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Abstract
The ultrasonic scattering coefficient matrix defines the far field scattering behaviour of a
defect as a function of incident and scattering angles. An ultrasonic array with a large
aperture can then be used to interrogate a defect over a range of angles and hence extract
parts of this matrix. Experimental results are presented using a commercial 64-element,
5-MHz array on two aluminium test samples that contain a number of simulated defects
including machined slots and side-drilled circular holes. A sub-array approach is used in
which a group of 8 elements are excited in order interrogate the defect from a given angle
as well as providing spatial discrimination. In this way a neighbouring circular hole and
slot can be spatially resolved and clearly distinguished by their different scattering
coefficients over a range of incident angles and scattering angles. Using signals reflected
from a known-size side-drilled circular hole as the reference, scattering coefficients of a
defect can be normalized. These measured scattering coefficients show a good agreement
with scattering coefficients predicted from finite element modelling. For example, the
orientations of defects directly below the array are extracted to an accuracy of a few
degrees and their lengths were determined with an error of ±10%.
Keywords: Ultrasonic arrays, scattering coefficient, defect characterization, finite
element analysis
1. Introduction
A typical defect in a solid body is a fatigue crack. This crack associated with fatigue
failure initiate either from an imperfection on the surface of a component or from an
inclusion. Improper material selection, processing and inadequate design of a component
or its misuse could cause crack formation. Eventually, the crack extension rate increases
dramatically and final failure will occur when the crack has reached a critical size [1]. In
the event that a crack occurs, assessing the size of the crack can give information about
the remaining life of the component or measures can be taken to reduce the rate of crack
growth.
A crack can be modelled as an interface in a solid body that cannot transmit surface
tractions. When an ultrasonic wave strikes a crack, the separation of the crack faces
produces a reflection, or in more general terms a scattered field. In non-destructive
evaluation a measurement of some part of this scattered field provides information about
the crack, such as location, shape, orientation angle and size [2].
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In this paper, the scattered field of a defect is represented by a scattering coefficient
matrix which is used to describe the amplitude of scattered signals from a defect as a
function of incident and scattering angles. Both the modelling and experimental works
assume a two-dimensional (2D) defect geometry and this means that defects are infinite
in the third dimension.
The scattering matrix, S, describes the amplitude of the scattered waves that would
be measured if the distance to the defect was normalised to one wavelength. When a
plane wave of amplitude u0 is incident on a defect, a scattered field is generated that
decays (in the far field) in inverse proportion to the square root of the distance from the
defect. Hence, the amplitude of the scattered wave, u s, at a distance r from a defect is
given by [3]:

u s = u0 S (θ1 ,θ 2 )

λ
r

eik (r −λ )
(1)

where λ is the wavelength of the ultrasonic wave, k is wavenumber (k=2π/λ), θ1 is the
incident wave angle and θ2 is the scattering direction. This model of scattering behaviour
is only valid in the far field of the defect where the scattered field exhibits no further
radial dependence other than the 1/ r decay. Note that to fully describe the scattering
behaviour of a defect, scattering matrices are required corresponding to the 9
combination of longitudinal, shear horizontal and shear vertical waves that can be
incident and scattered. Here only the information in the longitudinal incident –
longitudinal scattered wave is considered.
2. Scattering coefficient matrix

The commercial FE software package ABAQUS 6.7 (Simulia UK, Warrington, UK)
was used to generate scattering coefficient matrices. Figures 1(a) and (b) show the
scattering coefficient matrices for a circular hole with a diameter of 1 mm and a crack of
length 1 mm, when the incident wavelength is a 1.18 mm (corresponding to a frequency
of 5 MHz in aluminium). The diagonal banding running from lower left to upper right in
the scattering matrices in Figure 1(a) is indicative of axi-symmetric scatterers, where the
scattering coefficient is a function of the difference between incident and scattering
angles only. Figures 1(b) shows that the overall amplitude maximum scattering
coefficient is at the central position (θ1=0, θ2=0). This suggests that the orientation of a
crack-like defect can be obtained if the position of the overall maximum in the scattering
matrix can be identified. Comparing Figures 1(a)-(b), it appears that a circular hole and a

crack can be clearly distinguished from their different scattering coefficient matrices.

Figure 1. Scattering coefficient matrix results obtained from the FE model for: (a) 3 mm
diameter hole, (b) 1 mm diameter hole.

3. Extracting scattering coefficient matrix using the sub-array approach
Experimentally, a linear ultrasound array can be used to illuminate a defect with a
range of incident angles. The interrogation of defects from different directions can
therefore be achieved by separately processing the data from a number of subsets of
contiguous elements in the array, which are referred to as sub-arrays.
For a fixed array, the magnitude of a defect in the basic corrected total focusing
method (TFM) image from a pair of sub-arrays (one acting as transmitter and one as
receiver) is given by [4,5],
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where, c is the velocity of ultrasound in the test piece, r is the central position vector of
ρ
the defect, d is the position vector of a point in the image relative to the
transmitter/receiver, P is a function describing the directivity of an element and B is a
beam spread function. The subscripts i and j refer to the indices of the transmitter and
receiver in the whole array. Parentheses around a subscript indicate that the subscript is
referring to a transmitter, and so g(i)j(t) is a received analytic time-domain signal from the
pair of transmitter i and receiver j. a (k) and a l denote the sets of elements in the kth and lth
ρ
sub-arrays. The notation is shown schematically in Figure 2, where e(i ) is the position
ρ
vector of the ith transmitter and e j is the position vector of the jth receiver. Noted that, if
a(k) and al include all elements of the array (the whole array), equation 2 is the standard

TFM algorithm [6].

Figure 2. Schematic diagram illustrating vector notation for the sub-array approach.

The sub-array scattering coefficient matrix for a defect can be extracted by comparison of
the signal scattered from the defect with that from the reference. It is given by,
ρ
I def (r , a ( k ) , al )
′ (θ ( k ) , θ l )
S ′(θ ( k ) , θ l ) =
S hol
(3)
ρ
I hol (r , a ( k ) , a l )
where, Idef and Ihol are the magnitudes of a defect and a circular hole in a TFM image,
′ is the known sub-array scattering coefficient matrix of a given
respectively, S hol
reference circular hole. The incident angle (θ(k)) and scattering angle (θl) are
approximated as the direction of vectors from the monitoring point to the centre of the
relevant sub-array.
4. Experimental results and discussion
A 5-MHz linear array with 64 elements (manufactured by Imasonic, Besancon,
France) was used in the experiments, and its parameters are shown in Table 1. A
commercial array controller (Micropulse MP5PA, Peak NDT, Ltd., Derby, UK) was used
to capture the complete set of time-domain signals from every transmitter-receiver pair of
the ultrasonic array. The captured data was then exported and processed using MATLAB
(The MathWorks, Inc., Natick, MA).
Table 1. Experimental and simulation array parameters
Array parameter
Value
Number of elements
64
Element width (mm)
0.53
Element pitch (mm)
0.63
Element length (mm)
15
Centre frequency (MHz)
5

The experimental sample was manufactured from an aluminium block and the
geometry of the defects in each sample is shown in Figures 3 and tabulated in Table 2. In
the sample, defect 1 is a through-thickness circular hole with a diameter of 1 mm and
defects 2-6 are through-thickness slots with various orientations. Figure 3 also shows the
location of the array. It is noted that all processing was performed using the longitudinal

mode with a velocity of 6400 m/s, which was measured experimentally and the size of
sub-arrays was 8 elements.

Figure 3. Sample geometry for the experiment.

Defect
1
2
3
4
5
6

Table 2. Details of defects in the test sample.
Type
Dimensions (mm)
Orientation (°)
Hole
Dia. 1
N/A
Slot
0
1×0.3
Slot
15
1×0.3
Slot
30
1×0.3
Slot
45
1×0.3
Slot
60
1×0.3

In post-processing, there are three steps for characterizing a defect.
Step 1: defect location determination. The TFM image was generated first using the
whole array aperture, which reveals the locations of defects. The incident angle and
scattering angle of every pair of sub-array transmitter-receiver were then deduced at the
locations of defects. Figure 4 shows the TFM image from the experimental sample. From
which, the location of every defect can be seen.

Figure 4. TFM image for the sample.

Figure 5. Comparison of the predicted (p) and measured (m) scattering
coefficient matrices for (a) 1-mm diameter circular hole and 1x0.3 mm
slots at angles (b) 0°, (c) 15°, (d) 30°, (e) 45° and (f) 60°.

Step 2: scattering coefficient matrix measurement. The amplitudes of the scattered waves
from a point in the centre of every defect from each sub-array pair were calculated using
equations 2 and 3. The amplitudes reflected from a circular hole were used as the
reference for quantifying the scattering coefficients from the slots. Figure 5 shows a
comparison of predicted scattering coefficient matrices using an FE model and the
measured matrices. There are 6 pairs of predicted and measured scattering coefficient
matrices shown in the figure. For every pair, the left most scattering coefficient matrix is
that obtained from FE predicitons and the right most scattering coefficient matrix is that
obtained experimentally. Figures 5(a) shows the predicted and measured scattering
coefficient matrices for a 1 mm diameter circular hole. Figures 5(b) - (f) show the
scattering coefficient matrices for defects 2-6. Note that the results shown in Figures 5(a)
for circular holes were used as the reference to which other results were normalized.
From Figure 5, it can be seen that there is a good agreement between the predicted and
measured scattering coefficient matrices, and that the circular hole and a slot can be
clearly distinguished by their different scattering coefficient matrices. Note that due to
the relative position of the ultrasonic array to a defect, only the scattering coefficients
over a limited range of incident and scattering angles can be measured.
Step 3: defect characterization. The scattering coefficient matrices shown in Figures 5
were used to deduce the orientation angles and the lengths of the defects. The orientation
angle can be considered as the angle where the overall maximum scattering coefficient is
obtained for the pulse-echo case (i.e. along the line θ1= θ2 in the scattering matrix). The
length of a defect was deduced using the amplitude of the maximum scattering

coefficient. Table 3 shows the predicted results and the measured results. From Table 3, it
can be seen that the measured results for the defects directly below the array (i.e. defects
3 and 4) are better than defects to the side of the array. This is because the scattered
waves from the defects directly below the array were received first with least interference
from other defects. Measured orientation angles of the defects directly below the array
have an error of a few degrees and the error of their measured lengths is within 10%.
Table 3. Measured characteristics of defects 2-6 shown in Table 2.
Predicted results
FE maximum scattering coefficient for 1 mm crack
0.84
Sub-array maximum scattering coefficient for 1 mm crack
0.75
Measured results
Orientation angle (°)
Maximum SC
size (mm)
Defect
2
4
0.98
1.2
3
17.4
0.84
1.1
4
31.4
0.68
0.9
5
45.9
0.68
0.9
6
63.7
0.94
1.2

5. Conclusions
It has been shown that the location, shape, orientation angle and size of a defect can
be experimentally measured in one measurement using the two-dimensional sub-array
approach with an ultrasonic array. First, the location of a defect can be found using the
TFM image, and then a portion of its scattering coefficient matrix can be measured using
the sub-array approach. The orientation angle of a defect can be deduced from the
location of the maximum scattering coefficient lying within the range of the measured
angle. The length of a defect can be extracted from the amplitude of the maximum
scattering coefficient. For defects directly below the array, the experimentally measured
orientation angle is within an accuracy of a few degrees and the error of the measured
length is within 10%.
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