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Ultrasonic Thickness Measurements of Sub-millimetre Thickness Sheets
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Abstract

Pulse-echo ultrasonic thickness measurements typically perform poorly on samples with a thickness of less than

one millimetre. Here, Lamb waves have been used to measure the thickness of sub-millimetre thick metal sheets

by measuring the phase velocity of the first order symmetric and anti-symmetric waves. These waves have been

generated and detected using electromagnetic acoustic transducers (EMATs). The technique under development

allows thickness measurements to be made without exact knowledge of the material properties of the sample,

giving calibrationless measurements. We describe the method of calculating the phase velocity from the

unwrapped phase spectrum, and present preliminary experimental results.
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1. Introduction

Thickness measurements are used in ultrasonic non-destructive testing (NDT) and are

commonly carried out using either pulse-echo or through transmission techniques [1], and can

be used as part of quality assurance during the manufacturing process, or as a method of

monitoring corrosion on existing components [2]. These techniques are limited, however, by

the accuracy to which the speed of sound in the sample is known, and by the minimum

thickness at which successive ultrasonic reflections can be distinguished. Thickness

measurements of sheets thinner than 1 mm can be achieved using resonance measurements,

although this technique is still sensitive to variations in the material properties of the sample

[3, 4].

Lamb waves are often used in NDT for long range inspections, and are typically generated

using piezoelectric transducers [5, 6]. This approach allows large samples to be inspected for

defects in much less time than would be required for point by point measurements. In addition

the propagation velocity of Lamb waves depends on the frequency-thickness product of the

medium through which they are propagating, and hence there is the potential for Lamb waves

to be used in thickness measurements. The technique proposed in this work uses the long

wavelength approximation to solve the Rayleigh-Lamb equations in order to allow thickness

measurements to be made without prior knowledge of the sample material [7, 8].

2. Thickness measurements using Lamb waves

The method detailed in this paper allows the thickness of a sample to be calculated by

measuring the velocity of the propagating S0 and A0 Lamb waves, and using the long

wavelength approximation formulated by Lamb [7]. Experimentally, a pair of ultrasonic

transducers are arranged in a pitch-catch configuration, and A-scans are captured as the

distance between the transducers is increased. By taking ultrasonic measurements at more

than one separation the phase velocities of the A0 and S0 waves can be calculated. These

velocity values can then be used to calculate the thickness of the sample using an
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approximation, such as that presented by Dewhurst [8]. The approximation, method of phase

velocity measurements and the validity of the approximation are all explored in this section.

2.1 The long wavelength approximation

The long wavelength approximation is an approximate solution of the Rayleigh-Lamb

equation [7],

tan(ݍℎ)
tan(ℎ) = ቊ 4݇ଶݍ

ଶݍ) − ݇ଶ)ଶቋ±ଵ (1)

where ଶ = ቀఠಽቁଶ − ݇ଶ and ଶݍ = ቀఠቁଶ − ݇ଶ, (2)

where ℎ is half the thickness of the sheet, ݇ is the wave number and the ± symbol relates to

the symmetry of the wave with a symmetric wave represented by a plus and an antisymmetric

wave represented by a minus. The symbols  and ݍ are defined in equation 2, where ߱ is the

angular frequency, ܥ is the longitudinal wave velocity in the material and ்ܥ is the transverse

wave velocity in the material. A solution to this can be calculated using the long wavelength

approximation, which assumes that the wavelength of the ultrasound is much larger than the

thickness of the material in which it propagates. This solution to the Rayleigh-Lamb equation

in this case gives an approximation to the phase velocity for the symmetric Lamb wave ofܥௌଶ = 4μ(ߣ + μ)ߣ)ߩ + 2μ) (3)

where, μ and ߣ are the Lamé parameters and ߩ is the density of the material. For the

antisymmetric wave the long wavelength approximation similarly gives a phase velocity ofܥଶ = ݇ଶ݀ଶ
12

4μ(ߣ + μ)ߣ)ߩ + 2μ) (4)

where ݀ = 2ℎ is the thickness of the sheet. These equations can be used to obtain a

relationship between the phase velocities of the Lamb waves and the sample thickness ଶܥ;[8] = 3√݂݀ߨ ௌܥ (5)

where ݂ is the frequency of the waves. This relationship is referred to as the combined

approximation, as it considers both phase velocity approximations, and can alternatively be

expressed in terms of the group velocities, whereܥଶ = 3√݂݀ߨ4 ௌܥ . (6)

Although equations 5 and 6 show a clear relationship between the ultrasonic wave velocities

and the thickness of the sheet, it is important to note that the approximation has a limited

range of validity. Whilst the approximation holds true for long wavelength Lamb waves when

compared to the sample thickness, as the frequency-thickness product increases there is a

clear deviation of the approximation from the true values.



Figure 1. Dispersion curves calculated using either the full Rayleigh-Lamb equation, or using the long

wavelength approximations from equations 3 and 4.

Figure 1 shows the dispersion curves calculated for the A0 and S0 waves using the full

Rayleigh-Lamb equation, along with the phase velocity approximations calculated from

equations 3 and 4. As can be clearly seen, the S0 and A0 approximations are only close to their

respective dispersion curves at very low values of frequency-thickness product; even at 0.1

MHz.mm the A0 approximation diverges from the A0 dispersion curve. The effect of this

divergence on the accuracy of the approximation can be seen more clearly in figure 2; here

the phase and group velocities calculated from the Rayleigh-Lamb equation have been used,

along with the phase and group velocity approximations, shown in equations 5 and 6

respectively, to calculate the apparent thickness of a 1 mm thick sheet of aluminium as a

function of frequency thickness product.

Figure 2. The thickness calculated from the phase or group velocities, using equations 5 and 6

respectively, compared to the actual thickness.

Figure 2 clearly shows that the deviation between the true thickness of 1 mm and the

measured thickness rapidly grows as frequency-thickness increases for both the phase and

group velocity approximations. However, the group velocity approximation is noticeably less



accurate than the phase velocity approximation. By taking the maximum error which would

be tolerable in an industrial measurement to be 1%, it is possible to define a range of

frequency thickness validity for which the approximation can be classed as of acceptable

accuracy. The maximum frequency thickness for which the phase velocity approximation is

valid is roughly three times larger than that for the group velocity approximation; up to 13.5

kHz.mm for the phase velocity compared to 4.52 kHz.mm for the group velocity

approximation, in order to achieve an accuracy of 1%.

2.2 Improvement to the long-wavelength approximation

The combined approximation is only valid for a small range of frequency-thickness products,

and although the approximation has been used outside of this range of validity the inaccuracy

of the measurements is extremely high [8]. From figure 1, showing phase velocity

approximations compared to calculated dispersion curves, the difference in the phase

velocities between the true dispersion curve and the approximation for both the A0 and S0

modes can be calculated. By comparing the velocity difference to the correct value the

percentage inaccuracy of the velocity with regard to frequency-thickness can be calculated for

both the A0 and S0 approximations, and this is shown in figure 3.

(a) (b)

Figure 3. The percentage velocity inaccuracy for the (a) antisymmetric approximation (equation 4)

(b) symmetric approximation (equation 3).

By examining the curves shown in figure 3 the inaccuracy can be described as a function of

frequency-thickness for both the antisymmetric and symmetric approximations. Although the

antisymmetric approximation is roughly linear with respect to frequency, a more accurate fit

can be obtained using a power law. The equation describing the inaccuracy of the A0

approximation as a function of frequency is,ݖ(݂݀)௬ = ܥ − ܥܥ . 100 (7)

where ݖ and ݕ are the power law fit parameters for the A0 approximation, ܥ is the phase

velocity calculated by the approximation and ܥ is the true phase velocity.

The inaccuracy of the symmetric approximation can also be expressed as function of

frequency, with the most accurate fit obtained using a power law;ܽ(݂݀) = ௌܥ − ௌܥௌܥ . 100 (8)



where ܽ and ܾ are the power law fit parameters for the S0 approximation, ௌܥ is the phase

velocity calculated by the approximation and ௌܥ is the true phase velocity. The combination

of these two parameterisations allows a relationship to be derived,ܥெଶ ቆݖ(݂݀)௬
100

+ 1ቇଶ = 3√݂݀ߨ ௌெܥ ቆܽ(݂݀)
100

+ 1ቇ (9)

where ெܥ and ௌெܥ are the measured phase velocities of the A0 and S0 waves respectively.

This equation can be evaluated in a similar way to the analysis presented in figure 2. The

values of the A0 and S0 phase velocity taken from the Rayleigh-Lamb equation are substituted

into equation 9, together with ideal parameter values for ܽ, ܾ, ݕ and ,ݖ and equation 9 is then

solved numerically to find values for the thickness. These results are shown in figure 4.

Figure 4. The calculated thickness of a 1 mm sheet using the improved approximation.

Although the inaccuracy of the improved approximation increases rapidly at high frequency-

thickness, its stability at lower values is increased over that of the combined approximation.

However, the ideal parameter values used in this improvement to the approximation can only

be calculated by comparing the approximation to the dispersion curves calculated from the

Rayleigh-Lamb equation and thus require knowledge of the materials’ constants. In order to

develop a calibrationless measurement the improvement must be validated using a range of

typical values for the constants involved. The value of Young’s modulus for aluminium was

changed from a minimum value of 70 GPa to a maximum value of 80 GPa to represent both

different grades of aluminium and the possible effects of temperature, and the numerical

solution to equation 9 again was performed. The results are displayed as a colour plot in

figure 5 (a), with the bands of colour relating to the error between the calculated values of

thickness and the true thickness of the simulated sheet.
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2.3.1 Phase unwrapping

(a) (b)

Figure 6. An example of (a) a wrapped phase spectrum (b) an unwrapped phase spectrum.

The method of calculating the phase velocity described by equation 11 requires that the phase

spectra be unwrapped. An example of an unwrapped phase spectrum and its original wrapped

spectrum are shown in figure 6. The unwrapping process takes the original spectrum, which is

bounded between ,ߨ± and removes the boundary to allow the spectrum to be continuous [10].

There are several methods commonly used to achieve this; this work has used the polynomial

factoring technique implemented in MATLAB by Rice University [11, 12, 13]. This

technique produces unwrapped phase spectra which can then be used to calculate the phase

velocity of ultrasonic waves.

3. Experimental thickness measurements

The details of the transducers used, as well as the number of scans and step size between

measurement positions, are described here. Preliminary results of thickness measurements are

also presented, using data from experimental measurements and from a simulated sample.

3.1 Experimental setup

The generation EMAT was a spiral coil of 10 turns of 0.2 mm wire which relied solely on the

self field of the current in the coil to generate ultrasonic waves in the sample [14]. The

detection EMAT was a linear coil of 8 turns of 0.08 wire combined with a magnet with a

parallel-to-plate field, giving the transducer a sensitivity primarily to out-of-plane particle

velocities. The step size between receiver positions was 0.01 mm, and a typical scan had 1000

different receiver positions, with the separation between the transducers starting at 100 mm.

The samples used in these measurements were 0.1 mm thick sheets of aluminium measuring

300 x 300 mm.

3.2 Experimental results

The collected A-scans were arranged into the B-scan shown in figure 7, also showing a

sample A-scan superimposed over the B-scan. The peaks in the A-scan correspond to the light

areas of the B-scan, while the troughs correspond to the dark areas. The large signal present at

the start of the measurement is the electrical noise caused by the generation transducer. The

first wave arrival in the B-scan is the S0 wave, with several reflections of the S0 wave from

the sample edges visible before the A0 wave arrives, at roughly 50 µs with the dispersion of

this wave visible in the curvature and broadening of its peaks and troughs. It is also possible

to see the reflection of the A0 wave from the edge of the sheet in the top right portion of the

figure.
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Figure 7. B-scan image of the sample with an A-scan superimposed

By applying an algorithm designed to isolate the A0 wave, and comparing A-scans from

different measurement points to calculate the phase velocity, the thickness of the sheet can be

measured using the combined approximation in equation 5. A preliminary thickness

measurement of this 0.1 mm thick sheet is shown in figure 8. This figure shows the spread of

the values for the thickness calculated by the algorithm, as well as a significant

underestimation of the thickness due to the limitations of the combined approximation. The

large scatter of thickness values is likely due to the disruption in the phase spectra caused by

multiple S0 wave reflections. Another trend to note is the gradual decrease in the measured

thickness as the transducer separation increases, which is a result of the windowing portion of

the algorithm selecting higher frequency portions of the A0 wave as the propagation distance

increases.

Figure 8. Thickness values measured from figure 7.



In order to improve the thickness measurements several steps can be taken, such as reducing

the effect of reflections on the final result by removing the S0 reflections in post processing or

by damping the sheet in such a way to limit the amount of reflections produced. Additionally,

implementing the improved approximation will reduce both the underestimation of the

thickness and the downward trend as transducer separation increases, and will be investigated

shortly. Further improvements to the downward thickness with increasing transducer

separation may also be achieved by improving the portion of the algorithm which is

responsible for windowing the A0 wave.

3.3 Simulation Results

A model using the finite element method was employed to aid in the design of the analysis

algorithm. The 2D model was written in PZFlex and consisted of a 500 mm by 0.1 mm thick

aluminium sheet with a symmetric boundary condition in the centre of the long axis [15]. A

plane force normal to the surface was applied to the upper surface, across the symmetrical

boundary, generating Lamb waves of a suitable frequency content to match the experiments,

and the wave was allowed to propagate for 100 mm before data was recorded. The simulated

ultrasonic data was processed using the same algorithm as the experimental data with a

preliminary result shown in figure 9. This figure shows the measured thickness of the sheet as

a function of the frequency of the ultrasound.

Figure 9. Model data showing the calculated thickness in red.

Figure 9 demonstrates the functionality of the core portion of the algorithm, in that it can

accurately measure the thickness of the aluminium sheet, 0.105 mm, compared to the true

thickness of 0.1 mm given ideal experimental conditions.

4. Conclusions

The combined approximation presented in equation 5 has a limited frequency-thickness range

of validity, which cannot be exceeded without significantly reducing the accuracy of a

thickness measurement or modifying the approximation. The more accurate approximation

described in equation 9 requires that the phase velocity of the A0 and S0 waves be measured,

which in turn requires a more complex measurement than when considering solely the group



velocity. The preliminary results shown in figures 8 and 9 highlight the viability of the

method, although the algorithm needs to be improved and made more robust.
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