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Abstract. There are a number of physics-based models of eddy current (EC) NDE, 
most of which are based on the linear theory of quasi-static electromagnetism.  
However, real world inspection problems often involve nonlinear materials such as 
ferrite cores in typical EC probes and a sample part made of alloy steels.  In such 
cases, EC NDE signals inevitably exhibit nonlinear responses.  In order to describe 
the phenomena adequately, it is necessary to extend linear EC models to a nonlinear 
version.  
 This paper first reviews a version of nonlinear eddy current (NLEC) NDE 
response model briefly, which the present author developed a few years ago.  The 
theoretical model is applicable to nonlinear EC measurement problems, where the 
theory treats the nonlinearity at the lowest nontrivial order.  At the lowest order, the 
well-known Rayleigh relation exists to describe the nonlinear constitutive B-H 
relation, except that it is applicable only to the case where the B and H fields are 
both unidirectional and parallel to each other, and where there are no multiple local 
minima/maxima in the excitation field H.  Prototypical EC NDE problems require 
removal of this restriction, and to extend the Rayleigh formula to a vector B-H 
relation.  It was pointed out that a vector Preisach model provides us with the 
necessary vector extension, obtainable when a constant weight function is chosen.  
The resulting Preisach-Rayleigh formula provides a means to solve NLEC problems 
analytically in Born approximation. 
 Second, this paper describes recent results of experimental studies that verify 
the consistency of the model against experimental data.  For the test, coils are 
wound around ferrite rods, made of the ferrite materials #33 and #61.  Laboratory 
instrumentation has been assembled to capture both linear and nonlinear response 
signals.  The data and their analyses explicitly show that 1) the coil impedance 
varies linearly as a function of the drive current (i.e. nonlinearity), and that 2) the 
linear and nonlinear parts of the coil impedance are consistent with the 
corresponding model predictions.  From 2), the two basic material parameters have 
been determined, i.e. the initial permeability and the Rayleigh nonlinearity constant, 
for the ferrite materials at EC frequencies. 

1. Introduction  

It is well known that impedance signals collected by eddy current (EC) instruments exhibit 
nonlinear behaviours when applied to ferromagnetic samples.  The most common 
manifestation of the nonlinearity is that the impedance signal becomes dependent on the 
drive intensity.  The impedance 𝑍𝑍 is essentially the complex-valued ratio between the 
output voltage 𝑉𝑉 and the drive current 𝐼𝐼, and hence stays I-independent when the system 
responds linearly.  A ferromagnetic sample can turn Z into an I-dependent quantity Z(I) 
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through its nonlinear response to the excitation 𝐻𝐻 field.  Even for a non-ferrous sample, the 
EC inspection signal often becomes drive-intensity dependent, because a majority of 
practical EC probes contain ferrite cores internally that cause nonlinear signal responses 
arising from the ferrite nonlinearity.  Since nonlinear hysteretic responses can complicate 
the signal interpretation, it is advisable to set the drive intensity low, i.e. below the 
measurable onset of the nonlinearity.  However, in practice, it is not always possible to 
keep the drive intensity at such a low level, because there is a conflicting need to keep the 
output signal above the noise floor.  Hence, it happens frequently that impedance responses 
contain small but nontrivial amounts of the nonlinearity.  Considering the presence of 
ferrite cores inside probes, such occurrence is more ubiquitous than normally anticipated.  
It is thus important to understand the onset of the nonlinearity properly. 
 Besides, there are cases where the nonlinearity plays a positive and useful role, such 
as case-hardened layer thickness characterization [1,2].  For quantitative assessment, the 
ability to predict the effect of the ferromagnetic nonlinearity is needed. 
 Motivated by these needs, a version of nonlinear EC (NLEC) models was 
developed, so that the impedance response can be calculated to capture the onset of the 
nonlinearity [2].  In what follows, we first recapitulate the essence of the quoted NLEC 
model, solved for layered cylindrical geometry.  The key step was to generalize the one-
dimensional B-H relation of Rayleigh’s [3,4] to a vector-valued relation by means of the 
vector Preisach model [5-7].  This is a necessary step in solving the NLEC problem for 
prototypical EC NDE configurations.  Second, an experimental study is described, where 
the impedance predictions at the 0-th and first order of the nonlinearity are tested against 
the experiment.  The comparison between the theory and experiment determines the 
material parameters, µ and 𝜈𝜈𝑅𝑅, for the ferrite materials #33 and #61. 

2. Linear and Nonlinear Eddy Current Models 

2.1 Behaviour of Nonlinear Eddy Current Signals  

For the interest in the onset of the nonlinearity, the quoted paper dealt with the NLEC 
modelling problem at the lowest nontrivial order of the nonlinearity, which was termed as 
the Rayleigh regime because there exists the well-known Rayleigh formula at this order.  
Consider constitutive B-H relations between the magnetic flux density 𝐵𝐵�⃗  and the magnetic 
field 𝐻𝐻��⃗ .  In linear materials, the simple linear relationship holds as 𝐵𝐵�⃗ = 𝜇𝜇𝐻𝐻��⃗ .  In ferrous 
materials, the B-H relation involves an additional nonlinear term 𝐵𝐵�⃗ 𝑁𝑁𝐿𝐿 as 

 NLBHB


+= µ , (1) 

where, according to Rayleigh [3,4], 

 ( ) ( ) ( )[ ]{ }22
2
1 tHHtHHtB mmRNL −±=± ν , (2) 

which is applicable to weak, unidirectional, and uniform fields.  The hysteresis loop 
formula (2) applies when the unidirectional field H(t) swings between −𝐻𝐻𝑚𝑚 and +𝐻𝐻𝑚𝑚, and 
the +[−] sign corresponds to the upper [lower] branch of the hysteresis loop.  Rayleigh’s 
nonlinearity constant 𝜈𝜈𝑅𝑅 is a material parameter just as the initial permeability µ is.   
 In the Rayleigh regime, the 𝐵𝐵�⃗ 𝑁𝑁𝐿𝐿 term is regarded small compared to 𝜇𝜇𝐻𝐻��⃗  (i.e. 
𝜈𝜈𝑅𝑅𝐻𝐻𝑚𝑚 ≪ 𝜇𝜇).  Correspondingly, the total response signal 𝑍𝑍(𝐼𝐼) is expected to split into the 
linear and nonlinear terms as 
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where the nonlinear contribution 𝑍𝑍𝑁𝑁𝐿𝐿 is small compared to the linear term 𝑍𝑍𝐿𝐿, while the 
current dependency arises through 𝑍𝑍𝑁𝑁𝐿𝐿(𝐼𝐼), and the coefficient 𝑧𝑧𝑁𝑁𝐿𝐿 is proportional to 𝜈𝜈𝑅𝑅.  
There is a factor of the frequency 𝜔𝜔 in front of 𝑧𝑧𝑁𝑁𝐿𝐿, and its physical origin is the power 
balance relationship 

 ( ) 2EHBHE


σ+⋅=×−⋅∇ , (4) 

which involves the time derivative 𝐵𝐵�⃗ ̇ . 
 EC modelling requires to solve Maxwell’s equations in a conducting medium 
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which do not close by themselves, until a constitutive B-H relation is provided.  In general, 
the system of equations becomes a formidable nonlinear problem to solve, when closed by 
Eq. (1).  However, in the Rayleigh regime, the problem becomes tractable after casting Eq. 
(5) into 
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which is then solved by Born approximation. 

2.2 Preisach-Rayleigh Nonlinear Hysteresis Formula at the Lowest Order 

The B-H relation (2) is inapplicable directly to most EC modelling problems where the 
fields are neither uniform nor unidirectional.  It is necessary to extend the Rayleigh formula 
into a vector-valued formula.  The quoted paper pointed out that the vector Preisach model 
provides the link to achieve the necessary extension. 
 To recapitulate, the scalar Preisach formula is written, in the notation of Refs [6,7], 
as 

 ( ) ( ) ( ) ( )∫∫ ≥
=Γ=

βα αβ βαγβα ddtHwtHtBNL ˆ,ˆ  (7) 

where 𝛾𝛾�𝛼𝛼𝛼𝛼 and 𝑤𝑤(𝛼𝛼,𝛽𝛽) are “relay” operator and a weight function, respectively.  It is 
important to observe that this formula reproduces the Rayleigh relation (2) when the weight 
function is set to be a constant, or specifically as 𝑤𝑤(𝛼𝛼,𝛽𝛽) = 𝜈𝜈𝑅𝑅 2⁄ .  This observation guided 
us to a method of extending one-dimensional formula (2) to a multi-dimensional formula.  
Specifically, we started with a 2D vector Preisach model [5], and set the weight to be a 
constant �̅�𝜈, thereby deriving the 2D version of the Preisach-Rayleigh formula, 

 ( ) ( ) ( ) ( )[ ]{ }∫ ∫∫− ≥
⋅=
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where 𝑒𝑒(𝜃𝜃) = 𝑒𝑒𝑥𝑥𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑒𝑒𝑦𝑦𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐.  The weight ν  is set to be independent of the integration 
variables, 𝛼𝛼 and 𝛽𝛽, while it can be potentially direction dependent (θ-dependent) in case of 
anisotropic materials. 
 When the harmonic motion of the form 
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is inserted into Eq. (8), the integrals can be performed explicitly, generating the output 𝐵𝐵�⃗ 𝑁𝑁𝐿𝐿 
fields in the Fourier series [2] 
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where each Fourier coefficient 𝐵𝐵𝑁𝑁𝐿𝐿,𝑥𝑥,𝑦𝑦
𝜔𝜔𝑛𝑛  can be expressed as a finite sum of the terms 

involving the Gauss hypergeometric function.  When 𝜒𝜒𝑥𝑥 = 𝜒𝜒𝑦𝑦, the motion (9) reduces to a 
one-dimensional harmonic oscillation, and the formula again reproduces the Rayleigh 
relation with the identification that �̅�𝜈 = (3 8⁄ )𝜈𝜈𝑅𝑅.  In (10), it can be seen that the 
coefficients of higher harmonic terms are small, and that the base harmonic terms remain as 
dominant. 

2.3 Solution Procedure via Born Approximation  

The solution process proceeds as follows under Born approximation. 

1. Turn the nonlinear term off in Eq. (6), and solve the 0-th order problem by the 
standard linear theory method for the base frequency of 𝜔𝜔. 

2. Insert the resulting 0-th order H field, written as the harmonic motion [Eq. (9)], into 
the Preisach-Rayleigh formula (8), and calculate 𝐵𝐵𝑁𝑁𝐿𝐿,𝑥𝑥,𝑦𝑦

𝜔𝜔  in the first order. 
3. Solve the first order problem to calculate the first order fields according to Eq. (6), 

treating the first order 𝐵𝐵𝑁𝑁𝐿𝐿,𝑥𝑥,𝑦𝑦
𝜔𝜔  term as the effective magnetic current density, while 

setting 𝚥𝚥𝑒𝑒 to vanish.  The magnetic current density is distributed volumetrically 
throughout nonlinear media. 

4. Finally calculate the total field as the sum of the 0-th and first order fields, and/or 
the 0-th and first order impedances 𝑍𝑍(0) and 𝑍𝑍(1) respectively. 

 The stated procedure was exercised explicitly for the problem of an infinitely long, 
layered circular cylinder, encircled by coils of finite lengths.  Each computational step can 
be carried out almost completely analytically.  Particularly at the 0-th order, the problem is 
a standard cylindrical symmetry problem that admits entirely analytical field solutions in 
terms of the modified Bessel functions.  The first order solution proceeds similarly in the 
closed form, except that the volumetric integral over the term involving the magnetic 
current density must be performed numerically, while the integrand is expressed 
analytically.  The resulting linear and nonlinear models are applicable, for instance, to a 
solid ferrite rod with an encircling coil, for which the impedances 𝑍𝑍(0) and 𝑍𝑍(1) can be 
calculated and compared with experimental data. 
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3. Experimental Tests of Linear and Nonlinear EC NDE Models 

3.1 Scope of Experimental Verification 

This section describes an experimental test of the above-mentioned linear and nonlinear 
models.  The study aims to verify the consistency of the impedance predictions against 
experimental data.  The scope of the test includes cylindrical rod samples of the ferrite 
materials #33 and #61, with encircling coils wound around the rods.  Laboratory 
instrumentation has been assembled to capture both linear and nonlinear response signals.  
Specific purposes of the study to show that 1) the coil impedance varies linearly as a 
function of the drive current (i.e. nonlinearity), and that 2) the linear and nonlinear 
behaviours of the experimental coil impedance are consistent with the corresponding model 
predictions.  Throughout, we are interested in describing the onset of the nonlinearity, and 
hence the magnetic field is driven sufficiently strongly to exhibit nonlinear behaviours, but 
weak enough to keep the nonlinearity to be small perturbation. 

3.2 Sample Configuration 

We have selected cylindrical #33 and #61 ferrite rods, which are 12.5 mm in dimeter and 
190 mm in length.  The coils were wound around the ferrite rods and plastic spacers of 
similar diameters as shown in Fig. 1, prepared for individual impedance measurements.  
Single-layer coils of 30 turns were made of AWG 30 and 36 wires.  The two dissimilar 
coils were used, so that the two different test conditions can be created, to demonstrate 
consistency.  There was a slight difference in the diameters between the ferrite rod and 
plastic spacer.  The difference was compensated for by the use of a polymide tape, so that 
the coil inner diameter is adjusted to the plastic bobbin diameter (12.8mm).  The measured 
coil lengths are 8.6 mm and 4.7 mm for the AWG30 and AWG36 coils, respectively. 
 One of the experimental challenges is that, while the NLEC theory has been derived 
for an infinitely long cylindrical core, only finitely long rod materials are available in 
practice.  We obtained the ferrite rod sample of a fairly large aspect ratio (i.e. the length 
divided by the diameter) of ~15, which is still insufficient to suppress edge effects entirely.  
The most desirable sample shape would be a toroidal core of a circular cross section with a 
sufficiently large toroid diameter (Fig. 2-A).  To make the best of what are available 
practically, we formed a closed loop of ferrite materials as shown in Fig. 2-B, as an 
assembly of the sample rods and U-shaped ferrite cores.  This configuration (B) is intended 
to simulate the large toroidal loop (A).  Although admittedly less than ideal, the ferrite 
assembly sufficiently represents what is desirable.  This is principally because the total 
magnetic flux induced by the coil will be guided through the closed loop of the ferrites in a 
large majority, with only a small fraction of the leakage flux.  One evidence to support this 
claim is that the coil impedance drops only by 5-10 % when one of the two rods is removed 
from the return path.  Another evidence is the consistency of the results given below, which 

Figure 1.  The 30-turn coils of AWG 30 and 36 wires (A and B, respectively), wound on #61 ferrite 
rods of 12.5 mm in diameter, and on plastic spacers of 12.8 mm in diameter (C and D).  The AWG30 

coil is 8.6 mm in length, while the AWG36 coil is 4.7 mm long. 

C 

B 

D 

A 
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show that the two dissimilar coils yield consistent values of the permeability and 
nonlinearity parameter, for each of the ferrite materials.  The coils were wound around the 
mid-point of the sample rod, to minimize the edge effect further.  One possible negative 
consequence is that there may be a non-negligible difference in magnetic loss between the 
configurations (A) and (B).  Henceforth, we use the reactance (i.e. inductance) data as the 
primary input to the comparison between the theory and experiment, while treating the 
resistance data as secondary. 

3.3 Instrumentation 

The linear part of impedance 𝑍𝑍𝐿𝐿 was measured directly by an impedance analyser.  An 
individual sample coil was connected by short wires to the instrument, which measured the 
coil impedance while sweeping the frequency from 10 kHz to 100 kHz in increments of 
1 kHz, at the constant drive current of 10 mA.  At these conditions, the nonlinear part 𝑍𝑍𝑁𝑁𝐿𝐿 
is small (|𝑍𝑍𝑁𝑁𝐿𝐿 𝑍𝑍𝐿𝐿⁄ |~0.06%), and hence the measured impedance can be regarded as 𝑍𝑍𝐿𝐿.  
The measurements were repeated for all the coils with the ferrite rods, as well as the air-
core coils.  Since the model predicts the impact of the presence of the rod on impedance, 
we calculated the corresponding experimental impedance difference between the presence 
and absence of the rod, for comparison. 
 The nonlinear part 𝑍𝑍𝑁𝑁𝐿𝐿 is harder to measure because it is substantially smaller than 
the nominal impedance 𝑍𝑍𝐿𝐿 (~90 Ω at 100 kHz for #61).  It is necessary to form a bridge 
with a balancing air-core coil of a nominally equal impedance.  The bridge was actually 
formed, consisting of a test coil, the balancing coil, and two 50 Ω resistors.  The 
measurement was performed with the gain-phase mode of the impedance analyser.  The 
bridge was driven by the drive output of the instrument, with the help of an external 
amplifier.  The bridge output was detected by an external differential amplifier, and the 
differential output was injected into the test terminal of the instrument.  Both the frequency 
and oscillator level were controlled by software on a PC, to conduct dual sweep 
measurements.  Specifically, the frequency was changed from 10 kHz to 100 kHz in 
increments of 1 kHz, and at each frequency, the current through the test coil was swept 
from 5 mA to 40 mA in a 5 mA increment.  It was evident that the bridge output deviated 
from its nominal value as the current intensity increased.  We have devised a calibration 
procedure that converts the measured bridge output deviation to the nonlinear impedance 
deflection of the sample coil.  Our calibration is based on the linear relationship that exists 
between the small changes of the instrument readout and the coil impedance. 

3.4 Experiment vs. Theory 

The initial permeability 𝜇𝜇 must be determined first as an input to the NLEC theory.  This is 
done in Fig. 3 for the #61 ferrite, by the comparisons between the measured and computed 
inductance values at the 0-th order of the nonlinearity.  The two dissimilar coils have 

Figure 2.  (A) A sketch of a desirable ferrite core of a toroidal shape, and (B) a photograph of its 
approximate realization by an assembly of ferrite cores consisting of the sample rods and U-shaped 

cores. 

B) A) 
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yielded consistent comparisons.  The data indicate that 𝜇𝜇 = 123.5 ± 0.5 within the 
measured frequencies.  The apparent frequency dependence of 𝜇𝜇 is not taken into account 
in what follows, although it is presumably a physical reality. 
 The determination of the Rayleigh constant 𝜈𝜈𝑅𝑅 proceeds analogously, except that 
the comparison is made at the first order of the nonlinearity.  At each frequency, we 
evaluate the dependency of the sample coil impedance on the current intensity.  
Experimentally, the dependency data were such that the impedance versus current plots 
were curved, instead of being straight lines.  This indicated that we drove the sample 
slightly beyond the Rayleigh regime.  To extract the first derivative, each curve was fitted 
to a quadratic polynomial, from which the coefficient of the linear term was extracted.  The 
first derivative was thus obtained at each frequency, and the results are plotted against the 
frequencies between 10 kHz and 100 kHz in Fig. 4.  In parallel, the corresponding 
nonlinearity slopes were computed by the developed NLEC model, for the permeability 
already obtained, and for a range of assumed 𝜈𝜈𝑅𝑅 values.  The comparison results are shown 
in Fig. 4.  Again, the two coils yielded consistent theory versus data comparisons, from 
which we determine that 𝜈𝜈𝑅𝑅 = 10.5 ± 1.0 [1/Oe] for the #61 ferrite, within the measured 
frequencies (1[Oe]=79.6[A/m]).  As stated in the previous subsection, we regard the 
reactance deviation data as trustworthy, while considering the discrepancies in the 
resistance component to be an experimental artefact. 
 The parameter determination was less accurate for the #33 ferrite, which turned out 
to be significantly more permeable than #61 with a high measured permeability, μ=972±5.  
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Figure 3.  Inductance vs. frequency plots for (A) AWG 30 and (B) AWG 36 coils, obtained for the #61 
ferrite.  The experimental inductance data are compared with those computed for bracketing 

permeability values between 123 and 124. 
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The material is more nonlinear as well, requiring the maximum drive current to be 10 mA 
or less, where the S/N is poor.  The best measurement to date shows that 𝜈𝜈𝑅𝑅 = 40 ± 20 
[1/Oe].  Efforts are under way to lower the noise floor. 

4. CONCLUSIONS 

In conclusion, it is explained that a mostly analytical nonlinear eddy current (NLEC) model 
is attainable for cylindrically symmetric geometry at the lowest nontrivial order of the 
nonlinearity.  The model can calculate the nonlinear dependence of the coil impedance on 
the drive current intensity at this order.  The key enabling feature is the vector-valued 
extension of Rayleigh’s one-dimensional B-H hysteresis formula, which was obtained from 
the vector Preisach model where the weight function was set to a constant. 
 Laboratory instrumentation has been assembled to verify model predictions, and has 
indeed captured both linear and nonlinear response signals.  The NLEC behaviour observed 
experimentally is consistent with what was predicted by the developed NLEC model, 
within the Rayleigh regime.  Specifically, the data and their analyses explicitly show that 
the coil impedance with a ferrite core varies as a function of the drive current intensity as 
described, and that the linear and nonlinear parts of the impedance have frequency and 
current intensity dependencies consistent with the corresponding model predictions.  From 
the comparisons, the material parameters have been determined that 𝜇𝜇 = 123.5 ± 0.5 and 
𝜈𝜈𝑅𝑅 = 10.5 ± 1.0 [1/Oe] for the #61 ferrite.  To date, the #33 ferrite parameters have been 
determined less accurately, i.e. 𝜇𝜇 = 972 ± 5 and 𝜈𝜈𝑅𝑅 = 40 ± 20 [1/Oe]. 
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