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Abstract. Technology stands on three pillars: design, fabrication and 
testing/evaluation. Ultrasonic Non-destructive Evaluation (NDE) is one of the major 
evaluation techniques in which substantial improvement have taken place with the 
advent of computers, acquisition of data and their processing in digitized form. For 
better understanding of interaction of ultrasonic waves with various artifacts of any 
domain, simulation of wave propagation is necessary. Finite element analysis (FEA) 
provides an effective way for simulation of dynamic events like wave propagation 
and impact phenomena. With the availability of commercial packages simulations 
may be done quickly and allow the users to iterate various scenarios in a cost 
effective manner. With this background knowledge, testing procedure may be 
optimized for a product even before its manufacturing is started. 
 In the present work simulation of ultrasonic wave propagation has been carried 
out in isotropic and orthotropic media on commercial FEA software. Rectangular 
domains subjected to one cycle of sinusoidal pulse at a point have been modelled. 
For numerical convergence the maximum spatial resolution is such that around ten 
adjacent nodes are accommodated in one shortest wavelength corresponding to the 
elastic constants of the domain and frequency of the wave. On the other hand the 
time step is so chosen that the fastest wave is not able to cross the minimum spatial 
resolution in that duration. Elements used in the discretization are of lower order as 
suggested by Seron et al. A first hand checking of simulation is done in terms of 
time-of-flight data, either for the unflawed domain or for domains in presence of 
cracks, slits of finite width and other discontinuities. For orthotropic domains too, 
the whole domain snapshots reveal existence of quasi-longitudinal, quasi-transverse 
waves. Time-of-flight based validation of the simulation has been done through 
analytical calculation of velocities by Christoffel’s equations. It is also observed that 
the simulation is able to bring out various mode conversion phenomena in 
appropriate cases. A special case study for a rectangular domain with a circular hole 
reveals a different wave speed to exist at the circular boundary. 

1. Introduction 

Modelling of non-destructive evaluation using ultrasonic waves requires efficient numerical 
schemes to predict signal amplitudes and time history of elastic wave scattering in arbitrary 
environments. With numerical modelling, users can iterate various scenarios to optimize 
the testing procedure of a product even before its manufacturing is started. This enables a 
reduction in the level of risk, cost and chances of ineffective designs. Nature of reflection 
for specific flaws across a plane domain, or in a domain with a bend could be quantitatively 
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analysed from such modelling of ultrasonic wave propagation. Several numerical 
techniques such as finite difference, T-matrix method, finite element technique may be used 
for such purpose. The finite element method has been accepted as an efficient tool for such 
cases as it has the versatility to fit into varying characteristics of domains, its size and 
shape. Besides these, finite element method has the strong ability to adopt varying order of 
approximation. 

The basic philosophy of FEA based simulation lies in discretizing a complex 
domain into smaller and simpler subdomains called finite elements. Using governing 
equations element matrices are formed, that in turn, are assembled to get the global 
equation set. The equation set is solved for prescribed boundary and initial conditions 
imposed on them [1]. The resulting solution may be post-processed and presented in a 
tabulated, graphical or in animated forms according to the convenience of the user. 

1.1 Linear Theory of Elastodynamics  

Before undertaking the simulation tasks for various cases, it is important to check the 
theory of elastodynamics. If a constrained body is subjected to some dynamic load for a 
certain time the particles will oscillate into motion and carry energy through the body in the 
form of mechanical waves in various modes. In order to predict behaviour of such waves, 
one has to solve the equations of elastodynamics [2], [3] as follows: 

The equation of motion is expressed as 
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where, τ is the stress tensor of rank 2, ρ being the density, f being the body force vector and 
u is the displacement vector. The stress tensor, in turn is related to the strain tensor by the 
constitutive relation as 
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 Cijkl  being the elasticity tensor of rank 4. While solving the equation set one needs to 
provide the boundary and initial conditions. The boundary conditions are prescribed either 
on displacements or on loads/tractions as stated below: 
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u being prescribed displacements and T being prescribed traction/load and the equation is 
the Cauchy’s equation. Combining the equation set, the governing equation may be 
expressed as 
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In which そ and た are the Lame’s constants, e, f being the dilatation and body force vector 
respectively. In absence of any body force and with the assumption of no volume change 
due to propagation of waves, the equation set becomes decoupled as  
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u, v and w being the displacement components of any particle along x, y and z directions 
respectively. 
 Modelling of wave propagation in 2D cases can be done and results may be 
obtained from commercial software. Responses at different locations due to prescribed 
excitation are simultaneously available through solution of the assembled equations. Out of 
many existing professional software, ANSYS [4] has versatile capabilities in applying FE 
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methodology in different fields. In the present case version 10 of this software has been 
employed for simulations of wave propagation in isotropic and orthotropic media. 
 
2. Simulating Angle Beam Wave in an Unflawed Isotropic Domain 
 
Here the domain is a rectangular one of 30mm by 21mm made of aluminum and subjected 
to an angular excitation at the bottom left corner is shown in Figure 1. Upper edge of the 
domain is kept fixed. The figure also shows different points along the travel path at which 
responses are collected. The excitation is sinusoidal with a frequency of 1 MHz and is 
inclined at 45°, for an interval of 1たs.  
 
 
 
 
 
 
 
 
 
 
 

Fig. 1: Unflawed domain with angular pulse 
 

The domain is discretized by 4 node quadrilateral elements having 2 degrees of freedom at 
each node. The highest and slowest speeds occur in the longitudinal (L) and Rayleigh mode 
(R) respectively. The longitudinal wave mode velocity in the isotropic (cL) case is    √                     

(6) 

Young’s modulus (E), Poisson’s ratio (ち) and density (ρ) are taken as 70 GPa, 0.25 and 
2630 kg/m3 respectively. The transverse mode, Rayleigh mode speeds are estimated as 

sRLTs ccccc 9.0,5.0  . Being a dynamic problem, as per Seron’s criteria [5] spatial 

discretization must be able to accommodate 8 to 10 nodes per minimum wavelength, i.e., 
Rayleigh wavelength (そR). Again, CR = そR x f where f = frequency and そR = wavelength of 
Rayleigh wave. Considering 8 nodes per /minimum wave length, side edge lengths are 
taken as             , i.e., 0.3mm, and time step,            , i.e., 0.05たs. 
 Responses of excitation are viewed in two forms: (i) A-scan data, i.e., amplitude vs. 
time at a point in the domain, (ii) full snapshot of displacements of all the points in the 
domain at a time. Here A-scans at points D and F are shown in figures 2 and 3 respectively. 

 
Fig. 2: Response at location D 

 
Fig. 3: Response at location F 
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The coordinate of point D is (21, 21) and straight distance ‘AD’ is 2λ.7mm. The calculated 
time, which the wave should take to cover the distance, is 5.18たs, and from the graph the 
first response time is also at approximately 5.2たs. So the calculated time matches with the 
experimental response. For the point F (30, 12) the wave is seen to first reach the point at 
approximately 5.75たs (from fig. 3). The normal distance ‘AF’ is 32.3mm. The calculated 
time, which the wave should take to cover the distance, is 5.72たs. So the calculated time 
matches with the experimental response. But considering the reflected path ‘ADF’ the 
calculated time to reach the point is 7.5たs. So to reach the point F the wave is going along 
the shortest distance. So it can be said, after originating from the source the wave 
propagates in a circular front. 
 
3. Simulating Wave Propagation in a Rectangular Domain with a Circular Hole 
 
Here again the domain, made of, aluminium is rectangular and contains a hole of dia. 9mm 
at the centre is shown in figure 4. A sinusoidal load                    is applied 
for 1 microsecond at bottom left boundary of the domain diagonally. Total analysis time is 
10 microsecond. Upper end of the plate is fixed. The nature of wave propagation is studied 
throughout the domain for entire period. Properties of medium are same as the previous 
problem. 
 
 
 
 
 
 
 
 
 
 

Fig. 4: Rectangular domain with circular hole and salient points on the diagonal 
 
3.1 Response at point B  
The coordinate of the point B is (11.258, 7.99). The wave should reach the point 
theoretically at 3.4たs based on longitudinal mode of propagation. The A-scan at B (not 
shown) also reveals that. 
 
3.2 Response at point C 
In this case the wave cannot reach the point C (18.7416, 13.0) directly. Geometrically it is 
expected to follow the path ‘ATC’ where AT is the tangent to the circle. The distance of 
AT is 17.748 mm and the distance of TC is 8.186 mm. 

 
Fig. 5: Possible travel path of the wave around the hole 
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If along the total path the speed remains unchanged       then it would reach point C at 
4.6たs. But from the A-scan below (figure 6) it is seen that the wave reaches the point at 
4.93たs. So it is clear that the speed does not remain same through the total path. But the 
speed has to remain    along the path AT. Taking that into consideration, the changed 
speed along the circumference of the circle comes about to 80.92% of   . 

 
Fig. 6: A-Scan at point C of the domain with hole 

 
3.3 Response at point D 
To reach the point D (22.5, 15.6) the wave is expected to follow the path        (in figure 
5) where AT and PD are the tangents to the circle. The distance of PD is 7.524 mm. If the 
wave covers the distances AT and PD with the velocity    and the distance TP with the 
velocity          then it will reach the point D at 5.33たs. Also the time of 1st response, 
obtained from the response shown in figure 7, is 5.36たs which is quite satisfactory. This 
shows that at the free edge of the circular hole there is mode conversion and the speed of 
travel of the wave changes a bit. 

 
Fig. 7: Response at point D 

 
A typical snapshot of the entire domain at 5.00 たs is shown in figure 8. This shows travel of 
wave around the circular boundary of the hole in the domain. 
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Fig. 8: Snapshot of displacements of the entire domain at 5.0たs 

 
4. Modelling in Orthotropic Medium 
 
Simulation of wave propagation in orthotropic media is very much relevant as FRP 
composites are widely used in applications where weight saving is a premium. Composites 
exhibit orthotropic behaviour rather than isotropic. Orthotropy is somewhat between 
isotropy and anisotropy. As a result of that ultrasound do not travel in composites in pure 
longitudinal or transverse mode. Instead it travels in quasi-longitudinal or in quasi-
transverse mode. The wave velocities can be obtained from Christoffel’s equations [6] as 
follows: 
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D11, D12, D22, D66 are stiffness constants and are related to material properties as 
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Material properties are tabulated in Table 1. 
 

Table 1: Material properties of the Orthotropic and Transversely Isotropic Domain 
 

Modulus of Elasticity(GPa)  Poisson’s ratio Shear Modulus(GPa)  
Ex= El =181GPa υxy = υlt = 0.28 Gxy = 7.17  
Ey= ET =10.3GPa υxz = υlt = 0.28 Gxz = 7.17  
Ez= ET =10.3GPa  υyz = υtt’ = 0.2 Gyz = 4.296  
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Average density of the domain is 1580 kg/m3. With above data the quasi-longitudinal and 
quasi-transverse wave speeds are computed as 2547m/s and 2130m/s respectively along 
transverse direction (θ=λ0°). For longitudinal directions (θ=0°) the said speeds are 
10700m/s and 2130 m/s respectively. With 1 MHz as the exciting/pulsar frequency, 
minimum wavelength is 2.13mm. Spatial resolution is taken as 0.3mm to keep 8 nodes per 
minimum wavelength. The fastest wave with a speed of 10700m/s covers this 0.3 mm 
distance in approximately 0.028たs. So the time step is kept at 0.025たs. The simulation is 
first carried out for excitation along transverse direction as shown in figure 9. 

 
Fig. 9: Simulation in Orthotropic Domain 

 
Displacement plot (A-scan) at the point just before the backwall is shown in Fig. 10. This 
point is located at 10.2mm from the pulsar point along the y-direction. 
 

.  
Fig. 10: Displacement plot at the point just prior to backwall 

 
Simulation result shows that echo occurs at 4.0たs, indicating C1 for θ=λ0° to be 
10.2mm/4たs or 2550m/s which is close to the theoretical value of 2547m/s. For C2 the time 
of flight of the wave along x-direction is measured from the displacement plot shown in 
Fig. 11. 

 
Fig. 11: Ux vs. time plot on the rightmost point on the x-axis 
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The response shows approximately 6.λたs is required for wave to travel to the rightmost 
point on the x-axis, suggesting C2 to be 15mm/6.λたs = 2173m/s. The theoretical value for 
this is 2130m/s which advocates for correctness of the simulation process. 
 
4.1 Simulation results for Excitation along the Principal Material Direction 
Here the excitation is given along the principal material direction, i.e., the x-axis. The 
distance from the excitation point to the point just before the end point of the x-axis is 
14.7mm. A-scan trace (displacement plot vs. time) of this point due to this excitation is 
taken and shown in Fig. 12 below. 
 

 
Fig. 12: A-scan at the node just before the end node of the x-axis 

 
The plot shows that the wave starts reaching the stated point at 1.3たs giving the value of 
speed of C1 in the direction of principal material direction as 14.7mm/1.3たs = 11307.7m/s, 
which is close to the theoretical value of 10700m/s. A better approximation is obtained 
from the displacement plot at the excitation point shown in figure 13 shown below. Here 
the reflected pulse is seen to occur at 2.75たs after travelling a path length of 30mm along 
the principal material direction. The speed from this data is thus calculated as 
(15x2)mm/2.75たs = 10λ0λm/s which is even closer to the theoretical value of 10700m/s. 
 

 
Fig. 13: A-scan at the pulsar point due to excitation along principal material direction 

 
In the excitation along this direction difference in C1 and C2 is large. This is evident from 
the snapshot of the displacement field of the entire domain at 1.6たs as shown in figure 14. 
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Fig. 14μ Snapshot of the displacement field at 1.6たs 

 
5. Conclusions 
 
Following conclusions may be made from the simulation results stated above.  FEA is seen to be an effective tool for simulation of wave propagation.  Commercial software may also be effectively used for wave propagation simulation.  Simulations reveal existence various modes of waves with different speeds.  FE simulation in orthotropic domain could reveal variation of wave speeds in 

principal material directions.  Simulation is able to reveal mode conversion phenomena. 
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