of length 500 mm, width 10 mm, and depth 1.5 mm, consisting of five plies each 0.3 mm in thickness, is taken 

as an experimental specimen. The CFRP laminate is clamped at the left end with the fixing area spanning 10 mm from the left 

edge. Three through-width cracks were manufactured in the first two plies on the surface, about 0.5 mm in depth between the 

first and the second plies. The first, second, and third cracks, occur at locations 113 mm, 221 mm, and 365 mm from the left 

edge, respectively. The specimen is illustrated in Fig. 1. 

 

Fig. 1 Dimensions in millimeters of cracked CFRP laminate with shaker and measurement points. 

 

A vibration shaker, attached to the cracked side of the CFRP laminate, acts as an actuator to excite the laminate. When the CFRP 

laminate vibrates under harmonic excitation at a natural frequency, the scanning laser vibrometer (SLV) is used as a sensor to 

scan the intact side of the laminate to acquire the operating deflection shape (ODS), that can be regarded as the fourth mode 

shape for this lightly-damped laminate. The SLV scans over 499 measurement points uniformly distributed on the intact surface, 

10 mm through 496 mm from the left edge; the dimensionless locations � , � , and �  for the first, second, and third cracks in the 

scanning length are 0.21,  0.435, and 0.73, respectively. The experimental setup is shown in Fig. 2. 

 

Fig. 2 Experimental setup.    
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The fourth mode shape � is shown in Fig. 3(a), from which it can be seen that there is no evident change to indicate any crack. 

By Eq. (6), the M-TEK  is obtained and is shown Fig. 3(b), where damage features caused by cracks are largely obscured by 

intense noise interference. To eliminate noise interference, the second-level ( = ) approximation �  of � is obtained by Eq. 

(8) and shown in Fig. 4(a), from which the MRM-TKE  is obtained by Eq. (9) and shown in Fig. 4(b). Compared with the M-

TEK in Fig. 3(b), noise interference is basically eliminated in the MRM-TEK; three crack-caused peaks stand out obviously, 

clearly pinpointing three cracks at about � =0.2, 0.43, and  0.73, corresponding to the actual locations of the three cracks. 

         

                                                             (a)                                                                                         (b) 

Fig. 3 (a) The fourth mode shape and (b) its M-TKE. 

  

             

(a)                                                                                          (b) 

Fig. 4 (a) Approximation and (b) MRM-TKE for the fourth mode shape. 

 

The fifth mode shape � is shown in Fig. 5(a), and the corresponding MRM-TKE  is obtained by Eq. (9) and shown in Fig. 

5(b). Compared with the MRM-TEK in Fig. 4(b), only two peaks appear at about  � =0.2 and 0.43, because the third crack at � =0.73 is close to one of the nodes of the fifth mode shape where vibration is always of close-to-zero amplitude. Thus, like 

other damage detection methods relying a mode shape, cracks close to nodes are hard to be identified because of the node effect. 
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                  (a)                                                                                             (b) 

Fig. 5 (a) The fifth mode shape and (b) its MRM-TKE. 

  

Then, all three cracks are increased to about 0.9 mm in depth through the third ply. In the MRM-TKE for the fourth and fifth 

mode shapes (Fig. 6), crack-caused peaks are of larger amplitudes and more evident compared to those in Figs. 4(b) and 5(b), 

which are more beneficial to crack detection. For the fourth mode shape, three peaks clearly identify all three cracks (Fig. 6(a)); 

and for the fifth mode shape, only the first and second cracks can be identified (Fig. 6(b)) due to the node effect. 

        

(a)                                                                                             (b) 

Fig. 6 MRM-TKE for (a) the fourth and (b) the fifth mode shapes with deeper cracks. 

4. CONCLUSION 

To detect cracks in composite laminates under noisy environments, this study proposes a concept of the MRM-TKE relying on 

mode shapes. The MRM-TKE is formulated by the MRA and TKE operator, by which the MRM-TKE features both robustness 

against noise and sensitivity to cracks. The capability of the concept is theoretically proved by analytical mode shapes of a 

Timoshenko beams with general boundary conditions. The applicability of the concept is validated on a CFRP laminate that 

bears three cracks. The experimental results show that the MRM-TKE is capable of designating the presence and location of 

cracks in composite laminates under noisy environments. Some conclusions are drawn below: 

1. Cracks can cause changes in the M-TKE because of the TKE operator. However, the M-TKE is very prone to noise 

interference and therefore lacks the robustness to detect cracks under noise environments. 

2. To enhance the noise robustness of the M-TKE, the MRM-TKE is developed from the M-TKE with the MRA, whereby 

noise components in the M-TKE can be eliminated at a satisficing level in the MRM-TKE; synchronously, damage-caused 

change in the M-TKE can be retained in the MRM-TKE. Thus, the MRM-TKE is capable of detecting cracks in composite 

laminates under noisy environments. 

3. The MRM-TKE method is a non-baseline method, requiring no structural baseline information such as temperature, 

materials, geometry, and boundary conditions. The only requirement for the MRM-TKE method is that high-order modes 

are needed for small boundary-effect intervals. 

4. Vibration is always of close-to-zero amplitude close nodes in a mode shape, therefore, like other damage detection 
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methods relying a mode shape, cracks close to nodes are hard to be identified because of the node effect.  
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