
Determination of the mechanical properties of concrete in the

time domain applying ultrasonic pulse velocity

Manuel Rodriguez González∗
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Abstract

In this study a new approach is presented, which not only allows us to esti-

mate the mechanical properties of concrete, but also to know the future behav-

ior of concrete. Concrete is considered an inelastic material and, in particular,

a viscoelastic one. For the solution to the stated problem, the method used

is Laplace’s transform. The models obtained are fitted to the experimental

results, determining the parameters that characterize the mechanical proper-

ties of the material. The model that best describes the mechanical properties

is selected by applying the calculations of prognostic errors. Then, the es-

timation of the time variation of the mechanical static parameters is made,

using the dynamical parameters which are obtained from the ultrasonic pulse

velocity.

∗manuelr 62@hotmail.com

1



I. INTRODUCTION

It is very important for specialists to know the behavior of the mechanical properties of

concrete structures. According to the data obtained from experiments, destructive test are

generally used to find out the behavior of concrete. Nevertheless from the value obtained

for the velocity of the ultrasonic pulse, using statistical correlation between the static and

dynamic parameters, a similar result can be obtained [1–5]. However this method does

not allow us to predict the behavior of these mechanical properties in the domain of time.

Considering concrete as a viscoelastic material, the behavior of these mechanical properties

can be described with respect to time using different models after the parameters which

characterize the model have been determined [6]. The identification of the parameters

of these models allows us to predict the answers of the medium before the action of the

external agent. In the specialized literature (to quote only the most recent) this problem

of viscoelastic materials is addressed with different points of view [7–14]. In this study an

essential equation which describes the behavior of the mechanical properties of the material

is used in relation to the time, assuming that concrete behaves like that of an inelastic

material and in particular like that of a viscoelastic material [15,16] and taking the ultra sonic

pulse as a function of uniaxial load. For the solution to the obtained differential equations,

the Laplace’s Transform method is used. To select which of the models best describe the

behavior of the material it is necessary to follow a methodology which contains strong

statistical mathematical tools, in order to be able to determine the primary parameters

which characterize each model using considered least squares [17–26], which define within the

same degree of differential equations (equations which describe the mechanical properties of

viscoelastic materials) the model that can describe the mechanical behavior of the material.

After making use of the statistics and the analysis of the theory of error, this specifies which

model best describes the behavior of the material.
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II. MATHEMATICAL MODEL

From the mathematical point of view to formulate a constitutive model correctly, it is nec-

essary to define the field of interest, the equation that describes the behavior of the material

and the initial and boundary conditions required for its solution. In this case, the field of in-

terest can be described mathematically by: R = {(x, y, z, t) : (x, y, z)ε Ω, t ε[0,+∞[,Ω εR3}

defining in turn the physical object: Ω = {(x, y, z) ε R3 : x2 + y2 = r2} on which is realize

a uniaxial tense deformational state, very similar to what can occur during the rupture

test. This definition is able to link the mathematical model with its homologous, physical

counterpart, that is to say the theory and the experimentation figure 1.

 

FIG. 1. Field of interest.

In the case of inelastic materials, there is a formulation where the constitutive equations

are expressed through differential expressions. These equations represent the mathematical

model that characterizes the behavior of a material in the time domain, i.e., the physico-

mechanical properties that remain related through the components Dij. These elements Dij

are differential operators with respect to time, and in order to simplify their formulation

the following operational notation will be used. Be Dk the operator derived with respect to
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time and considering the operational polynomials:

P (D) =
∑

akD
k (1)

Q(D) =
∑

bkD
k (2)

where: ak, bk are coordinates functions Using the method of the differential operators

[27,28], the constitutive equation expressed in the following way:

P (D)σij = Q(D)εij (3)

Making the hypothesis that the material is isotropic, then the expression (1) can be separated

in two, which characterize the volumetric and distortional component. The components P

and Q are linear differential operators with respect to time. To culminate the complete

formulation of the mathematical tools that describe the tense deformational behavior of the

material, it is essential to define the necessary and sufficient initial conditions for the solution

of the model. In this case the all conditions are known. These conditions are: Making the

hypothesis that the material is isotropic, then the expression (1) can be separated in two,

which characterize the volumetric and distortional component. These conditions are:

ε(0+) = β1; ε(0+) = β2; ...; ε
m−1(0+) = βm−1 (4)

where: m = mv +md

Once the region is known, and the equation and the initial and contour conditions are

identified, the mathematical model can be correctly formulated, but it becomes necessary

to know the explicit form of the tensors of deformation and tension respectively. If the

sample is subjected to uniaxial loading the tensors of tension and deformation can be defined

respectively by [29–31]

T (t) =




0

0

σz(t)




(5)
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ε(t) =




εx(t)

εy(t)

εz(t)




(6)

where:

σz(t) → function of load dependent on time

σx(t) = σy(t) = 0

εz(t) 6= εx(t) = εy(t) → deformation

The volumetric tensors are determined by hydrostatic tensional state, which causes a

deformational state that only produces volumetric changes of the analyzed medium. On

the other hand, the distortional tensors are determined by tensional state deviator, which

produces a deformational state that only causes form changes in the analyzed medium.

Knowing the form of the volumetric tensor (3) and (4), the deformational tensors can be

found transposing from the expressions:

Tv(t) =
1

3
σz(t) (7)

εv(t) =
J1(t)

3
(8)

Td(t) =
1

3




1

1

−2



σz(t) (9)

εd(t) =




εx(t) −
J1(t)

3

εy(t) −
J1(t)

3

εz(t) −
J1(t)

3




(10)

εv(t), T v(t)−Volumetric tensors (strain and stress components)

εd(t), Td(t)−Deformational tensors (strain and stress components)
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I - identity matrix

J1(t) = ε(x)(t) + ε(y)(t) + ε(z)(t) = 2ε(x)(t) + ε(z)(t)

Once of the form of the stress - deformation tensors is defined and maintaining the

initial conditions stated above, the tensors can be substituted in to the general constitutive

equations. But not before defining the functions σz(t) that will be used [31]. This is done

taking an ultrasonic pulse, that is a periodic function, defined by:

σz(t) = σz(t + T )

III. SPECIFIC SOLUTION OF THE MODEL

Substituting the specific form of the tensors of tension and deformation in the general

constitutive equations (1) the following system of differential equations is obtained:

Pv[σz(t)] = Qv[2εx(t) + εz(t)] (11)

−Pd[σz(t)] = Qd[2εx(t) + εz(t)] (12)

The system of differential equations (7) and (8) can be solved mathematically to arrive

at the following differential equations:

QvQd[εx(t)] =
1

3
[(PvQd − PdQv)σz(t)] (13)

QdQv[εz(t)] =
1

3
[(PvQd − 2PdQv)σz(t)] (14)

Substituting the product of the convolution of the operators in the differential equations

(9) and (10) the following is obtained:

Aε(t) + A
dε(t)

dt
+ A

d2ε(t)

dt2
+ A

d3ε(t)

dt3
+ ....+ A

dnε(t)

dtn
=

1

3
{[B − C]σ(t) + [B − C]d

σ(t)

dt
+ ..

..+ [B − C]
dnσ(t)

dt
}

Dε(t) +D
dε(t)

dt
+D

d2ε(t)

dt2
+D

d3ε(t)

dt3
+ ....+D

dnε(t)

dtn
=

1

3
{[B +2 C]σ(t) + [(2+1)B +2 C]

dσ(t)

dt
+ ..

..+ [B +2 C]
dnσ(t)

dtn
}
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where A,B,C,D are parameters of the model, which can be encompassed generally in a

single generic expression as:

Φ1(D)ε = Φ2(D)σ (15)

where:

Φ1(D) = rnD
n + r1D

n−1 + ....+ r1D + r0

Φ2(D) = WnD
n +W1D

n−1 + ....+W1D +W0

and r0, r1, r2.rn, w0, w1, .wm are real constants rn 6= 0 and wn 6= 0 and σ(t) is the function

for which Laplace’s Transform exists. The general expression of the function is one that

includes the load functions σ(t) (already known) and its respective derivatives with respect

to time, among other generic terms. All the derivatives of orders greater than zero are not

taken into consideration.

The solution of the mathematical model for Laplaces Transformed method, is solved

converting the lineal differential equations equations (7) and (8) with constant coefficients

in algebraic equations in relation to the transformed of the unknown function.Once the

solution of the algebraic equations is obtained, the inverse transform is applied, and the

solution of the differential equation is obtained in the time domain.

For solution of the mathematical model using the method of Laplace Transformed, as-

suming that we want a specific solution to the equations (7) and (8) or their equivalent

(12) in the interval [0,+∞[ which satisfies the initial conditions (2), it necessary to apply

Laplace Transform to both sides of the equation, based on the properties of linearity of the

transform [32–35]:

L [Φ1(D)ε] = L [Φ2(D)σ] (16)
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If the theorem of the derivative of the transform is used [32–35] and substituting these

into the relationships (13) and bearing in mind the initial condition (2) we obtained:

Φ1(s)ε(s) −H(s) = F (s) (17)

where: H(s) → is the polynomial function of degree (n − 1) in S that presents the initial

conditions (2) of the problem. F (s) → is function

Finally transposing to obtain ε(s)we obtained:

ε(s) =
F (s) +H(s)

Φ1(s)
(18)

Observe that the denominator of ε(s) is Φ1(s) that is the characteristic polynomial of the

differential equation (12), which has analytic solution for one of the existent classic methods

[36] . This aspect has defined the maximum order of the differential equations solved in

this work, because the solution of characteristic polynomials of orders greater than four are

not possible to obtain through the analytic way. For this reason the constituent models

that generate lineal differential equations of: first, second, third and fourth order have been

solved, including only cases in which the roots of the polynomials are real.

To conclude the problem it is necessary to find ε(s) applying the inverse transformed

in both members of the equations (15) (using the property of linearity of the same)and

supposing

ε(t) = L−1[
F (s)

Φ1

] + L−1[
H(s)

Φ1

] (19)

inverse transform (16) [34], by any one of the existent methods it is obtained:

ε(t) = εc(t) + εp(p) (20)

The ε(s) solutions obtained posses well-known characteristics and they are characterized

by some solutions that can be broken down as the sum of two functions, εc(t) called the

complementary solution, that is the solution of the homogeneous equation:
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Φ1(D)ε = 0 (21)

that satisfies the initial conditions (2) and εp(t), called the particular solution of the equation

that is obtained when all the conditions are null.

In order to establish the differences in the form of the solution (17) one considers that:

Q(t) = L−1[
1

Φ1(s)
] (22)

by virtue of : if

L−1[F (s)] = f(t)

L−1[G(s)] = g(t)

L−1[F (s)G(s)] = f(t) ∗ g(t)

then

ε(t) = εc(t) +
∫ t

0
f(τ)Q(t− τ)dτ (23)

The expression (20) allows one to obtain the solution of the stress-strain state, and allows

the determination of the functions that characterize εx(t), εy(t) and εz(t). Logically these

equations are formulated for each model in question in this way all the expressions of the

different models can be taken into account.

IV. DETERMINATION OF THE EXPRESSION THAT CHARACTERIZE THE

MECHANICAL PARAMETERS

In the process of obtaining the formula it become, necessary to determine the modulus

inelastic deformation and the coefficient of inelastic Poisson starting from the general equa-

tions (20) in the case of the uniaxial strain-stress state. To achieve this objective it becomes
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essential to use the principle of correspondence(that expresses the equivalence between the

elastic formulations and viscoelastic) [37,38]. With the use of this principle you can infer

which terms in the expressions (20) correspond to the strain inelastic modulus and which

corresponds to the Poisson inelastic coefficient.

Starting from the general equations of the uniaxial strain-stress state (20) which can be

expressed in general by:

εx(t) = −
ν(t)

E(t)
σz(t) (24)

εy(t) = −
ν(t)

E(t)
σz(t) (25)

εz(t) = −
ν(t)

E(t)
σz(t) (26)

The equation (23) makes it possible to infer directly the expressions E(t), and knowing

this ν(t) is determined by:

ν(t) =
εx(t)

εz(t)
(27)

V. FOR THE DETERMINATION OF THE PARAMETERS THAT

CHARACTERIZE EACH MODEL IT IS NECESSARY

• 1.Linearization of the different differential equations with the employment of numeric

integration.

• 2.Formulation of the method of the pondered square minimum for each case of the

different differential linearized equations.

• 3.Analysis of descriptive statistic of the different answer variables o Confirmation of

the significance of the size of the samples, that is to say, the test quantity.
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• 4.Significance analysis of each of the coefficients (xo, ..., xn; yo, ..., yn) for the different

orders of differential equations (equations that characterize the mechanical parameters

of the viscoelastic materials).

• 5. Determination of the parameters (Ao, ..., An;Bo, ..., Bn;Co, ..., Cn;Do, ..., Dn) that

characterize each model (analytic solution).

• 6.Solution of the characteristic polynomials of the differential equations (for each order

in particular) in function of the parameters (Ao, ..., An;Do, ..., Dn). With this it is

defined which is the analytic solution that describes the mechanical behavior of the

material in study for each order.

• 7.Prognosis of the behavior with each analytic model (for the different orders of the

differential equations)

• 8.Determination of the errors of prognosis for different norms and approaches.

1. Linearization the differential equation For the process of linearization of the different

differential equations (constitutive equations of the viscoelastic material), it is departed

from the following problems of Cauchy.Consider the ordinary differential equations

equations (20), where the functions x (t), z (t) are defined in the whole real axis and

An, (Ao, A1, A2, ..., An),(Bo, B1, B2, ..., Bn) y (Co, C1, ..., Cn), (Do, D1, ..., Dn) leaves of

the hypothesis that all the initial conditions of the problem of Cauchy are known. In

the case of the dynamic or periodic function, the terms from the derivatives of the load

functions of degrees greater than zero can be ignored with the objective of simplifying

the mathematical process, keeping in mind that in these cases the dominion of the

models to be used is restricted. Although in this work they take into account the

previous simplifications, they keep the general formulation. Dividing by σz(t) and in

order to linearize this equation alone, it would only take to integrate n times with

respect to t obtain:
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FZN(t) =
∫ t

0

∫ τ

0
. . .

∫ β

0︸ ︷︷ ︸
n times

ΨZ(α)dαdβ . . . dτdt (28)

FXN(t) =
∫ t

0

∫ τ

0
. . .

∫ β

0︸ ︷︷ ︸
n times

ΨX(α)dαdβ . . . dτdt (29)

Where: n - order of the differential equation

The functions Fzi(ti) and Fxi(ti) = Fyi(ti) represent the linearity in each interval

[ti − 1, ti], and can be determined approximately using numeric integration, knowing the

tabulated values [ψz(ti), ti], [ψx(ti), ti]; [ψy(ti), ti]; i = 0, 1, 2, ..., n of these functions; where

the values of the abscissas are those ti , with to = 0, and ψz(ti) = ψx(ti) = ψy(ti) those of

the ordinates, which have been obtained experimentally. An approach of ψz(t) and ψx(t)

that is lineal in each interval [ti − 1, ti], i = 1, 2, ..., n and continuous in the whole interval

[to, tn]. We obtain the following expressions:

FZN '
nt∑

i=1

[
n+ 1

(n+ 1)!
(t− ti − 1)n[

ΨZ(ti) − ΨZ(ti−1)

n+ 1
][
t− ti−1

ti − ti−1

] + ΨZ(ti−1)] + CZN (30)

FXN '
nt∑

i=1

[
n+ 1

(n+ 1)!
(t− ti − 1)n[

ΨX(ti) − ΨX(ti−1)

n+ 1
][
t− ti−1

ti − ti−1

] + ΨX(ti−1)] + CZN (31)

Where Czn are coefficients.

After having calculated the functions in an approximate way Fzi and Fxi according to

the functions Fzi(t) and Fxi(t), and keeping in mind the linearity of the functions ψz(t) and

ψx(t) with regard to the parameters A0, A1, ...An, and D0, D1, ...Dn, one obtains the said

parameters the least square method.

VI. ESTIMATION OF THE PARAMETERS OF THE MODEL

The observations ψz(ti) and ψx(ti) that characterize the answer variables E(t) and υ(t)

present the deficiency of not having the same estimate precision in each value of time ti.

This indicates that it is necessary the employment of this method. This generally means
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that the variances of the observations are not the same, and therefore that in the matrix of

variance of the errors the elements of the diagonal are different. It also happens that the

observations are correlated by what the elements outside of the diagonal are not all zero. In

the estimate of the mechanical parameters it is needed that this process be reliable where

the minimum possible error is made by numeric approach. For this reason it is important

to determine the values real xo, x1, ..., xn, and yo, y1, ..., yn .

The experimental process is carried out by a certain number of tests that are in function

of the variability of the answer variable, of the significance level that the investigator chooses

and of the wanted precision. Due to this, for each value of ti there are N values of the answer

variable (ψz(t), ψx(t)) which can be expressed:

S(X0 . . . Xn) =
nt∑

i=1

ωi

ne∑

j=1

[Ψij(t) − Ψ̃(ti)]
2 (32)

wi- to assign weight qualifications of quality to each observation

ψz(ti) Approximately function of z(ti)

ψx(ti) Approximately function of x(ti)

σ-standard deviation

p - power

ne - The test number. nt-number of the time interval

VII. SELECTION OF THE BEST INELASTIC MODEL TO SIMULATE THE

MECHANICAL BEHAVIOR OF THE MATERIAL

After having determined the values of the mechanical parameters (Ao, A1, A2, ..., An) and

(Do,D1, ..., Dn) that characterize the different viscoelastic model, it is necessary to specify

for each case the differential equation (constitutive equations of the viscoelastic materials)

which is the analytic solution that belongs together with these parameters. To determine

this, it becomes necessary to solve the characteristic polynomials of each differential equation

where the parameters that characterize them are (Ao, A1, ..., An) and (Do, D1, ..., Dn). With
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the solution of the characteristic polynomials their roots are determined in each case, and this

defines which are the analytic equations of solution from the different differential equations

to those that correspond to these mechanical parameters (Ao, A1, ...An) and (Do, D1, ..., Dn).

Once these aspects are specified, a series of prognosis of the behavior of concrete in the time

domain are carried out with each solution of the different differential equations (constitutive

equations of the visco-elastic materials) defined previously. In this way, a series of prognostic

values ψzij(ti) vs ti and ψxij(ti) vs. ti are obtained in a tabulated manner. Knowing

the whole results ψzij(ti) vs ti and ψxij(ti) vs. ti that facilitates to us then the whole

experimental stage, the results of the prognosis can be opposed with the experimental ones

to determine, thus, the errors in each case. These specified aspects carry out a series of

prognostic behaviors of concrete in the domain of time with each one of the solutions of the

different differential equations defined previously. Once the errors are known, a model which

best describes the behavior of the material studied can be selected by carrying out an analysis

of the theory of error. With this conclusion different norms are used, distance or error

between the prognostic values and the experimental results, the signal-noise relationship

is also calculated [40,41]. Once calculated, the mean values, the standard deviation, the

logarithms of the standard deviation, the variation coefficient and the signal noise-ratio, are

represented graphically. This representation specifies the behavior of the mean values of

the answer variables and their variability or deviation and the signal noise-ratio. Later an

analysis of the errors is carried out, using the means absolute deviation, the mean quadratic

error, the mean absolute error, and the mean percentage of the error. As a result of the

application of this methodology, the model that best describes the behavior of the material

in the domain of the time can be determined. The method proposed through mathematical

modelling, should be compared with that of the modulus obtained from the solution of the

differential equations, as shown in figure 2. o select which of the models is the one which

best describes the behavior of the material, the theory of errors described previously is used.

As a result of this analysis, the model which best describes the behavior of the concrete in

the domain of the time is described by the differential equation of the third degree.
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FIG. 2. Adjustment of the model, which describe the behavior of the modulus of dynamic

deformation in time.

Once the model that best describes the experimental behavior of the inelastic modulus of

deformation in the domain of the time is known, the behavior of this parameter in the time,

just as it is described in figure 3, can be predicted. Here the values of the experimental

dynamic module of deformation are taken for 28 days and the values of 45 and 60 days are

predicted.

Knowing the statistical correlation between static module deformation and the dynamic

one (obtained experimentally), and using the estimated dynamic module according to the

pattern which best describes the behavior of the material, the estimated static module is

obtained, as shown in figure 3. In this case it is compared with the static module obtained

using the Cuban Standard (NC 53-39-97)
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FIG. 3. The prognosis of the dynamic module of deformation at 45 and 60 days starting from

the values to 28 days.

VIII. CONCLUSIONS

Great quantities of models have been established and formulated which allow us to simu-

late the non stationary behavior of the mechanical properties of the concrete. The equations

which characterize each model are expressions which are identified with the mechanical pa-

rameters of the concrete. The methodology for obtaining the mechanical parameters that

are characterized in each model is exposed. A unique method which allows us to obtain the

parameters which identify each pattern in particular is developed. This method is based on

a strong statistical-mathematical apparatus that leans on in the conjugation of the numeric

integration and the least square method considered, taking into account this last influence

of the variability of the mechanical properties of the concrete in the domain of time. The

application of this method to each differential equation, allows us to define which differential
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FIG. 4. The behavior of the dynamic module of deformation predicted vs. the static module

of deformation (experimental and predicted) obtained from the Cuban Standard.

equation best describes the behavior in study.
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