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Abstract. A polycrystalline material is composed of discrete grains, each having a 
regular, crystalline atomic structure. Each grain is anisotropic in nature and their 
crystallographic axes are randomly oriented. An elastic wave travelling through a 
polycrystalline material gets scattered at grain interfaces due to the difference in 
acoustic impedances between grains. This process leads to scattering of elastic wave 
energy which varies with frequency, variation in phase velocity, and skewing of finite 
beams propagating through the polycrystalline material. Material characterization, 
defect detection and sizing require a quantitative assessment of grain size and grain-
size distribution that governs the interaction of elastic waves with the microstructure. 
A two dimensional microstructural model was developed using Voronoi tessellation 
for representing the grains within a polycrystalline material such that grain size 
distribution, orientation and elastic properties are specified. An in-house ray tracing 
model for elastic wave propagation in homogeneous media was extended to trace rays 
through the model of polycrystalline material. A comparison is made with another in-
house developed finite element FEM based wave propagation assessment in a sample 
of identical microstructural geometry.  

Introduction  

Polycrystalline materials are composed of discrete grains, each having a regular, crystalline 
atomic structure. When a beam of ultrasound propagates through a polycrystalline media, it 
undergoes scattering at the grain interface due to anisotropy and random crystallographic 
orientation of the grains. This scattering leads to variation in phase velocity and skewing of 
ultrasonic beams. Loss in ultrasonic beam energy due to scattering can significantly affect 
the ability to perform material characterization and defect detection. Several model based 
approaches in ultrasonic NDT have been proposed to address this issue. Among this, ray 
based techniques have been widely used for understanding the propagation of waves 
especially for anisotropic and inhomogeneous materials. Waves here are composed of 
bundles of rays that, in homogenous materials, travels in straight lines until interrupted by 
surface discontinuities in material. Ogilvy [1] [2] proposed a ray-tracing method to predict 
wave propagation in weld. This methodology was  then extended to three dimensional 
model[3] and to beam simulation in array transducers[4]. Ray based assessment was found 
to be an attractive alternative as it provides a quick and intuitive assessment of arrival times 
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and coverage to aid our understanding of wave propagation in complex component 
geometries. Ray based simulation tools were developed earlier for inspection of complex 
geometries.[5]. Here, a two dimensional microstructural model was developed using Voronoi 
tessellations for representing the grains within a polycrystalline material such that, grain size 
distribution, grain orientation, grain elastic properties are specified. An in-house ray tracing 
model was developed to perform elastic wave propagation through these grains. A 
comparison has been made with another in-house developed FEM based wave propagation 
in a sample of identical microstructural features. 

Methodology 

Microstructure Generation  

A controlled Voronoi tessellation procedure is used to represent polycrystalline 
microstructure. This procedure allows us to perform systematic study on various grains 
(cells) size distributions. The method of generating nucleation points for constructing 
tessellations described by Zhu.et.al [6] is followed. Briefly, to construct a random Voronoi 
tessellation with n cells in the area Ao, the maximum diameter δ of the ‘hard discs’ (the 
minimum distance between any two nuclei) should be less than do; otherwise, it will be 
impossible to obtain n cells. A parameter that may be used to quantify the regularity of a 2D 
Voronoi tessellation is given as: 
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Figure 1. Voronoi cells with different size distribution (i) alpha=0 (ii) alpha=0.7 and 
their corresponding probability density function 



3 

From Figure 1, it can be seen that randomly generated Voronoi cells(case α=0) exhibits log-
normal grain size distribution as observed in real polycrystalline materials [7]. Normal grain 
size distribution as exhibited by α = 0.7 can represent a well annealed structure.  

Modelling Orientational Disorder 

In a polycrystalline material, individual grains would have their crystallographic axes 
oriented ‘randomly’ w.r.t any reference co-ordinate system. The elastic constant matrix for 
each cell would then be represented by [8] 

 

   ]][][[][ McMc                   (iii) 

where [c] is the stiffness matrix defined w.r.t the principle axes of crystallite,[M] is the 
Bond stress transformation matrix that takes into account the Euler angle by which an 
individual cell is oriented w.r.t the reference axes. 

 

 TABLE 1. Material Properties   

Material Density[kg/m3] C11[N/m2] C12[N/m2] C44[N/m2] 

Copper 8930 16.8e10 12.1e10 7.5e10 

     
 

Modelling aspects of Ray Tracing 

Ray tracing simulation program in anisotropic medium is written in MATLAB™. A 
rectangular 2D domain of size 12.5x30 mm2 having 300 cells with α=0 and α=0.7 is defined. 
Transmitting and receiving probes are considered to be at top and bottom surface of the 
domain respectively. 

The ray tracing model is based on the following rules. 
 

1. Mode conversion is neglected 
2. Multiple reflections are neglected. 
3. Rays that hit the side walls are terminated. 
4. Rays that graze or hit vertices of the cell are terminated 

 
 
Solution to elastic wave equation and generation of slowness surface 
 
Each generated cell was assigned with a random crystallographic orientation [0, 2π] w.r.t 
reference coordinate system. Material properties are chosen from Table.1.For a general 
elastic anisotropic medium, in the absence of body forces, the wave equation is written in 
the form, 
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where u is the wave particle displacement,   is the density and the Cijkl are the elastic 
constants for corresponding incident angles. On solving for the corresponding eigenvalue 
equation three solutions of the velocity (One longitudinal wave velocity and two shear wave 
velocities) are obtained for particular wave propagation direction k.[8] 
 
Inverse of the phase velocities vp calculated for all directions k [0, 2π], gives the slowness 
curve for a particular cell (Figure 2). Hence, generation of slowness curve is done for all 300 
cells in the domain and stored as data for further use in computation.  
 

 
Ray propagation and interaction at interface (cell boundary) 
 
Multiple equispaced rays are launched from seed points at top surface of the domain between 
incidence angles of [θmin, θmax] (Figure 4(a)). Large fraction of rays launched beyond this 
range is likely to hit the side boundaries and gets terminated. Flow chart showing the 
sequence of operation implemented for ray tracing is shown in Figure 3. Following 
generalized procedure was adopted for simulating ray propagation for one ray 

 
1. Ray launched from top surface of the domain at any angle between the range 

[θmin,θmax], will travel straight until encountered by an interface (cell boundary). 
2. As the coordinates of the cell is already know, the point of intersection of the ray with 

the cell boundary is calculated by solving the current ray (line) equation with those of 
cell’s boundaries (lines), constrained with the fact that intersection point will lie 
between the two consecutive coordinates of that cell. 

3. Incidence angle of the ray at cell boundary will be the complementary of the difference 
in the angle of ray and that of intersecting cell boundary. At the interface it is stated 
that (assuming solid-solid welded interface[9]) the component of the velocity parallel 
to the interface will remain unchanged, and change will only occur in the perpendicular 
component. 

4. Thereby, according to the slowness surface for the next cell, a value of velocity is 
selected for which the parallel component matches to that of current cell. 

5. Hence by invoking the Snell’s law, refracted angle of the ray is obtained. Now again 
ray is bound to travel straight till it further encounters an interface. 

6. If the refracted angle is greater than critical angle, the ray will graze and will encounter 
a grain vertex. This ray will be terminated and no further propagating computation is 
performed. 

Figure 2. (a) Single grain slowness surface for longitudinal wave. (b) Two grains rotated slowness surface for 
longitudinal wave. (c) Ray propagation with corresponding phase velocities 

for Copper (Cu) 
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7. Ray is terminated if it hits the side boundary of the domain. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Modelling amplitude of received pulse and time of arrival 
 

1. Travel time in a grain is governed by the cell size, the ray angle and the velocity 
obtained from slowness surface corresponding to that ray angle. 

2.  The time of arrival of the ray at the detector placed at the bottom surface of the domain, 
is given by the sum of travel time through each cell. 

3. The amplitude of a ray that reaches the detector is given by the product of transmission 
coefficient at each interface encountered by that ray with the normal component of the 
exit angle.  

4. At detector, the received pulse is obtained as a convolution with arrival times of the 
individual rays and associated amplitudes. The resultant is normalized to the number 
of rays launched. 

 
Rays are launched from 300 equispaced seed points at top surface of the domain. 
Orientational averaging was performed in order achieve convergence on trials required to 
adequately represent wave interaction with the polycrystals for a very large number of cells 
[10]. It was found that 50 orientation trials was required for representing 300 cell case. 
Snapshot of the ray traced through different cell size distribution are shown in Figure 
4(b).Received time domain signal was plotted for ray tracing and FE model for α=0 and 

 

 
Figure 3. Flowchart showing the sequence of operation implemented for ray tracing procedure 
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α=0.7 with identical geometry and microstructural features are shown in Figure 5. In the 
present implementation, rays do not undergo multiple reflections neither within the cells nor 
across the cells. The arrival time of the pulse within the present implemented scheme, thus 
depicts the first arrival signal governed by the longitudinal wave contributions only. It can 
be seen distinctly ahead of the pulse obtained by the full wave based FE simulation in Figure 
5, which accounts for multiple reflections. The received pulse will not have any grain noise 
(tail), given the assumption that reflections are not considered. Had they been considered, 
rays would have undergone reflections and had taken long time to reach the detector thus 
giving rise to the tail/grain noise. 

 
For the 300 cell case, time taken for ray tracing model in computation on 96GB RAM 
workstation to deal with 6000 launched rays is 8.5 hours for 50 orientation averaging. For a 
single orientational run, CPU time shows linear relationship with increasing number of 
received rays. CPU time will increase exponentially if we consider all modes (longitudinal 
and shear) conversions and multiple reflections in the computation. In total, nearly 6000 rays 
were launched from the top surface and near about 1000 rays are received at the bottom 
surface, around 5000 rays are terminated at the side boundaries or at the vertices of the cells.  
There is no much difference in number of received rays w.r.t α=0 and α=0.7 cases. 

 

 

(a) (b) 

Figure 4. (a) Range of incidence ray angles shown for a given seed point. Terminated rays are shown in 
red. Rays reaching the receiving probe placed at the bottom are in green. (b) Snapshot of ray traced 
through the cells with different cell size distribution. 
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Summary 
 
A two dimensional ray tracing model was developed for performing wave propagation 
studies in polycrystalline media. The difference in the time of arrival of the ray tracing to that 
of FE model can be attributed to the fact that reflected rays were omitted. Future work 
involves extending the ray propagation to include mode conversion and multiple reflections. 
Computation can be discretised in controlled manner w.r.t desired modes (longitudinal and 
shear), number of desired reflections (first reflection or multiple reflections) not forgetting 
the fact that the process can be parallelized. 
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Figure 5. Comparison of received time domain signal for ray tracing and FE model for (a) 301 cells, α=0 (b) 300 cells, α=0.7 


