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Abstract

One of the major forth-comings of modern NDT is the availability to image certain areas of interest
of a work-piece to the most detailed extend achievable within the resolution limit. The major efforts
have been undertaken on the receiver side in order to correct the spatial and temporal characteristics of
the reflection of ultrasonic signals. Only few approaches have been realized on the transmitter side, one
of which is the Time Reverse Mirror method [1, 2, 3]. Within this approach, analog excitation functions
are recorded from the reflections created by discontinuities from an incident plane wave, which is similar
to the recording process of an optical hologram. With the upcoming of 2D arrays, this approach is
getting significant interest, in particular, because with those it is possible to generate 3-dimensional
acoustic images. In this paper we present the approach of a computer holographic generation of the
excitation functions. Assuming a real acoustic image shall be created, this method can be used to
calculate the excitation functions, which are needed to be imposed onto the transmitters in order to
generate this image. This method therefore allows tailoring the ultrasonic transmission to the testing
scenario considering in particular the geometric and acoustic conditions. If applied in conjunction with
the Paint-Brush technology[4], or any type of image reconstructing algorithm on the receiver side (e.g.
DDF/DDA[5]), this transmission method can be flexibly applied throughout the NDT-applications.

1 Introduction

1.1 Governing Equations for the linear fluid

The basic equations can be derived from two equations, one of which is the relation that can be derived
from the assumption of a small, linear pressure variation as a reaction of an infinitesimal Volume change.

dV

V
= −κdP (1)

Using the linear infinitesimal assumption, this equation in 3 dimensions gives:

P (x, t) = − 1

κ
∇ · u(x, t) (2)

The other governing equation is Newton’s law, which needs to be formulated in it’s continuous fashion:

ρ0∂2
t u(x, t) = −fr(x, t) + fe(x, t) (3)
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Figure 1: Applied coordinate system

Here, u is a local displacement at the position x at time t. The force densities f are separated into
an internal, repelling force fr and an external force density fe. For clarity, the internal force-density
shall be considered to be the pressure change which is initiated by the velocity change of the local
displacement u. For consistency, the external force-density may be written as ρ0∂tve, with ve being an
external velocity variation, as it may be excited by an acoustic transducer. Therefore, Newton’s law
takes the form:

ρ0∂2
t u(x, t) = −∇P (x, t) + ρ0∂tve(x, t) (4)

1.2 The wave equation for the linear fluid

In the most simple case, taking into account only homogeneous media, the scalar wave equation can be
formulated from equations 4 and 2 by formulating the divergence of equation 4:

ρ0∂2
t ∇ · u(x, t) = −∇ · ∇P + ρ0∇ · ∂tve(x, t)

−ρ0κ∂2
t P (x, t) = −∇2P (x, t) + ρ0∇ · ∂tve(x, t)

∇2P (x, t) − 1

c2
∂2

t P (x, t) = ρ0∇ · ∂tve(x, t) (5)

The entity 1/
√

ρ0κ is the longitudinal sound velocity c in this medium. The solution of this equation
is dependent on the boundary conditions. It can be found by formulating the differential equation for
a Green-function:

1

c2
∂2

t G(x, x′, t, t′) − ∇2G(x, x′, t, t′) = δ(x − x′)δ(t′ − t) (6)

With δ being Dirac’s Delta-Function. The solution is dependent on the boundary conditions and can for
example be found by Fourier-transforming the equation. This process is described in detail in literature.
For the common conditions of vanishing fields at infinity and hard aperture stops, only the result is
given:

G(−)(x, x′, t, t′) =
1

4π

δ(t′ − (t − |x−x′|
c

))

|x − x′| (7)

This function is referred to as the "retarded" Green function. An equal solution to equation 6 is the
"advanced" Green Function:

G(+)(x, x′, t, t′) =
1

4π

δ(t′ + (t − |x−x′|
c

))

|x − x′| (8)

Mathematically, both solutions are correct. From the physical point of view, only the retarded solution
appears to be of interest, since it obeys the causality principle. This formulation is nothing more than
a mathematical expression of the well known Huygens principle: the wave amplitude at a point in
space is determined by the contributions of spherical point waves emerging from all other points in
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space being in a causal relation to this point. The function G(−)(x, x′, t, t′) is called the propagator
in physical literature. It connects future amplitudes with the original situation. In these terms, the
pressure P (x, t) is given by the integral

P (x, t) =

ˆ

dx′dt′ G(−)(x, x′, t, t′)ρ0∇ · ∂t′ve(x′, t′) (9)

=
1

4π

ˆ

dx′dt′ δ(t′ − (t − |x−x′|
c

)))

|x − x′| ρ0∇ · ∂t′ve(x′, t′)

From it’s bare formulation, this equation has the shape of a convolution, so it can be written as:

P (x, t) =
ρ0

4π
∇ · ∂tve(x, t) ⊗t

ˆ

dx′ δ(t − |x−x′|
c

)))

|x − x′| (10)

The term
´

dx′ δ(t−
|x−x

′|
c

)

|x−x′| is also called the spatial impulse-response. The pure formulation of the spatial
impulse-response can be useful in calculating the pressure field P for certain important geometries of the
external source. Here, it may serve for understanding the basic construction of the generated ultrasonic
field: the ultrasonic field can be understood as the convolution of an excitation term ρ0

4π
∂tve(x, t) with

the propagating term
´

dx′ δ(t−
|x−x

′|
c

)

|x−x′| . The application of Gauss Law leads to a different formulation,
which is in literature known as the "Rayleigh Integral".

P (x, t) =
ρ0

4π

ˆ

S′

dS′dt′ ∂t′ve(x′, t′) · n̂ δ(t′ − (t − |x−x′|
c

))

|x − x′| (11)

In this case, the integral can again be interpreted as a convolution of an excitation term with a propa-
gation term, which is again the spatial impulse response.

P (x, t) =
ρ0

4π
∂tve(x, t) · n̂ ⊗t

ˆ

dS′ δ(t − |x−x′|
c

)))

|x − x′| (12)

This formulation gives a basis for the subsequent simulation of three-dimensional real acoustic fields,
since it has been shown, that the right part of this equation can be solved by a geometric algorithm
for a plurality of transducer shapes [6, 7], while the left part of the convolution can be calculated by a
virtual application of the time-reversal method and serves as the generating function. Assuming a two-
dimensional phased-array transducer, one generating function is calculated for each element. Applying
the generating function as excitation profile, the elements of the phased-array transducer are the source
of interfering waves. The simulation presented herein uses both of the above described parts to calculate
the real image.

Figure 2: Applied coordinate system
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2 Inverse image creation and time reversal

2.1 The reciprocity theorem

While equation 12 targeted on the generated field when the phase-function for excitation is given, the
question remains, how it is possible to calculate back from a desired sound-distribution or sound image
to this generating function. If we again apply the diffraction approach, we can assume that the sound
field to be generated is described by a pressure-field p̃(x, t). p̃(x, t) and P (x, t) ideally differ only in
terms of a constant, that is later expressed in terms of the wave vektor k. Since this is only a virtual
approach, which we want to use in reverse direction, we may consider that the integration over time
goes from +∞ to −∞. Under these circumstances the retarded propagator applies in the following
way:

ρ0∇ · ∂tve(x′, t′) =
1

4π

ˆ

V

ˆ −∞

+∞
dx dt G(−)(x′, x, t′, t)p̃(x, t) (13)

=
1

4π

ˆ

V

ˆ −∞

+∞
dx dt

δ(t − (t′ − |x′−x|
c

))

|x′ − x| p̃(x, t)

=
1

4π

ˆ

V

ˆ +∞

−∞
dx dt

δ(t + (t′ − |x′−x|
c

))

|x′ − x| p̃(x, −t) (14)

This illustrates the nature of the retarded and the advanced solution as they run conversely in time.

2.2 Inverse field calculation

The field to be generated can be modeled as the pressure distribution created on the array element by
the propagation of the desired image to be generated. For simplicity, the element geometry is neglected
and the element is assumed to be a point in space at position x′. To carry out the modeling, the field
to be generated is considered as an array of points at position xi. As a result to the excitation by
the emitted spherical with a transient plane wave of gaussian pulse shape, these points are the sources
of gaussian pulses reflected back to the array element. Other transient shapes may be taken into
consideration as well. Alternatively, the transient shape may be modeled by the envelope alone. Since
it is clear, that the field will build up as the solution of the retarded propagator, the back-calculation
uses the advanced solution.

p̃(x, −t) =
∑

i

(

Aie
−

(−t)2

4σ2 −iω(−t)δ(x − xi)

)

=
∑

i

(

Aie
− t

2

4σ2 +iωtδ(x − xi)

)

(15)

This function is inserted into equation 14 to obtain:

ρ0∇ · ∂tve(x′, t′) =
1

4π

∑

i

ˆ

V

ˆ +∞

−∞
dx dt

δ(t + (t′ − |x′−x|
c

))

|x′ − x|

(

Ai e− t
2

4σ2 +iωtδ(x − xi)

)

(16)

=
1

4π

∑

i

Ai
e

−

(

t
′+

|x′
−x

i|
c

)2

4σ2 −iω

(

t′+
|x′

−x
i|

c

)

|x′ − xi|
(17)

The wave obtained travels back in time. It can therefore be used to calculate the generating function
for the rayleigh-integral in the form of a convolution in equation 12 as is desired. Alternatively the
retarded version can be used and the time direction of the generating function is reversed. It should be
noted, that this formula is only the starting point. Applications to follow may use it as a starting point
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and optimize the result by changing the number of points and their amplitude by using the ultrasonic
simulation as an iterative process to towards the optimum result. One commonly practiced approach is
to omit the denominator |x′ − x|. Contrary to optical systems, phased-array generated ultrasonic fields

geometric delay calculation resulting field

Figure 3: Field characteristics of a conventional, unfocussed transducer

allow the full control over the phase and therefore automatically generated coherent waves. Optically,
the only way to generate three-dimensional images or fields consist in the interference pattern generated
by a gray-scaled volume illuminated by a laser generated, coherent light wave. The interfering scattered
waves from the scattering centers of the gray-scaled volume act in a similar way, as the acoustic field
excited by the array elements over time under the influence of the generating function.

3 Calculation process and sample application

For applications in healthcare, the full time reversal method as described in [1, 2, 3] is useful since it
reflects an open space with scattering elements unknown to the observer. In NDT, this is partially
different because the way the ultrasonic wave travels is highly dependent on the test geometry or the
volume of interest to the test procedure. This geometry may then be transformed into an appropriate
point-distribution with appropriate amplitudes.

A simple example shall be considered: in volume oriented testing scenarios, it is of particular
interest to achieve a high sensitivity at any position of the material volume. Conventional phased-
array transducers have their near field determined by the geometry limits on the one hand and the
phase-modulation by delay-laws on the other hand. In both cases, the sound field is characterized
by the near-field characteristics, the near-field length and the depth of focus. For the example to be
considered, a 2D ultrasonic probe with a pitch of 1.5mm×1.5mm with a frequency of 5MHz has been
considered. Over a distance of approximately 200mm, and no focus applied, the generated sound field
is still within the Fresnel regime, which is illustrated in figure 3. On the other hand, the application
of a focus to 80mm in this case leads to the sound field illustrated in figure 4. It shall be noted, that
the focus chosen here can already be considered as too strong for the acoustic properties of the chosen
array. The angular characteristic exceeds the grating lobe limit.

The results of figure 3 and 4 shows the typical tradeoff one deals with in NDT: either the field of
sound is relatively unstructured in near-field, but covers a long material range at low sensitivity, or
the the focus region is strongly confined, but small in lateral extension. Modern application designs
therefore apply dynamic-depth focused designs, ideally varying appropriately with the acquired sample,
as described in [5]. This is possible due to the digitization of the acquired signal and the processing
power offered by modern semi-conductor components.

However, the correction of the receiving part is only half of the potential to be taken into advantage.
Classical designs of phased-array systems only allow the relative phase-shift of each line. To optimize the

5



geometric delay calculation resulting focussed field

Figure 4: Field characteristics with applied electronic focussing

sensitivity coverage concerning the transducer side, typically a multi-shot approach is realized. Several
focus zones are defined and appropriate transducer delays are applied. The test data of the shot is
acquired and post-treated for example using a DDF algorithm on the zone. In a subsequent test shot,
a different zone is approached. Using a sufficient number of focal zones, these optimized results can be
combined in a common "result A-Scan". In order not to have variations at the zone borders, significant
efforts must be taken into account in addition to a sufficiently small zone size and a sufficiently large
zone overlap. In practice, this is not a trivial challenge.

Alternatively, the benefit of a dynamic depth focused system can be expanded applying systems
with holographic transducers and appropriate generating functions. Figure 5 exemplary illustrates the
image construction. The ultrasonic field is not characterized by a focus position or a direction only, but
a plurality of points, which are arranged in a cylindrical shape. The amplitude of these elements can for
simplicity be chosen equal. Using this image, the generating function can be calculated using equation
17 or a relation derived thereof. The simulation of the resulting field then illustrates dramatic changes to
the conventional ultrasonic sound fields. One can observe, that the width of field is more or less constant
over the full range of approx. 200mm and shows a steady cross-section without near-field disturbance.
The amplitude is still varying, but this is compensated by the applied TCG functions available receiver-
wise in systems of that kind. Second step optimization would lead to stronger harmonization of the
generated field, but it is not secure, that this is desirable, since the correction is easy with state of the
art means.

Despite of the fact, that the origins of this technique are more than 20 years old, this way of gener-
ating acoustic fields still has the potential to significantly enhance the performance of ultrasonic testing
systems. Additional applications can be realized for many test scenarios. However, as a consequence
of the more thorough process of calculating the generating functions, the complexity of applying this
method appears high at first glance. The presented simulation approach now allows a much better
understanding of the physical circumstances and will be of extraordinary use when it comes to the
realization of ultrasonic systems taking advantage of the full potential of this technique.

6



geometric point distribution resulting holographic image

Figure 5: Field characteristics of the holographic approach

4 Conclusion

A modeling approach for the generation of real acoustic fields in three dimensions was presented. The
modeling is carried out by a calculation of the spatial impulse response and it’s convolution with tran-
sient generating functions driving the excitation function for an element of a two-dimensional ultrasonic
transducer array. A simple calculation method from the desired three-dimensional image to this gen-
erating function has been derived and has been carried out in an exemplary fashion to find a solution
for an ultrasonic focus hose, which is the transducer counterpart of the DDF system on the receiver
side. Several additional applications of this technology are possible and will be reported in subsequent
works.

References

[1] R. Mallart, M. Fink, ISPIE Vol. 1733 (1992)

[2] M. Fink, IEEE Trans. Ultrason., Ferroelec., Freq. Contr, Vol.39, pp. 555-566 (1992)

[3] F. Wu, J. L Thomas. and M. Fink, IEEE Trans. Ultrason., Ferroelec., Freq. Contr, Vol.39, pp.
567-578 (1992)

[4] E. Eufrasio et al., "Practical application of the phased-array technology with Paint-Brush Eval-
uation for seamless tube testing", WCNDT 2004

[5] R. Koch, S. Falter, "Erhöhung der Prüfsicherheit und der Prüfproduktivität durch erweiterte
Phased-Array Technologien", DGZfP 2013

[6] P. R. Stephanishen, J. Acoust. Soc. Am., Vol. 49, pp. 1629-1638 (1971)

[7] J. A. Jensen, Journal of the Acoustical Society of America, Vol. 105, pp. 3266-3274 (1999).

7


