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Abstract. Fluctuating operating load and speed conditions are found in many 
industrial applications and the standard condition monitoring techniques for 
stationary systems are often inadequate for accurately detecting and diagnosing 
faults under such conditions.  Discrepancy analysis has been proposed to deal with 
such issues. 
 The idea of discrepancy analysis is based on the similar concept of residual 
analysis where all healthy vibration components, such as meshing frequency and its 
harmonics, are removed from the signal, leaving only the damage related vibration 
components. However the discrepancy signal does not physically remove the 
vibration components. Instead, by statistically comparing a novel signal to a 
reference model, the discrepancy signal is formed by its likelihood with respect to 
the reference model. Since the reference model is solely based on a healthy system, 
any discrepancy is assumed to be purely as a result of the presence of a fault. By 
allowing the empirical model to take the non-stationary operating conditions into 
account, the effects of fluctuating load and speed can be removed as well. Thus the 
discrepancy signal significantly reduces the complexity of fault detection and 
enables the type and severity of the fault to be determined using standard signal 
processing techniques. 
 To classify the operating conditions and detect the presence of a fault it is 
necessary to create statistical and classification models. These models are trained on 
data measured on the healthy systems over the full range of expected operating 
conditions. A novel signal can then be piecewise evaluated against the reference 
models in order to detect instantaneous deviations. These deviations are indicative of 
gear faults. 
 This work offers a new method for detecting, diagnosing and determining the 
severity of faults in gearboxes under non-stationary operating conditions that are 
independent of historical fault data and not reliant on measures of either operating 
speed or load. 

1. Introduction 

Diagnosis of rotating machinery operating under non-stationary conditions is currently 
receiving great attention. This is caused by a need for solutions in condition based maintenance 
(CBM) that can deal with fluctuating operating conditions. Up until now the majority of 
research in CBM was focused on stationary systems that lead to methodologies which are 
inadequate to handle the effects of fluctuating machine loads and speeds. 
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This paper proposes a new fault detection methodology for rotating machinery that 
operate under non-stationary conditions, using a single transducer.  The methodology is 
built on the premise that it is more efficient to detect faults when the instantaneous 
operating conditions are known. Therefore a two stage smart feature extraction process is 
implemented. Firstly features that are sensitive to instantaneous operating conditions are 
extracted to classify the sequence of operating conditions. These features are robust to the 
presence of a fault. Secondly features that are sensitive to faults are extracted to detect the 
presence of a fault.  These features are robust to fluctuating operating conditions. 

The instantaneous operating features are interpreted by a hidden Markov model 
(HMM) from which the sequence of instantaneous operating conditions can be determined. A 
Gaussian mixture model (GMM) is assigned to each of the identified operating conditions 
and instantaneous fault features are sent to one of the GMM with respect to their identified 
operating condition. This allows the instantaneous fault features to be evaluated with 
respect to their instantaneous operating condition, which normalises the fault features so 
that results are more consistent. 

These models are trained purely on healthy data, therefore the negative log-likelihood 
(NLL) values of a novel signal is used to generate a discrepancy signal. The discrepancy 
signal is mostly free of the signal patterns that correspond to a healthy signal and fluctuating 
operating conditions due to the smart feature extraction process. Using simple signal 
processing techniques on the discrepancy signal, such as time synchronous averaging (TSA) 
which calculates the average signal over a single revolution, gear faults can be detected. 
The methodology is demonstrated here on a simple single stage spur gear lumped mass 
model. 

 
2. Methodology 

 
The diagnostic methodology proposed here combines smart feature extraction, discrepancy 
signal generation, statistical models and basic fault detection methods. The methodology 
requires a vibration signal from a single transducer.  The four primary steps are as follows: 

The instantaneous operating conditions are identified using multivariate series of 
smart instantaneous operating features and a HMM. The first stage of this step is to apply a 
basic windowing scheme based on the estimated shaft speed and individual gear tooth 
interval. The signal is then transformed using the STFT and the operating condition features 
are extracted from the coefficients within the frequency range of the minimum and 
maximum gear meshing frequencies. The dimensions of the operating condition features 
are reduced using principal component analysis (PCA).  The reduced features are sent to a 
HMM. The sequence of the hidden states is assumed to be representative of the 
chronological pattern of operating conditions. 

The shaft displacement is calculated in order to resample the signal. The 
instantaneous frequency (IF) is estimated by means of a maxima tracking algorithm 
implemented on the STFT. The Vold-Kalman filter (VKF) is applied to the signal using the 
IF as the time varying centre frequency of the filter. The shaft angle is calculated by phase 
unwrapping the Hilbert transform of the filtered signal. 

The discrepancy signal, in the angular domain, is generated using the resampled 
signal, multivariate series of smart fault sensitive features and a set of GMMs. The 
windowing scheme applied to the signal is revised based on the calculated shaft 
displacement and individual gear tooth interval. Instantaneous fault sensitive features are 
extracted from the wavelet packet transform (WPT) of the signal. Fault features are 
generated from the coefficients at frequencies where fault impulses are known to be 
amplified. The multivariate series of fault features are then interpreted by their respective 
GMM, allowing them to be evaluated with respect to their instantaneous operating 
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condition. The discrepancy signal, in the angular domain, is generated by the series of NLL 
values of each fault feature. Identify and locate faults by analysing the discrepancy signal. 
TSA is applied to the discrepancy signal. The text should include references to all figures 
and tables. 
 
2.1 Classify instantaneous operating conditions using condition sensitive features 
 
The first step to classify the operating conditions is to divide the original time domain 
vibration signal into time running, rectangular windows. This is so that a sufficient number 
of sequential features can be extracted to accurately capture the sequence of operating 
conditions. The windowing scheme implemented is identical to that proposed by Heyns et 
al. [1] where the time window is the time period of a single gear tooth pass at the estimated 
average. shaft speed. Therefore the windowing scheme is implemented using the number of 
teeth on the gear and the average shaft speed. The windowing scheme is a rough estimation 
because its accuracy is not to critical to overall accuracy of the methodology. 

The aim of smart instantaneous operating condition features is that they are 
sensitive to changes in load and speed, but robust to the presence of faults. Therefore, the 
instantaneous operating condition specific features need quantify the presence of the 
vibration patterns of the respective operating cases. From the literature review it is clear 
that the STFT captures the time varying meshing frequency perfectly. Therefore the STFT 
coefficients within the frequency range of the meshing frequencies can be extracted as the 
instantaneous operating features, because they capture the meshing frequency location and 
magnitude. This does generally result in a high dimensional feature containing a lot 
unnecessary information. The feature can be reduced by transforming the feature using 
PCA and extracting only the transformed dimension with the most variability. Also the 
meshing frequency is relatively low compared to the high frequency region where fault 
impulses occur. Therefore the smart instantaneous operating features are fairly robust to the 
presence of faults. However these features are not robust to advanced stages of cracks and 
wear, which contain noticeable fault impulses in the time domain. 

The proposed methodology implements a HMM to determine the instantaneous 
operating condition of the system. A continuous HMM is composed of a set of N distinct 
hidden states and M observation statistical densities. Each of the hidden states is 
representative of an operating state, which is a combination of a specific load and speed. A 
HMM is defined by a state transition probability distribution, an observation probability 
distribution and an initial state probability. The state transition probability distribution 
indicates the probability of the gearbox transitioning from one operating state to another. 
Rabiner [2] gives a comprehensive tutorial on the training, testing and decoding of HMMs. 
The model is trained using the Baum-Welch method (otherwise known as the expectation-
modification). It is tested using the forward backward procedure and decoded, to estimate 
the hidden states, using the Viterbi algorithm. 

The HMM is trained on features extracted from a purely healthy system and due to 
its unsupervised learning nature, it is able to identify the N distinct operating conditions. 
When instantaneous operating features are extracted from a novel signal and sent to the 
HMM, the sequence of instantaneous operating conditions can be classified by decoding 
the sequence of hidden states for the corresponding sequence of operating condition 
features. 

 
2.2 Estimate the shaft displacement 

 
The step of tracking the angular displacement of the shaft is to determine the IF of the gear 
meshing frequency. Since the proposed methodology uses a single accelerometer, it is 
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necessary to calculate the shaft displacement from the vibration signal because it is not 
measured by an additional transducer (i.e. tachometer). This is accomplished by applying 
the maxima tracking algorithm proposed by Urbanek et al. [3] on the STFT of the time 
domain vibration signal. 

The maxima tracking algorithm is guided by the location of the previous maxima as 
well as the sequence of the operating conditions identified in Step 1 (if it is possible to 
estimate the meshing frequencies of each of the hidden states). 

The next step is based on the approach by Zhao et al. [4] which applies a Vold-
Kalman filter (VKF) as the band pass filter. The IF is used as the dynamic center frequency 
of the filer, while half the distance between meshing harmonics is used as time-varying 
bandwidth. The shaft angle is then calculated by applying the Hilbert transform to the 
filtered signal and phase unwrapping the transformed signal. 

With a significantly more accurate estimation of the instantaneous position of the 
shaft, the signal can be re-windowed using the identical method used in Step 1. Each 
window accurately corresponds with a gear tooth. It is important to revise the windows 
previously implemented because, unlike the operating conditions, the accuracy of the 
windowing scheme has a significant effect on the accuracy of the proposed methodology to 
diagnose faults. 

 
2.3 Estimate the shaft displacement 

 
Smart instantaneous fault features are features that are sensitive to the presence of a variety 
of faults and robust to fluctuations in load and speed. Similarly to the smart operating 
conditions features, the time-scale domain is used because of its ability to represent systems 
operating under non-stationary conditions. There are many forms of time-scale transforms, 
however it was decided to go with the wavelet transform (WT) because of its ability to 
effectively detect impulses (discontinuities). Impulses are a known vibration pattern of gear 
faults, therefore the WT is generally sensitive to faults. Also the WT can analyse the full 
range of available frequencies (not limited by window size as seen in the STFT). Yan et al. 
[5] completed a comprehensive review on the different types of WT and their respective 
applications with advantages and disadvantages. From this review it was decided to employ 
the WPT because of its simplicity to implement as well as its ability to decompose the 
signal into sufficiently small frequency bands. When implementing the WPT it is necessary 
to choose a mother wavelet (wavelet family). There are many options and a significant 
amount of research could be performed to determine the optimum one. However, for the 
sake of simplicity, the Daubechies 4 (db4) wavelet was chosen because it is the most 
commonly implemented and successful mother wavelet in the literature. 

The next step in choosing smart instantaneous fault features is the decision of which 
frequency bands are the most suitable for detecting fault impulses in the signal and are not 
affected by fluctuating operating conditions. There are many approaches to this question in 
the literature. Firstly some authors propose that the entire spectrum of coefficients are used 
to form the feature vector, while other authors analyse the damaged signal with respect to 
the healthy signal and determine the frequency bands most affected by the presence of the 
fault [6]. However Purushotham et al. [7] propose the use of the bearing block (natural) 
frequency to guide the choice frequency band coefficients.  This approach is based on the 
premise that fault impulses are magnified at the gearbox’s natural frequencies.  It is 
unnecessary to determine the exact resonance frequencies but only an estimate is required 
because the WPT operates with frequency bands and not exact values. These natural 
frequencies are generally much higher than the meshing frequencies of the gearbox and 
therefore the fault features extracted from them are more robust to fluctuating operating 
conditions. 
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The next step is to extract features from the wavelet coefficients in each frequency 
band and in each window. Since the aim is to detect a fault impulse, the most appropriate 
measure is the root mean squared (RMS) value of the set of coefficients. The RMS is 
known to be the measure of the energy contained in the signal, thus it has the ability to 
quantify the presence of a fault impulse detected by the WPT. 

A GMM is assigned to each of the identified operating conditions (hidden states) 
and is trained by instantaneous fault features that are extracted during the respective 
operating condition period. The set of GMMs are trained using solely features extracted 
from a healthy gearbox, thus they are representative of the healthy or base case. When 
smart instantaneous fault features are extracted from novel signals, they are sent to the 
GMM that corresponds with their respective operating conditions identified in Stage 1. It is 
the set of GMMs that generate the discrepancy signal of the novel signal. The discrepancy 
signal is equal to the NLL values calculated by the GMMs that correspond to each of the 
extracted instantaneous fault features. 

The NLL values of the series of fault features forms the discrepancy signal, in the 
angular domain, where the effects of the fluctuating load and speed as well as the 
components of the healthy signal have been removed and only novel components remain. It 
is assumed that any novel component is fault related, thus the methodology is able to detect 
and diagnose faults based on the location and periodicity of the discrepancy. Finally by 
monitoring the magnitude of discrepancies, the severity of faults can be quantified and 
RUL can be estimated. 

 
2.4 Discrepancy signal analysis 

 
The result of the previous steps is a discrepancy signal generated from the NLL values, 
which is quite simple relative to the original time domain signal. Ideally the discrepancy 
signal should be near zero when healthy teeth are meshed and have large values when 
damaged teeth are meshed.  By analysing the discrepancy signal it is possible to clearly 
detect the presence of any fault by noticing any discrepancy from the baseline of the 
healthy signal. However it is not always possible to easily diagnose and quantify the 
severity of the fault by only analysing the discrepancy signal. The TSA method is a well-
known approach for analysing signals with periodic components. Since the discrepancy 
signal is ideally composed of periodic discrepancies, the same gear tooth causes the same 
discrepancy every revolution, the TSA method is perfectly suited for identifying 
discrepancies that are periodic and consistent. The TSA method can be implemented, since 
the angular displacement of the shaft has already been calculated. The TSA method 
calculates the average discrepancy value of each gear teeth and the discrepancy signal is 
displayed for a single revolution, thus removing any discrepancy which does not 
consistently occur in each shaft revolution. It is an effective means of removing noise and 
outliers. From the TSA signal gear faults can be easily detected and diagnosed since the 
average discrepancy signal for each tooth can be seen. 

There are many other approaches to analyse the discrepancy signal, such as spectra 
and cepstra analysis, however for the sake of simplicity only the TSA method will be used 
in this paper. 

 
3. Single stage spur gear lumped mass model 

 
To demonstrate the methodology a simple simulated single stage spur gear lumped mass model 
is considered here. This model was proposed by Chaari et al. [8] as was selected because of its 
ability to accurately simulate the effect of large fluctuations in load and speed on the gearbox.  It 
is able to do so since the model takes into account the influence of varying loads on the gear 
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mesh stiffness. 
The model comprises a synchronous induction motor, followed by a pinion, a gear and a 

machine load. The model has 8 degrees of freedom (DOFs): The pinion 12 and gear 21 each 
have two translational and one rotational DOFs, while the motor 11 and machine 22 have one 
rotational DOF each. It is assumed that the pinion and gear and their teeth are rigid, thus no 
tooth deflection occurs during meshing.  The shafts between the motor and pinion as well as the 
gear and machine each have a torsional stiffness of K . The rolling element bearings supporting 

the pinion and gears both have stiffness in the x  and y directions ( yx KK , ). The meshing of 

the pinion and gear is modelled as a time varying stiffness )(tKg  and is a function of the pinion 

position 12 and the displacement of the line of action )(t . 
 

212112122121 cos)(sin)()( bbyyxxt     

 
The load on the system is controlled by the machine LT , while the rotational speed of the gears 
are also dictated by the machine load, because of the torque required from the synchronous 
induction motor MT varies with speed (see fig. 1.). The motor has an inversely proportional 
relationship between load and speed, thus when the machine load increases the shaft speed 
decreases and vice versa. 

 
 
 
 
 
 
 
 

Fig. 1. Motor speed-torque characteristics 
 

The time varying gear mesh stiffness is defined by a maximum stiffness mingK when two teeth 

pairs are in contact and a minimum stiffness maxgK when only one single pair of teeth are in 

contact. The time period of a single set of teeth in contact and a pair is defined by the contact 
ratio of the gears c  and the mesh period gT  which is determined by 
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where 1rn  and 1Z  is the rotational speed and number of teeth of the pinion respectively. A gear 
fault is modelled as a reduction of the meshing stiffness of a single tooth. 

 
 
 
 
 
 

 
 

 
Fig. 2. Time varying gear mesh stiffness for a healthy and damaged gear 
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The equation of motion is controlled by the time varying machine load and gear mesh stiffness 
and was developed by using a Lagrangian formulation: 
 
 TqtKqCqM  )(   

 
with };;;;;;;{ 222122121111  yxyxq   the vector containing the 8 DOFs of the system and 

};0;0;0;0;;0;0{ LM TTT   and CKM  and, the mass, damping and stiffness matrices.  For more 
detail see Chaari et al. [8]. The motor, pinion and gear characteristics depicted in Table 1.  
 

Tab. 1. Motor, pinion and gear characteristics 
 

 Motor 
Electrical characteristics 4 pole, 50Hz, 3 phase, 415V 
Synchronous speed Ns [rpm] 1500 
Full load torque Tf [Nm] 10 
Ratio breakdown Tb/Tf 3.2 
Slip sb 0.315 
Motor constant a 1.7111 
Motor constant b 1.316 
 Pinion Gear 
Teeth numbers Z 20 40 
Mass m [kg] 0.6 1.5 
Mass moment of inertia [kgm2] 2.7x10-4 0.0027 
Diameter d [mm] 60 120 
Pressure angle  [deg] 20 
Contact ratio c  1.6 
Bearing stiffness [N/m] 8

2211 10 yxyx kkkk  

Torsional stiffness [N rd/m] 5
21 10  kk  

Max and min gear mesh stiffness 
[N/m] 

8
max

8
min 1.2;8.0 eKeK gg   

 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3. Machine load and motor speed as well as time varying gear mesh stiffness for a healthy and 
damaged gear 

 
4. Results and discussion 
 
Since spectral analysis is so commonly used in fault detection, it is used here as a baseline for 
comparison.  The fluctuating speed and load result in frequency and amplitude modulation 
which limits the efficiency of the spectral analysis.  The model experiences drastic speed 
fluctuations as the speed varies between 1200 and 1450 r/min over a time period of 10s which to 
lead to significant spectral smearing. Hence only the gear meshing frequency at the maximum 
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speed of 436 Hz and its harmonics are clearly visible. There is no significant difference between 
the spectra of the healthy and the damaged gears because the spectra are dominated by the 
meshing frequency peaks. There is no increase in amplitude of the sidebands around the 
meshing frequencies which are early indicators of wear. The most visible effect of damage is the 
increase of the amplitude of the high harmonics. 
 

 
 

Fig. 4. Spectra of vibration signal for healthy and damaged gear 
 
Studies were also conducted using the spectrogram, continuous wavelet transform and the 
wavelet package transform. In all cases it is difficult to effectively detect the gear damage. 
 
5. Operating condition features and classification 
 
As was previously alluded to, a two stage procedure is followed. The first stage comprises the 
identification of the instantaneous operating condition of each measurement, and as was 
discussed before, the smart features for identifying the instantaneous operating conditions must 
be sensitive to load and speed and robust to the presence of a fault.  Based on the investigations 
discussed above, the STFT was seen as the best transform to capture the operating conditions.  
The coefficient between 200 Hz and 1000 Hz (31 in total) form the operating condition feature 
for the HMM.  Using 3 hidden states it was shown however that that the model and features 
were unable to detect the differences between the first two primary operating conditions.  PCA 
was therefore used to identify the components with the most variance and reduce the 
dimensionality of the features. This strategy made it possible to identify the three distinct 
primary operating conditions with sufficient confidence, as can be seen in fig. 5. 
 
 
 
 
 
 
 

Fig. 5. Spectra of vibration signal for healthy and damaged gear 
 
It was also concluded that a HMM trained on the first principal component of the extracted 
features and comprised of 8 hidden states presents the optimum solution for classifying the 
instantaneous operating conditions. 

 
6. Feature selection for fault detection 
 
A variety of different fault features were investigated, progressing from time domain metrics, 
STFT coefficients, CWT and WPT coefficients. Results are presented below for CWT. The 
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discrepancy signal is an improvement on the signals generated by the time and the frequency 
domain features because it is less affected by the operating conditions. 
 
 
 
 
 
 
 
 
 

Fig. 5. Spectra of vibration signal for healthy and damaged gear 
 
One of the primary aims of the proposed algorithm is that it must be able to quantify the severity 
of the detected fault, to track the progression of the fault to failure. This is possible as is shown 
in fig. 6 which shows a waterfall plot of the logarithm of the discrepancy signal, over a range of 
increasing fault severity. 
 
 
 
 
 
 
 

Fig. 7. Waterfall plot of discrepancy signal for different fault severity levels 
 
7. Conclusions 
 
A novel fault detection and diagnosis methodology for rotating machinery that operate under 
non-stationary conditions is proposed.  The methodology produces a discrepancy signal that is 
conditionally independent of the operating conditions. This is accomplished by identifying the 
instantaneous operating conditions using operating condition sensitive features and a HMM.  
The discrepancy signal is then generated from a set of GMMs, one for each of the respective 
identified conditions.  A number of fault sensitive features for the GMMS are investigated. The 
RMS values of the WPT coefficients at the natural frequencies of the system proves to be the 
most successful at detecting faults.  The methodology is illustrated using a simple lumped mass 
model of a single stage gearbox. 
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