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Abstract. Proper spatial sampling is required for imaging to avoid artefacts in the 
image. To meet the spatial sampling condition a small pitch is element required in a 
phased array, which is technically challenging particularly at high frequencies. 
Probes with a large aperture provide a large field of view, which allows for more 
efficient inspection. This leads to a significant increase in the number of element to 
obey the sampling criterion. We have developed a method that reconstructs sparsely 
sampled data without assuming anything about the medium. The reconstruction 
method involves an iterative scheme using wave field extrapolation.  After the 
reconstruction an aliasing free dataset is obtained which can be imaged properly. 
Aliased and non-aliased datasets were modelled based on point diffractors and 
reflectors with an increasing width. The datasets were imaged using a mapping in 
the wavenumber-frequency domain.  Up to a factor four of under-sampling can be 
tolerated, providing the same image quality as a properly sampled dataset. This is 
demonstrated on modelled and experimental datasets.  

Introduction  

Phased arrays have become very common and real-time imaging can be done with 
affordable hardware. The resolution that can be achieved depends on the frequency and the 
aperture of an array. In order to avoid unacceptable imaging artefacts, the element pitch in 
an array has to obey the spatial sampling criterion. Larger arrays are also more efficient, 
because they can inspect larger volumes at the same time.  
The number of elements/channels strongly determines the cost of the ultrasound hardware: 
a lower number of channels translates to cheaper hardware.   
In this paper we present a wave field based interpolation approach that can deal with a 
certain amount of under- sampling.  This means that less elements in an array are required, 
using a coarser sampling without significant artefacts appearing in the image. Moreover the 
method can be used to interpolate dead element. To illustrate how powerful this 
interpolation scheme works five point diffractors are modelled. A plane wave is transmitted 
from the phase array and the diffraction response is recorded. The data is imaged using a 
mapping algorithm in the wavenumber-frequency domain [1,2]. 
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(a) 

(b) 

(c) 
Fig. 1 Illustration of imaging beyond aliasing scheme, a) image using data without spatial aliasing, b) image 

using data with four times under-sampling, c) reconstructed image using interpolation scheme. The 
reconstructed image uses input data that is four times under-sampled. 

1. Sampling requirements 

With phased arrays a wave field both in space and time is recorded. Similarly to sampling a 
time signal with more than twice the maximum frequency, the wave field must be sampled 
spatially with more than twice the minimum wave length. It depends on the type of data 
that we record how fine sampling is required. When one element in an array transmits and 
all elements receive, the sampling requirement equals half the minimum wavelength as 
recorded by the array.  
When a pulse-echo dataset is recorded with a phase array, the diffraction hyperbola of any 
diffractor is twice as steep, meaning that the sampling has to be twice as fine. 
 
2. Interpolation scheme 
 
The approach to imaging beyond aliasing consists of two steps, first interpolate the input 
data to an appropriate sampling grid and then apply the normal imaging scheme. Next to 
the fact that it is assumed that the data represents acoustic waves, no other assumptions are 
made on the data. The scheme uses a forward and inverse wave field extrapolation step. 
Physically this means that the location of the recording array is shifted.  If the recording 
array coincides with the depth of the diffractor it focuses perfectly. The wave field 
extrapolation is performed by multiplying with a complex exponential in the wavenumber 
frequency domain: 
 

,          ( 1) 

 
Where  is the vertical wavenumber and ∆z is the extrapolation distance. For this 
interpolation scheme it is essential that the data is focused. If the input data would consists 
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of a number of plane waves instead of diffraction hyperbola, then another transform should 
be used such that the plane waves are mapped into points. The Radon transform could be 
used for this, as long as the forward transform also has an inverse.  
The interpolation scheme consists of the following steps: 

A. Place empty traces at locations where interpolated signals are required. 
B. Perform inverse wave field extrapolation to focus the waves. 
C. Compute the envelope of the signals using the Hilbert transform 
D. Apply an amplitude threshold. 
E. Remove signal information below the threshold. 
F. Perform forward wave field extrapolation. 
G. Replace the empty traces with the reconstructed traces. 
H. Repeat steps A – G using a progressively lower threshold (step D) until the 

reconstructed traces are of sufficient quality. 
 

The approach is illustrated using a numerical example based on the response of a single 
point diffractor. A plane wave is transmitted and scattered by a point diffractor. In case of 
proper sampling the recorded field in the space-time and wavenumber-frequency domain is 
shown in Fig. 2a. In the wavenumber-frequency domain the propagating waves are 
contained in a cone. If the sampling is reduced by a factor of two, the data is spatially 
aliased (see Fig. 2b). The aliased data is the input for the interpolation scheme. 
In step A of the reconstruction algorithm traces containing zeros are placed between the 
traces containing signal. The amount of traces depends on the amount of undersampling. In 
the example only a single zero trace is inserted between each pair of signal traces see (see 
Fig. 2c). The wrapped part of the wavenumber spectrum is now at its correct location. 
However, the spectrum contains energy at unwanted locations. This is considered to be 
noise. 
 

a) b) 

 
c) d) 
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Fig. 2 Response of single point scatterer during various stages of the reconstruction process. a) Left image: 
space-time plot of a properly sampled dataset. Right image: corresponding wavenumber-frequency plot. b) 
Left image: space-time plot of a 2 times undersampled dataset. Right image: corresponding wavenumber-

frequency plot. c) Left image: space-time plot after insertion of traces containing zeros (step A). Right image: 
corresponding wavenumber-frequency plot. d) Left image: space – time plot after inverse wavefield 

extrapolation (step B). The color scale was zoomed 10 times with respect to the space – time plots in Figs. 
1a,b,c and e. Right image: corresponding wavenumber-frequency plot. e) Left image: space-time plot after 
thresholding, forward wavefield extrapolation and insertion of obtained new traces in the original dataset 

(steps C – G). Right image: corresponding wavenumber-frequency plot. 

Now step B is performed, which involves inverse wave field extrapolation. In this case the 
extrapolation distance is set to be equal to the axial distance between array and diffractor. 
This optimally focuses the point diffractor response (see Fig. 2d). The evanescent part of 
the extrapolation operator already removed half of the noise as can be seen in the 
wavenumber-frequency domain (outside the propagating wave cone). The remaining part of 
the noise maps left and right of the point diffractor response in the time domain. Most of 
the noise can be removed by applying a threshold in the time – domain with respect to the 
peak amplitude (steps C – E). Alternatively, the noise may be windowed out, but in that 
case assumptions are made with respect to the shape of the to-be-imaged object. Next, the 
signal is wavefield extrapolated in the forward direction (step F) over the same distance as 
used in the inverse extrapolation. In step G the reconstructed traces are placed at the 
locations of the zero traces (see Fig. 2e). The original signal traces are not affected. The 
aforementioned steps are repeated using an iteratively lower threshold (step H). The final 
threshold value is below the noise level of the data, thus ensuring that no signal is removed.  
 
3. Simulation cases 
 
The interpolation scheme was illustrated using a number of test cases, which consisted of: 

1) Five point diffractors with equal reflectivity aligned at the same axial distance from 
the source/receiver array  

2) Nine point diffractors with varying reflectivity aligned at the same axial distance 
from the source/receiver array  

3) 11 diffractors of varying widths varying from 0.375 mm to 7.5 mm positioned at 
varying axial distances from the source/receiver array.  

 
The simulated sources/receivers were grouped in an array, which transmitted plane waves. 
The aperture’s lateral width was 192 mm. The signals had a centre frequency of 1.4 MHz 
and a 2.0 MHz maximum frequency. The compressional wave speed was set to 1500 m/s. 
The spatial sampling of the array was chosen such that no aliasing occurred in the data up 
to 2 MHz.  
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4. Results/discussion 
 
4.1 Case 1 
In the graphs of Fig. 3 five imaged point diffractors are displayed. In the left column the 
imaged aliased data is shown (no interpolation applied). In the right column the imaged 
data is displayed, where the interpolation algorithm was applied on the aliased data. In the 
top row the data was 2 times undersampled, in the middle row the data was 4 times 
undersampled, and in the bottom row the data was 8 times undersampled. 
 

 
a) 
 

 
b) 
 

 
c) 
 

 
d) 
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e) 
 

 
f) 
 

Fig. 3 a) an imaged dataset of 5 point diffractors, with the data undersampled by a factor of 2. b) The imaged 
and reconstructed dataset based on the data shown in graph a). c) an imaged dataset of 5 point diffractors, 

with the data undersampled by a factor of 4. d) The imaged and reconstructed dataset based on the data shown 
in graph c). e) an imaged dataset of 5 point diffractors, with the data undersampled by a factor of 8. f) The 

imaged and reconstructed dataset based on the data shown in graph e). 

The results displayed in the left column of Fig. 3 show that the quality of the imaged result 
became progressively worse as the amount of undersampling increased. This in contrast to 
the imaged results where the interpolation algorithm was applied (right column of Fig. 3). 
The algorithm allowed for the accurate reconstruction of the undersampled data leading to 
artefact free imaged datasets – even at 8x undersampling. 
 
4.2 Case 2 
 
In the graphs of Fig. 4 nine imaged point diffractors are displayed. In the left column the 
imaged aliased data is shown (no interpolation applied). In the right column the imaged 
data is displayed, where the interpolation algorithm was applied on the aliased data. In the 
top row the data was 2 times undersampled, in the middle row the data was 4 times 
undersampled, and in the bottom row the data was 8 times undersampled. 
 

 
a) 
 

 
b) 
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c) 
 

 
d) 
 

 
e) 
 

 
f) 
 

Fig. 4 a) an imaged dataset of 9 point diffractors of varying target strength, with the data undersampled by a 
factor of 2. b) The imaged and reconstructed dataset based on the data shown in graph a). c) an imaged dataset 

of 9 point diffractors, with the data undersampled by a factor of 4. d) The imaged and reconstructed dataset 
based on the data shown in graph c). e) an imaged dataset of 9 point diffractors, with the data undersampled 

by a factor of 8. f) The imaged and reconstructed dataset based on the data shown in graph e). 

The results displayed in the left column of Fig. 4 show that the quality of the imaged result 
became progressively worse as the amount of undersampling increased. Due to the dynamic 
range of the images 5 of the 9 diffractors were visible. However, in the imaged interpolated 
results only 4 of the 9 diffractors were visible. This is caused by the fact that the 
interpolation algorithm allows for improved focusing of the RF data in combination with 
the aforementioned limited dynamic range of the image. The algorithm allowed for the 
accurate reconstruction of the undersampled data leading to artefact free imaged datasets – 
even at 8x undersampling.  
 
4.3 Case 3 
 
In the graphs of Fig. 5 eleven imaged diffractors of varying widths are displayed. In the left 
column the imaged aliased data is shown (no interpolation applied). In the right column the 
imaged data is displayed, where the interpolation algorithm was applied on the aliased data. 
In the top row the data was 2 times undersampled, in the middle row the data was 4 times 
undersampled, and in the bottom row the data was 8 times undersampled. 
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c) 
 

 
d) 
 

 
e) 
 

 
f) 
 

Fig. 5 a) an imaged dataset of 11 diffractors with varying widths, with the data undersampled by a factor of 2. 
b) The imaged and reconstructed dataset based on the data shown in graph a). c) an imaged dataset of 11 

diffractors, with the data undersampled by a factor of 4. d) The imaged and reconstructed dataset based on the 
data shown in graph c). e) an imaged dataset of 11 diffractors, with the data undersampled by a factor of 8. f) 

The imaged and reconstructed dataset based on the data shown in graph e). 
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The results displayed in the left column of Fig. 5 show that the quality of the imaged result 
became progressively worse as the amount of undersampling increased. Small diffractors 
were imaged with worse quality than diffractors with large widths. The algorithm allowed 
for the accurate reconstruction of the undersampled data leading to virtually artefact free 
imaged datasets up to 4x undersampling. For 8x undersampling the interpolated dataset 
displayed large errors: although the very small diffractors were reconstructed correctly, the 
imaged data of the larger diffractors showed errors in both shape and location. 
 
Conclusion 
In this paper a new algorithm to reconstruct sparsely sampled data without assuming 
anything about the medium has been presented. The performance of the algorithm was 
evaluated using a number of simulated test cases. It was shown that signals may be 
accurately reconstructed up to 4 times undersampling. 
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