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Abstract 

The elastodynamic reciprocity is applied to calculate scattered wave amplitude calculation. The 
reciprocity is a well-established theorem to allow us to formulate the complicate scattering problem in 
a simpler manner. The torsional wave mode on a hollow cylinder is explored by the reciprocity theorem 
base approach. The first and second torsional wave mode of scattered amplitude ratio compared to 
incident wave is formulated with respect to corrosion width and depth. The scattered amplitude is 
function of incident wave frequency and size of defects. The wave field is obtained in an elegant manner 
by using a superposition technique and the reciprocity theorem. The theoretical result can provide signal 
interpretation for quantitative defect sizing. 

Keywords: Guided wave, Reciprocity theorem, Torsional wave mode, Surface corrosion, Scttered 

wave amplitude 

1  Introduction 

The guided wave has great potential for long distance propagation with volume coverage. Guided waves 

can propagate along the waveguide such as plate, rod and pipe. Corrosion is commonly happened most 

of engineering structures. With many of corrosion cluster become larger corrosion pits. Corrosion 

doesn’t make much reflection wave signal due to the shape and size. Therefore, it is hard to detect and 

easy to miss the corrosion on the far distance from the transducers. Also when corrosion pits are not 

accessible for visual inspection or conventional ultrasonic testing, long distance guided wave inspection 

method can be an alternative solution for corrosion pits. 

Wave scattered field analysis is mostly performed by numerical approach. Finite element method and 

boundary element method consume a lot of computational memory and time to calculate wave 

scattering signal and amplitude from surface corrosion. Reciprocity theorem is the powerful method to 

calculate scattered wave amplitude calculation with simple manner. Generally reciprocity provide a 

relation between displacements, traction components and body forces for two different loading states 

of a single body or two bodies of the same geometry[1]. By the reciprocity theorem can provide the 

relation of the amplitude ratio of incident wave and scattered wave. Some applications of reciprocity 

theorem were carried out many researchers[2-7]. In recent years, a new approach based on the 
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elastodynamic reciprocity theorem has been studied for only surface wave scattered amplitude by the 

surface cavity[8-14]. However, earlier researches are limited on surface wave propagation problems on 

the half space. Many of engineering structure consist of pipeline structures. Therefore, a study on 

scattered wave analysis on the hollow cylinder structure is important for real engineering application.  

In this paper, scattered wave amplitude calculation on cylindrical structure by torsional wave mode is 

investigated by the use of reciprocity theorem. The force which generates scattered wave is calculated 

linear theory with much simpler manner. 

2 Reciprocity theorem application 

2.1 Torsional wave mode on a hollow cylinder 

For calculation of wave propagation and scattered field, the lowest torsional wave is considered on 

cylindrical coordinate system. There is only circumferential displacement which is independent of θ for 

only torsional wave mode. Torsional waves involve a circumferential displacement only which is 

independent of θ. The governing equation follows from Eq. (1) as 
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Therefore, displacement of θ direction, 𝑢𝑢𝜃𝜃 is defined as, [15] 

 𝑢𝑢𝜃𝜃 =
1
𝑞𝑞

[𝐶𝐶𝐽𝐽𝐽𝐽1(𝑞𝑞𝑟𝑟) + 𝐶𝐶𝑌𝑌𝑌𝑌1(𝑞𝑞𝑟𝑟)]𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖 (2) 

where 𝑞𝑞2 = �𝜔𝜔
2

𝑐𝑐𝑇𝑇
2� − 𝑘𝑘2, 𝐽𝐽1(𝑞𝑞𝑟𝑟) and 𝑌𝑌1(𝑞𝑞𝑟𝑟) is the first and second kind of  Bessel function, respectively.  

The boundary condition is applied on the inner and outer surface of hollow cylinder, 𝜏𝜏𝑟𝑟𝜃𝜃 = 0 at r =

a, r = b.  The dispersion curve of Torsional wave mode is illustrated on Figure 1 for 8 inch SCH 40 

steel pipe. In the case of the lowest Torsional wave mode, phase velocity, 𝑐𝑐𝑇𝑇 is the same as transverse 

wave velocity. Therefore, displacement should be defined as different form since q becomes zero.  

 𝑢𝑢𝜃𝜃 =
1
2
𝑟𝑟𝐶𝐶𝐽𝐽𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖 (3) 



15th Asia Pacific Conference for Non-Destructive Testing (APCNDT2017), Singapore. 

 [Insert Assigned Paper Reference]  3 

 

Figure 1: Phase velocity dispersion curve of Torsional wave mode 

2.2 Reciprocity theorem 

Reciprocity relations are relationships between the displacements, tractions and body forces for two 

elastodynamic states of a single body. The approach taken here is explained in detail by Achenbach[11]. 

The goal in using the theorem is to combine information about two states in order to better understand 

one of the states of interest. For our analysis we will seek the amplitude of the radiated wave due to a 

point load, and prescribe a virtual wave which is orthogonal to the first state as the second state. 

The radiated wave (state A) will have a body force in the form of a point load applied to surface of the 

structure. The virtual wave (state B) will be homogeneous. Both states will be elastodynamic solutions 

in an undamaged plate. The reciprocity relation can be written as Eq. (4) through defining Gauss’ 

theorem. In general, reciprocity theorems provide a relation between displacements, traction 

components and body forces for two different states of the same body. The normal has an orientation 

pointing outward from the solid boundary by the surface integral. 

 � 𝑓𝑓𝑖𝑖𝐴𝐴𝑢𝑢𝑖𝑖𝐵𝐵𝑑𝑑𝑑𝑑 = � (𝜏𝜏𝑖𝑖𝑖𝑖𝐵𝐵𝑢𝑢𝑖𝑖𝐴𝐴 − 𝜏𝜏𝑖𝑖𝑖𝑖𝐴𝐴𝑢𝑢𝑖𝑖𝐵𝐵)𝑛𝑛𝑖𝑖𝑑𝑑𝑑𝑑
𝑆𝑆𝑉𝑉

 (4) 

where S defines a contour around an area defined by V, and 𝑓𝑓𝑖𝑖,𝑢𝑢𝑖𝑖, τ𝑖𝑖𝑖𝑖 denote the components of forces, 

displacements and stresses, respectively.  

 

Figure 1: Surface definition on hollow cylinder 
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2.3 Equivalent force of surface traction 

The reciprocity theorem is now used to obtain the amplitude of the surface waves radiated by a time-

harmonic load. Circumferential direction load Pθ is applied at the origin of the system in the θ-direction 

given in Figure 2.  

 𝑓𝑓𝜃𝜃 = 𝑃𝑃𝜃𝜃𝛿𝛿(𝑟𝑟 − 𝑏𝑏)𝛿𝛿(𝑧𝑧)𝑒𝑒−𝑖𝑖𝜔𝜔𝜔𝜔 (5) 

To apply reciprocity theorem, integral surface can be set on each surfaces. 

S1: left side of cross section  

S2: right side of cross section  

S3: outer surface on hollow cylinder 

S4: inner surface on hollow cylinder 

For reciprocity theorem is derived as Eq. (5) 

 𝑓𝑓𝜃𝜃𝐴𝐴𝑢𝑢𝜃𝜃𝐵𝐵�𝑖𝑖=0
r=b

+ � �𝜏𝜏𝑟𝑟𝜃𝜃𝐴𝐴 𝑢𝑢𝜃𝜃𝐵𝐵 − 𝜏𝜏𝑟𝑟𝜃𝜃𝐵𝐵 𝑢𝑢𝜃𝜃𝐴𝐴�𝑑𝑑𝑑𝑑𝑑𝑑𝑟𝑟 = 0
𝑆𝑆1

 (5) 

Here the superscripts A and B denote two elastodynamic states. In the present case State A is the field 

generated by force. The potential wave equation becomes much simpler due to the considering only θ. 

The two state of wave propagation is illustrated on Figure 3. State A is the wave which is generated by 

point load which is applied all around the pipe. State B is virtual wave for reciprocity theorem.  

3 Application to scattering by a cavity 

As an example we consider the scattering of torsional wave by a cylindrical cavity at the outer surface 

of a pipe. The two-dimensional geometry of the cavity, which has a depth D and width W is shown in 

Figure 3.  

The shape of the cavity can be defined by 

 𝑦𝑦 = 𝑓𝑓(𝑧𝑧) = 𝐷𝐷 −𝑀𝑀𝑧𝑧2 (6) 

where coefficient M is defined as 𝑀𝑀 = 𝐷𝐷

�𝑊𝑊2 �
2 with boundary condition y=D at z=0 and y=0 at z=±w/2. 
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Figure 3: Circular shape of corrosion defect 

4 Result of Torsional wave scattered wave calculation 

As an example of first application of reciprocity theorem on cylindrical structure is performed. The 

scattered amplitude ratio is calculated based on the axisymmetric circular and rectangular shape 

corrosion in this paper. The material of specimen is steel which has shear modules as 79.87 GPa, 

poisson’s ratio as 0.2916 and density as 7800 kg/m3. Figure 4and Figure 5show the calculation results 

at the excitation frequency for the lowest Torsional wave mode. The values of 𝐴𝐴𝑠𝑠𝑐𝑐− 𝐴𝐴𝑖𝑖𝑖𝑖⁄  is only 

dependent on the frequency and the size of corrosion. 

 

Figure 4: Amplitude variations from circular shape of corrosion defect at corrosion width, W=40 mm and depth, 

D=1 mm, D=2 mm, D=3 mm and D=4 mm. 

 

Figure 5: Amplitude variations from circular shape of corrosion defect at corrosion width, W=20 mm and depth, 

D=1 mm, D=2 mm, D=3 mm and D=4 mm. 
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5 Conclusions 

The reciprocity theorem was employed to solve the amplitude ratio of the scattered waves induced by 

the decomposed equivalent force applied to the hollow cylinder for torsional wave. The resulting 

equation is closed form includes spatial dependence and depends upon parameters which define the 

incident wave, geometry and material properties. The proposed theoretical approach has given very 

simple closed form solution of scattered amplitude calculation in this paper.  
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