
Comprehensive Bayesian structural identification using temperature
expansion of a scale aluminium bridge

Andre Jesus1, Yanjie Zhu1, Irwanda Laory1

1 Civil Research Group, School of Engineering, (University of Warwick), CV4 7AL United Kingdom,

andrehjesus@gmail.com, zhuyanjie1111@gmail.com, i.laory@warwick.ac.uk

Keywords: Bayesian inference, model calibration, structural-identification, identifiability, structural

health monitoring.

Abstract

A modular Bayesian method is applied for structural identification of a reduced-scale aluminium

model inspired from the New Joban Line Arakawa bridge subject to thermal loading. The deforma-

tion/temperature of the structure were measured with strain gauges/thermocouples and simulated with

a finite element model. Relative to other Bayesian formulations, this methodology allows to uncover

the true values of unknown structural parameters, model discrepancy as well as other uncertainties ex-

istent on model calibration, provided that multiple measurements are given as an input. Results show

that model calibration is possible even with a minimal amount of measurements taken near regions with

diversified temperature loading conditions. Meaningful predictions of the bridge thermal response are

highlighted.

1. INTRODUCTION

The capability of a structural health monitoring (SHM) system to interpret monitored data is the main

factor that dictates its successful application and its usefulness to owners and local authorities.

This interpretation of the data is divided into two major classes called the model-based and the

model-free approach, depending on the usage of a physics-based model as an aid tool or not. Using

a physics-based model is advantageous because it can be tailored to make predictions regarding the

presence and evolution of damage or for measurement system design purposes. However the main

disadvantage is that the model has to be calibrated, before it can be used as a predictive tool. Moreover,

using a deterministic model, i.e. a model where input parameters and response outputs are deterministic,

rarely correlates well with the real infrastructure, due to its complexity and inherent uncertainties. Hence

in most situations a probabilistic approach is more realistic.

Bayesian inference is the basis of a class of well known methods which also allow to perform

probabilistic model calibration. Beck [1, 2] is known as one of the main pioneers of the application of

Bayesian methods to SHM. Numerous research works have been produced on the basis of this initial

framework [3,4]. Based on this research two fundamental problems might be thought as to why Bayesian

methods were not widely applied in SHM practice. Firstly, the structural parameters that calibrate the

model are thought as fixed on the infrastructure from which data is being sampled, i.e. when the amount

of supplied data tends to infinity the uncertainty of the parameter tends to zero, which is often not

true due to external factors such as traffic, environment, etc. Secondly the model discrepancy due to

assumptions and simplifications of the model i.e. model erro are not properly accounted for [5, 6]

and this usually results in unrealistic structural parameters. This form of uncertainty is also known as

systematic or bias, since it is thought as a correlated uncertainty. Most of the present research [7, 8]

follows this headline and either disregard the discrepancies of the model or consider them as zero mean

Gaussian distributed [9].

Therefore, to address the problem of a model parameter inherent variability, Behmanesh proposed

a hierarchical Bayes model [10] and validated this methodology on a real footbridge [11]. On the other
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hand the model discrepancy problem did not receive much attention in the SHM community. One

Bayesian formulation originally developed in the statistics community by Kennedy and O’Hagan [12–

14] address this topic. Despite of its attractiveness it was not widely accepted, presumably because

of a lack of identifiability [15, 16]. This is understood as the capability of inferring the true model

calibration parameters based on available data. Recently Arendt et al. [17] suggested an improvement

to the original formulation, to solve the identifiability problem by considering monitored data with

diversified responses. The responses should all have some dependency of the calibration parameters and

the more diversified they are in nature the better improvement is expected. This approach was validated

on a simulated simply supported beam.

The present work focus on how this comprehensive Bayesian model calibration formulation can

be applied in practice, using thermal variations [18] for structural identification purposes. Using ther-

mal variations to perform structural identification has several advantages relatively to vibration based

methods [19]. The objective at hand is to test the performance of the improved algorithm on a scale

aluminium bridge in laboratory conditions. To the best of our knowledge this is the first practical ap-

plication of this methodology. Some of the advantages of using a scale model as an “in between” case

study relatively to a numerical simulation or a real infrastructure are: more realistic conditions; known

structural parameters can be used to test the reliability of the methodology; possibility of easily testing

different measurement scenarios; damaging the structure is permissible and allows to easily test damage

identification methodologies.

This paper is organised as follows: on section 2. a description of the model calibration formulation

is presented; section 3. describes the aluminium bridge setup, finite element (FE) model and structural

parameters which will be calibrated; section 3.3 details the results of the application of the methodology

and finally, section 4. highlights the main conclusions of this work.

2. MODEL CALIBRATION FORMULATION

This section describes the model calibration approach. A more detailed description can be found in

Arendt [17].

2.1 Observation and numerical model equations

Let us now assume that a given continuous process ξ has n observations of q responses Y e and is

dependent on d design variables Xe. Its observation equation can be written as

Y e(Xe) = ξ (Xe)+ ε (1)

where εT = [ε1, . . . ,εn] is an observation error that is assumed to follow a Gaussian distribution

N (O,Λ). On the other hand the unobservable process ξ (Xe) is described using a numerical model

Y m as follows

ξ (Xe) = Y m(Xe
,θ ∗)+δ (Xe) (2)

where δ (Xe) is a discrepancy function that translates the difference between the model and the true

process, Y m(Xe
,θ ∗) is the model output and θ ∗ are a r-dimensional vector of structural parameters.

This equation is an ideal state of the model (i.e the model is successfully calibrated) when the model

parameters θ take the values θ ∗.

It is important to mention that the discrepancy function is independent of the model output and

is an unknown of the problem as well as the structural parameters. Now substituting Equation (2) in

Equation (1) results in

Y e(Xe) = Y m(Xe
,θ ∗)+δ (Xe)+ ε (3)

which is the fundamental equation of the model calibration. Equation (3) represents the process output

to an input Xe within a domain of a calibrated status θ = θ ∗, representing the best fit with the observed

data.



The numerical model and the discrepancy function shall now be replaced by a multiple response

Gaussian processes (mrGp), whose hyperparameters have to be determined (see section 2.1 of [17] for a

definition and details). These hyperparameters characterise the mrGp’s and account for an approxima-

tion of its associated uncertainties, such as: variability of the numerical model; modelling discrepancies;

and observation error.

One way of doing so is by applying a Bayesian approach, which fully accounts for all the considered

uncertainties and determines all the hyperparameters at the same time. However this implies a significant

computational effort and is not recommended. Instead a modular Bayesian approach shall be used, and

is described in the following section.

2.2 Modular Bayesian approach

A modular Bayesian approach separates the calibration process in four modules, on which the mrGp

hyperparameters are estimated separately and progressively [20] as detailed in Figure 1 (based in Figure

5 from [15]). Fixing the hyperparameters at an estimated value reduces the degree of approximation

of the uncertainties covered by the mrGp. By doing so the ‘second order’ effect of those uncertainties

is being neglected. This means that preference has been given to recognise all of these sources of

uncertainty, to a certain extent and at a lower computational cost, rather than fully accounting for the

uncertainties, with a considerable increase of computational effort.

Module 1: Gaussian Process for numerical model
Replace the numerical model with a GP model
ym(x,θ)∼ GP(hm(·, ·)β m

,σ2
mRm((·, ·),(·, ·)))

Input: Simulation
Data (ym)

Output: Hyperparameters φ m

Module 2: Gaussian Process for discrepancy Function
Replace the discrepancy function with a Gp model

δ (x)∼ GP(hδ (·)β δ
,σ2

δ Rδ (·, ·)))

Input

Prior of the calibration

Module 3: Posterior of the calibration parameters
Use Bayes theorem to calculate a posterior

p(θ |d, φ̂) ∝ p(d|θ , φ̂)p(θ)

Output: Posterior of θ

distribution for the calibration parameters

parameters (p(θ))

Experimental Data (ye)

Module 4: Prediction of the experimental response
and discrepancy function
ye(x)|θ , φ̂ ∼ GP(me(·),V e(·, ·))

Output: Prediction of experimental

Output: Hyperparameters φ δ

response and discrepancy function

Figure 1 : Flowchart of the modular Bayesian algorithm, source [15]

2.2.1 Module 1

In the first module the model output Y m and input data [Xm
,Θ] are used to estimate the hyperparameters

φ m = Σm,ωm,β m of the mrGp as

Y m(•,•)∼ GP(Hm(•,•)β m
,Σm ⊗Γ

m((•,•),(•,•))). (4)

where β m and Hm are a structure of linear regression coefficients and functions, which define a mean

function, while Σm and Γ
m are a covariance and a correlation matrix, which translate the covariance

of the output. Consider the bullets as a standard input dataset of the numerical model mrGp. Subse-

quently to having determined the hyperparameters by available maximum likelihood estimates (MLE)

or optimisation routines, the discrepancy function shall also be approximated on module 2.



2.2.2 Module 2

In the second module, the hyperparameters φ m previously determined are fixed. Afterwards observations

Y e at condition Xe are used to approximate a mrGp with prior form

Y δ (•)∼ GP(Hδ (•)β δ
,Σδ ⊗Γ

δ (•,•)) (5)

with the mean and covariance functions as detailed in module 1.

However in order to infer this mrGp based on the observations it is required that: firstly the numer-

ical model, discrepancy function and noise involved in Eq. 3 are assumed as statistically independent

a priori; secondly the experimental response prior mrGp is determined from the combination of the

numerical model and discrepancy function prior mrGps as

Y e(•)|θ ∼ GP(me(•,•),V e((•,•),(•,•))) (6)

me(x,θ) = Hm(x,θ)β m +Hδ (x)β δ

V e((x,θ),(x′,θ ′)) = Σm ⊗Γ
m((x,θ),(x′,θ ′))+Σδ ⊗Γ

δ (x,x′)+Λ⊗ I

where Λ⊗ I is the Kronecker product between the noise variance matrix of dimension q× q, and the

identity matrix.

Several difficulties are present when trying to match the mrGp of Eq. 6 with the available data: the

parameters θ should be given as an input and, at this stage, they are still unknown; the noise variance

added to the mrGp covariance means that an additional hyperparameter Λ has to be determined; finally

there are no analytic MLE for the hyperparameters ωδ ,Σδ ,Λ, only for the linear regression matrix β δ .

To solve the first issue the posterior mrGp of the numerical model was numerically integrated with

respect to the prior of θ . For our relatively low order example, we used Gauss-Legendre quadrature,

otherwise Monte Carlo methods have to be used instead. This feature allows a free choice of priors for

θ and of mrGp regression and correlation functions.

The fact that there are no analytic expressions for the MLEs of the remaining hyperparameters,

requires numerical optimisation methods to maximise the likelihood between the mentioned mrGp and

the observed data. In our case we used genetic algorithms.

2.2.3 Module 3

After having fixed the hyperparameters φ from the previous modules, using data d = [Y m;Y e] and the

prior probability density function (PDF) of θ , Bayes’ theorem is applied to estimate the structural pa-

rameters posteriori PDF as

p(θ |d,φ) =
p(d|θ ,φ)p(θ)

∫
p(d|θ ,φ)p(θ)dθ

. (7)

the integral in the denominator represents the marginalised posterior distribution which has to be nu-

merically determined. We used Gauss Legendre for our example of lower order θ . Appendix D of

Arendt [17] gives a more detailed description of the likelihood PDF.

2.2.4 Module 4

Finally in module 4, the estimated hyperparameters and the posterior PDF of the structural parameters

are used to predict the experimental response and the discrepancy function at any given point x (see

Sec. 4.6 of [12] for detailed equations). These predictions account for parameter uncertainty, model

discrepancy, code uncertainty, and measurement noise.



3. ALUMINIUM BRIDGE SUBJECTED TO THERMAL LOADING

In this case-study, a reduced-scale laboratory aluminium bridge inspired from New Joban Line Arakawa

(Japan) railway bridge was built at the Warwick Civil Engineering Laboratory, and subject to thermal

loading due to infrared heaters. A numerical model of the structure was also developed to study the

phenomena. A pair of springs located at one of the ends of the bridge will be considered as a model

parameter to be calibrated.

This scenario could be used to evaluate the maintenance of a thermal expansion joint of a bridge.

During continuous monitoring if at a certain time the mean of the inferred spring stiffness keeps increas-

ing, it might indicate that the expansion joint is obstructed or requires maintenance.

3.1 Experiment

The truss structure in Figure 2(a) is simply supported at its ends, being on one of them constrained by

two linear springs Figure 2(b) (supplier reference value is K = 552.26 N/mm). Geometrical information

(a) (b)

Figure 2 : Aluminium bridge subjected to thermal loading (a) and detail - springs constraint (top view) (b)
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Figure 3 : Aluminium bridge measurements diagram (dimensions in mm) - thermocouples TA-TD and strain

gauges SA-SK. Placement of labels above/below bar reflects the sensor position

and the measurement setup of the bridge are displayed in Figure 3. Eleven strain measurements and four

thermocouple readings were made during the experiment, at a sampling rate of 1 Hz. A proportional-

integral-derivative (PID) controller was used as a temperature automated mechanism on a Labview vi.

Temperature and strain readings during the main experiment which took approximately half an hour

are displayed in Figs. 4(a) and 4(b). As can be seen the temperature at the bridge top was considerably



higher than at the bottom. The reason why the strain even at the top is in compression, is that all the

strain gauges have been placed on the bottom/shadowed side of the bars. Therefore, despite the global

upward bending of the structure, there is also a localised bending of the top bars, which is measured as

a compression on their bottom side.
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Figure 4 : Aluminium bridge experiment - measurements 4(a) and 4(b) and FE model with linear springs at

support 4(c)

3.2 Finite Element model

In this section a FE model of the scale aluminium bridge is presented. The model was developed

on ANSYS and coded with APDL (ANSYS parametric design language) [21]. Beam elements with

rotational stiffness were used to represent the bars of the bridge. The material model is isotropic, linear-

elastic with Young Modulus E = 70×106 kPa, Poisson coefficient ν = 0.35 and coefficient of thermal

expansion α = 23.1× 10−6 K−1. An uniform distribution of temperature was applied through all the

bar elements, and is based on the mean of the thermocouple measurements at the top of the bridge seen

in Figure 4(a).

Figure 4(c) shows the strain output of the bridge model for this loading condition. It is considerably

easier to model the infrastructure behaviour with a uniform temperature gradient on its elements, but

obviously this is a model discrepancy, since in practice there is a localised bending which induces

compression, as seen in Figure 4(b).

3.3 Model calibration results

Considering the above laboratory test and FE model, the proposed methodology shall be used to calibrate

the model through the spring stiffness parameter. Input data is given in Table 1. Locations B and G were

Parameter Description

Xe 13 readings of temperature at the top of the bridge (mean of TC and TD

Figure 4(a)) from the beggining of the heating cycle until its maximum

Y e strain measurements at points B and G (Figure 3) for each of the temper-

ature readings

[Xm
,Θ] combination set of each temperature reading with possible spring stiff-

ness values on a 9× 9 input grid space with K[300; 1000] N/mm and

T [293.3; 319.9] K

Y m simulations from the numerical model for [Xm
,Θ]

Table 1 : Dataset for aluminium bridge

selected based on an analysis, which indicated that these measurements result in an inferred spring



stiffness closest to the reference value and lowest variance. The polynomial regression functions are set

as H(•) = 1 and the prior of θ as a uniform PDF.
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Figure 5 : 95% prediction interval of the posterior multiple response Gaussian process - 40× 40 grid with 9× 9

grid input set (black dots); Inference of the linear spring stiffness parameter - aluminium bridge

A mrGp of the model is presented in Figs. 5(a) and 5(b), for the response surface of the strain

at locations B and G. Notice how the uncertainty shrinks and increases relatively to the distance to the

input dataset, to account for the uncertainty of the numerical model. Inference of the spring stiffness is

shown in Figure 5(c). An uninformative uniform PDF was used as prior, while the likelihood function

is a multivariate normal PDF. Despite the fact that the used responses have the same characteristic

nature (strain) the mean value E[θ ] = 532.03 N/mm and the variance V [θ ] = 47.722 N2/mm2 closely

approximate the real stiffness of the spring given by the supplier. It is expected that if other responses

such as displacements were given as input this uncertainty would be further improved.
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Figure 6 : Strain at position B - Prediction interval 95% confidence for numerical model 6(a), discrepancy func-

tion 6(b) and experimental response 6(c)
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Figure 7 : Strain at G aluminium bridge - Prediction interval 95% confidence for numerical model 7(a), discrep-

ancy function 7(b) and experimental response 7(c)

Based in the inference of the spring stiffness the mrGp metamodel predictions for strain B and G are



shown in Figure 6 and 7, respectively. Notice how the strain at B is positive for the model while negative

in the experiment, and how the considerable discrepancy was predicted accurately on Figure 6(b). The

solid lines with diamond markers represent the measured response, which is within the uncertainty

region. Since this region accounts for: uncertainty of the spring stiffness; model discrepancy; noise and

the fact that the model response is only known at a set of discrete points (code uncertainty), the true

undisturbed process should also fall within that limit with a 95 % accuracy.

4. CONCLUSIONS

This work applies a modular Bayesian approach on a structural identification framework. A simplified

model was calibrated against a reduced scale aluminium bridge experiment.

Based on the results the following conclusions can be inferred:

• The methodology is able to identify true structural parameters and predict responses, while con-

sidering uncertainties due to: parametric variability, observation error, residual variability, code

variability and systematic uncertainty;

• It is possible to infer a fixed structural parameter only with two measurements of a single charac-

teristic nature as shown by our results. This could be further improved by using responses with a

more diversified nature (acceleration, displacement, etc.). These parameters translate fundamen-

tal information about the monitored system and can be used for other challenges such as damage

detection;

• It has been shown how temperature variations can be used to perform structural identification with

the present methodology. This recent form of temperature based structural health monitoring has

several advantages relatively to vibration-based methods;

This methodology can be easily expanded to consider multiple parameters, which is a common

scenario on civil infrastructures. Also in real world large scale monitoring scenarios, it is typical to have

multiple responses available so multiple combinations could be tested. These are all possible follow-up

researches that could be investigated in the future.
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[14] Jenný Brynjarsdóttir and Anthony O’Hagan. Learning about physical parameters: the importance of

model discrepancy. Inverse Problems, 30(11):114007, November 2014.

[15] Paul D. Arendt, Daniel W. Apley, and Wei Chen. Quantification of Model Uncertainty: Calibration,

Model Discrepancy, and Identifiability. Journal of Mechanical Design, 134(10), October 2012.

[16] Ka-Veng Yuen. Bayesian Methods for Structural Dynamics and Civil Engineering. In Bayesian Methods

for Structural Dynamics and Civil Engineering, pages 1–10. John Wiley & Sons, Ltd, 2010.

[17] Paul D. Arendt, Daniel W. Apley, Wei Chen, David Lamb, and David Gorsich. Improving Identifiability

in Model Calibration Using Multiple Responses. Journal of Mechanical Design, 134(10), October 2012.

[18] Irwanda Laory, R. J. Westgate, J. M. W. Brownjohn, and Ian F. C. Smith. Temperature Variations as Loads

Cases for Structural Identification. In Proceeding of the of 6th International Conference on Structural

Health Monitoring of Intelligent Infrastructure (SHMII), Hong-Kong, 2013, Hong Kong, 2013.

[19] M. T. Yarnold and F. L. Moon. Temperature-based structural health monitoring baseline for long-span

bridges. Engineering Structures, 86(0):157 – 167, 2015.

[20] Marc C. Kennedy and Anthony O’Hagan. Supplementary details on Bayesian Calibration of Computer

Models. Technical Report 2, January 2001.

[21] Inc. Swanson Analysis Systems IP. ANSYS, Inc. Documentation for Release 15.0. November 2013.


	Introduction
	Model calibration formulation
	Observation and numerical model equations
	Modular Bayesian approach
	Module 1
	Module 2
	Module 3
	Module 4


	Aluminium bridge subjected to thermal loading
	Experiment
	Finite Element model
	Model calibration results

	Conclusions

