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Abstract. Nondestructive testing of rails, pipelines and other structures is of strong 
interest in evaluating the integrity of components. Preparation of inspection 
procedures for such complex structures with simulation is of great importance to 
understand the ultrasonic wave behaviour and influencing factors, to optimize NDT 
configurations and to save time and cost. This contribution reports on the three-
dimensional simulation of elastic wave propagation using Finite Difference Time 
Domain (FDTD) method. The equations of motion and the stress strain relations 
completely define the elastic wave motion in the considered media. The numerical 
model has been successfully implemented and tested for numerous cases involving 
phased array and circular transducers in steel specimens in immersion and contact 
technique. Model defects such as flat-bottomed holes or side-drilled holes have been 
simulated. The work presented here also addresses the use of GPGPU (General 
Purpose computation on Graphical Processing Units) in taking advantage of massive 
data parallelism innate to the FDTD approach. The results show a strong 
improvement in the speed of computation in comparison to serial execution on CPU. 
We show representative results, also in comparison against simulated data obtained 
by a validated semi-analytical approach. 

1. Introduction 

Many industrial products like rails, pipes and pressure vessels are subjected to a wide 
variety of environmental conditions, mechanical and thermal loads and as a consequence 
are prone to damage during their life cycle. Periodic inspection of such components is 
essential to ascertain structural integrity and hence calls for reliable NonDestructive 
Evaluation techniques. The ability to inspect a material for flaws and to quantify the flaw 
with size, orientation and shape makes ultrasonic inspection one of the most promising 
NDE techniques. Ultrasonic testing also provides for real time inspection of components, 
highly automated operation and is non-hazardous in nature. Numerical models can 
potentially provide a cost-effective and practical way to optimize quantitative ultrasound-
based damage detection techniques for complex structures and anisotropic materials, since 
they will aid to investigate a number of damage scenarios that would be otherwise 
unconceivable experimentally. The motivation of the present research work is to provide 
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useful insights on elastic wave propagation through test cases simulated on complex 
components and anisotropic materials using numerical models. 

Numerical methods like Finite Element, Finite Difference, Boundary Element, 
Elastodynamic Finite Integration Techniques and others are used to model elastic waves in 
a given medium each with its own merits and demerits. The usage of Finite Difference 
Time Domain has gained prominence in the recent years for its robustness; the scheme 
models complex components and at the same time it is flexible and accurate. Moreover, the 
FDTD scheme is relatively simple to implement in computer codes and can model linear 
and non-linear materials with great ease. Despite its simplicity, it is not computationally 
efficient. Discretization according to the elastic wavelengths creates a need for fine grid 
sizes and realistic three-dimensional wave models are often limited by their computational 
demand. The problem of large simulation times is addressed using parallel computation 
described later in this paper.  

2. Problem Formulation 

The equations of motion, better described as Newton’s laws of motion and stress strain 
relationship together with the constitutive relationship completely define the elastic wave 
propagation in a linear elastic medium. Summarizing these governing equations we get, ∇. � + � = �̈  , � = なに 岫∇. ̈ + 岫∇. ̈岻�岻, � = �: �, 

where σ is the Cauchy stress tensor, ε is the infinitesimal strain tensor, ̈ is the 

displacement vector and C is the fourth order elastic stiffness tensor.                                                                           
 These equations of motion for an isotropic as well as for an anisotropic medium can 
be formulated in many ways: displacement-stress, displacement-velocity-stress, velocity-
stress and displacement. We consider the first order explicit velocity stress formulation of 
the governing equations and implement a heterogeneous Finite Difference Time Domain 
scheme [1] similar to the Yee's grid [2] in electromagnetics. The FDTD is directly 
formulated by finite differencing the elastodynamic equations [3] which leads to a recursive 
time-marching algorithm where the field solution at the current time step is deduced from 
the field values at the previous time step. The FDTD scheme when applied to 
elastodynamic equations leads to a staggered grid as shown in Fig. 1. Any homogenous 
uniform material whose properties vary with direction is anisotropic, and its elastic 
behavior with respect to appropriate elastic wavelengths can be described by effective 
elastic constants in one of a range of anisotropic symmetry systems. Elastic waves 
penetrating such anisotropic material display a number of characteristics and diagnostic 
effects, which are subtly different from those of wave propagation in isotropic solids. An 
example for this wave behavior is given in this paper with respect to carbon fiber reinforced 
plastics (CFRP). 

3. Boundary Conditions and Stability 

The conditions at the internal interfaces are satisfied implicitly [4]. The outer boundaries 
are modelled either as a free surface or as an unbounded domain. To model elastic waves in 
unbounded domains, a Perfectly Matched Layer (PML) concept, first introduced by 
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Berenger [5] and applied to elastodynamics by Chew and Liu [6] has been used. The 
technique consists of designing a thin absorbing layer called PML with a very high 
damping parameter thus achieving quasi-perfect absorption of waves. The free surface 
boundary condition is used to model defects like flat-bottomed holes, side-drilled holes and 
other surfaces. A Hanning-pulse of three cycles is given as input by exciting the z-
component of velocity to obtain response over a wide range of frequencies. For liquid 
media, the sound pressure is activated. The stability condition for the numerical scheme is 
determined by the Courant-Friedrich-Levy condition, which states that the physical wave 
speed of any wave excited in the model must not exceed the speed, information can travel 

within the numerical grid. The time step size �建 and spatial step size Δ� are related 
according to     �建 ≤  ���尿��√3  Δ�≤ �尿�韮怠待 . 

 

 
Fig.1 Staggered grid in 3-D. 

4. Parallel Computing and Graphical Processing Units 

The straightforward implementation of the FDTD scheme on CPU makes the computations 
very time consuming because of the serial implementation of the numerical scheme. To 
exploit the massive data parallelism innate to the explicit FDTD scheme, parallel 
computing has been used in this paper. Although methods like using MPI on 
multiprocessor CPU cores are known, it is not completely efficient due to necessary data 
transfers. General Purpose computing on Graphical Processing Units is a new way of 
exploitation of graphical card processors for parallel computation. The advent of NVIDIA’s 
Compute Unified Device Architecture (CUDA) [7] has made it convenient and affordable 
to exploit the parallel computing capabilities of GPU for scientific computations. The 
technology is adapted to boost numerous time-consuming applications in various fields 
such as bio-informatics, computational physics, data mining, artificial intelligence etc. The 
design of GPUs is originally made to accelerate complex real-time graphics which involves 
doing the same computation on large volumes of independent and different data. In order to 
meet the needs of real-time rendering, modern day GPUs are designed to have many cores 
that can operate on data in parallel. GPUs use SIMD (Single Instruction Multiple Data) 
type architectures which allows them to execute the same instruction in parallel over large 



4 

volumes of different data. As such, GPUs have a significant advantage to solve explicit 
time domain simulations in comparison to CPU. The results of a comparative study to 
illustrate this are graphically displayed in Fig. 2. An FDTD model using different grid 
dimensions of a simple cubical geometry has been implemented both in CPU and GPU and 
the results show a clear speedup in computation times when GPU is used. The CPU used is 
Intel Core i5-2400 clocked at 3.1 GHz, the GPU is NVIDIA’s Tesla M2050 with 448 cores 
clocked at 1.14 GHz. The simulation has been carried out for a time period of 10µs with 
minimal I/O operations. 

 

Fig.2 Comparative analysis of time taken for computation by CPU and GPU. 

  CUDA is a parallel computing platform and application programming interface 
developed by NVIDIA. The task to be performed is divided into kernels and host code 
which are executed on GPU and CPU, respectively. Kernels are computationally intense 
portions of code that run on GPU whereas the host code sets the environment necessary to 
launch the kernels on GPU. A kernel operates on a grid of threads, where each grid is 
divided into blocks in either one, two or three dimensions. Each block is further subdivided 
into threads in one, two or three dimensions. Within each kernel, a thread identifies itself at 
both thread and block level. The threads within each block are executed simultaneously on 
a single streaming multiprocessor. Threads within each block can synchronize with each 
other and can share data through shared memory of multiprocessor. There is no guarantee 
for the execution order of blocks within a grid. Each thread has access to global GPU 
memory which has high latency and is comparatively slower than shared memory accessed 
by all the threads within a block. In addition to the above mentioned types of memory, 
GPU memory also includes texture memory and local memory. In general, each GPU 
thread runs individually slower than on CPU, but together hundreds of threads have a much 
higher throughput. Due to the structure of the finite-difference grid and the computation 
procedure being simple, the adaptation of a FDTD model to a parallel computer is 
straightforward. In the present work, the GPU’s global memory has been used extensively 
and has been optimized for speedup through coalesced memory access. 

5. Test Cases - Simulated Using NVIDIA Tesla K40 Graphics Card 

5.1 Steel Specimen with Phased Array Transducer in Immersion Technique 

In this case, a linear phased array transducer with 16 elements (26 mm x 12 mm, frequency 
1 MHz) is used to simulate the elastic wave propagation in a steel medium of dimensions 
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70 x 70 x 40 mm3. The elastic wave is focussed at 17 mm from the transducer and 
propagated at perpendicular incidence, i.e. at zero angle of incidence. The results obtained 
using the FDTD scheme are compared with those obtained using a semi-analytical 
approach based on the superposition of numerically calculated transient elementary wave 
fields [8]; this is shown in Figs. 3 and 4.  

 
Fig.3 Cross sectional wave snapshots taken at 3 �嫌, 4 �嫌 and 5 �嫌, respectively, calculated using a semi-

analytical approach. 

 
 

Fig.4 Cross sectional snapshots of simulation taken at 3 �嫌, 4 �嫌 and 5 �嫌, respectively - FDTD simulation. 

5.2 Aluminium Specimen with Circular Transducer 

Here, the inspection of an aluminium domain using immersion technique (water path 15 
mm) is addressed, the total calculation domain being cubical (40 mm side length). A 
circular transducer of 1 MHz frequency and 6.3 mm diameter is used for excitation. The 
mesh gridding is performed taking into consideration the smallest and the largest velocities 
of the waves in the domain. A side-drilled hole of diameter 7 mm is placed in the middle of 
the aluminium domain. For comparison, a curved surface of radius of curvature 25 mm is 
introduced and both the models are presented at successive time steps in Fig. 5. 
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Fig.5 Cross-sectional wave snapshots taken at 12 �嫌, 13 �嫌, 14�嫌 and な5 �嫌, respectively, in planar (left) and 
curved surface (right). In the visualisation, the amplitudes in the aluminum domain are multiplied by a factor 

of eight. 

5.3 CFRP with Circular Transducer and Flat-Bottomed Hole 

In this case, we simulate the elastic wave propagation in a fibre-reinforced composite 
material with unidirectional carbon fibres (CFRP). We show the wave fields generated by a 
circular transducer of 14 mm diameter, 2.5 MHz frequency in a cubical domain of 75 mm 
side length. Also for comparison, a flat-bottomed hole of diameter 6 mm, length 18.75 mm 
is modelled, both are shown for successive time steps in Fig.6. Figure 7 shows the 
respective A-scans recorded by the transducer as operated in pulse-echo mode. The CFRP 
is modelled as a linearly elastic transversely isotropic material, with the axis of carbon 
fibres being perpendicular to the specimen’s surface. The density of CFRP material is 1556 �� �3⁄ and the elastic constants are given by C11 = 15.5 GPa, C33 = 181.0 GPa, C44 = 4.1 
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GPa, C66 = 3.4 GPa and C13 = 6.4 GPa. For this fibre orientation, the ultrasonic pulse 
results to be rather focussed. 

 

 

 
Fig.6 Cross-sectional wave snapshots taken at 6 �嫌, 7 �嫌, 8 �嫌 and 9 �嫌, respectively, in CFRP without (left) 

and with model defect (right). 

 
 

Fig.7 Simulated A-scans recorded by the transducer operated in pulse-echo mode. In presence of the defect, 
the initially strong backwall signal (left) is considerably reduced (right). 
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6. Conclusion 

The work presented has been successful in modelling elastic wave propagation in 3D using 
Finite Difference Time Domain method. The use of GPU in exploiting data parallelism and 
reducing the time for computation has been presented. Several case studies involving 
isotropic and anisotropic media as well as defects like flat-bottomed and side-drilled holes 
have been modelled. From this may stem a plethora of possibilities like characterization of 
materials with more complex anisotropic behaviour, analysis of ultrasonic wave 
propagation in anisotropic material with damages, initial stress and also polycrystalline 
medium. Also, the inspection of components with more complex geometries is an issue to 
be pursued. We will present respective results in due course. 
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